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BULLETIN OF THE 

AMEKICAN MATHEMATICAL SOCIETY 



THE SECOND SUMMER MEETING OP THE 
AMERICAN MATHEMATICAL SOCIETY. 

The Second Summer Meeting of the American Mathemati- 
cal Society was held in the High School building at Spring- 
field, Mass., on August 27 and 28. The society enjoyed 
the co-operation of the American Association for the Ad- 
vancement of Science, the regular sessions of which began on 
August 29, and the members of the society were entitled 
to all the privileges extended to the members of the latter 
organization. Among those present were : Prof. A. L. Baker, 
Dr. J. H. Boyd, Prof. C. H. Chandler, Prof. L. L. Conant, 
Prof. C. L. Doolittle, Prof. W. P. Durfee, Prof. E. Frisby, 
Dr. G. D. Gable, Dr. J. W. L. Glaisher, Prof. A. Hall, Jr., 
Prof. Ellen Hayes, Dr. G. W. Hill, Prof. W. Woolsey Johnson, 
Mr. P. A. Lambert, Prof. J. McMahon, Prof. M. Merriman, 
Prof. F. Morley, Prof. H. B. Newson, Prof. W. F. Osgood, 
Prof. M. I. Pupin, Mr. R. A. Roberts, Mr. C. H. RockweU, 
Prof. J. B. Shaw, Prof. W. E. Story, Prof. H. Taber, Prof. 
J. M. Van Vleck, Prof. E. B. Van Vleck, Prof. C. A. Waldo, 
Prof. H. S. White, Prof. J. M. Willard, Prof. C. B. Williams, 
Prof. F. S. Woods, and Prof. R. S. Woodward. 

The President, Dr. G. W. Hill, occupied the chair. Two 
sessions were held each day, meeting respectively at 10 a.m. 
and 2.30 p.m. On the recommendation of the Council, Dr. 
Thomas Jefferson J. See, University of Chicago, Chicago, Dl., 
was elected to membership. Three nominations for member- 
ship were received. 

The following papers were read : 

1. The periodic solution as a first approximation in the 
lunar theory. Dr. G. W. Hill. 

2. The linear vector operator of quaternions. Professor J. 
B. Shaw. 

3. A new application of quaternions to geometry. Professor 
J. B. Shaw. 
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4. On a generalization of Weierstras^s equation with three 
terms. Professor F. Morlby. 

5. Formulas for the sides of rational plane triangles. Dr. 
Artbmas Martin. 

6. Partial linear transformations of ternary quantics and 
their concomitants. Professor J. McMahok. 

7. An introduction to the integrell calculus. Professor W. 
H. Echols. 

8. On the ea^ansion of a uniform function of a real variable 
without use of derivatives. Professor W. H. £chols. 

9. On continuous functions without differefUial coefficients. 
Mr. P. A. Lambert. 

10. Concerning Jordan's linear substitution groups. Pro- 
fessor E. H. MooRB. 

11. Algebraic symbols and 4^ — 1. Professor A. L. Baker. 

12. A7i application of the method of conformal representa- 
tion to the study of related differential equations. Professor 
E. B. Van Vlbck. 

13. On the differential equations of certain systems of conies. 
Mr. R. A. EoBBRTS. 

14. On bilinear forms. Professor H. Tabbr. 

15. Elementary proof of the quaternion associative principle. 
Professor A. S. Hathaway. 

16. Asymptotic lines on a circular ring. Professor H. 
Maschkb. 

Dr. Hill's paper, since its presentation, has been published 
in the Astronomical JourncUy No. 353, September 7, 1895, 
pp. 137-143. Its object is to obtain the values of the coeffi- 
cients of the periodic inequalities having the multiples of the 
mean angular distance oi the Moon from the Sun as argu- 
ments, when the inclination of the lunar orbit and the two 
eccentricities are neglected. It is very desirable to have these 
coefficients with a high degree of accuracy in order to effect 
their useful employment in the further determination of the 
motion of the perigee and node, and in fact of all the other 
coefficients of the periodic inequalities. This work has been 
done previously by the author in the Afnerican Journal of 
Mathematics^ vol. 1, but in neglecting the lunar mass and the 
solar parallax. Mr. Ernest W. Brown has in the same journal 
supplemented these researches, but still leaving out of con- 
sideration the mass of the Moon. 

Professor Shaw's first paper is a development of the linear 
vector operator of quaternions in the form of a scalar part 
and two vector parts, also as a tensor and a versor, and finally 
as a sum of nine operators. The forms are similar to those 
obtained in the articles of Professor Taber (Amer. Jour. Math., 
vols. 12, 13), but are here developed entirely from quaternion 
expressions and not from matrices. It was stated that this 
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paper would be offered to the American Journal of Mathe- 
matics for pablication. 

Professor Shaw's second paper applies the quaternion 
calcalas to homogeneous geometry of two dimensions. In 
the expression C = a^» + yj + 2?*, Xy y, z are proportional to 
the areas PBC^ PC A, PAB respectively where the point P 
is referred to the fundamental triangle ABC. By this con- 
Tention propositions of projective geometry are easily proved, 
and especially such propositions of modem geometry as those 
of the Lemoine-Brocard type. The author expected to con- 
tribute this paper to the A nnals of Mathematics, 

Professor Morley's paper is published in the present num- 
ber of the BuLLETiK. It contains a simple generalization of 
the formula 

(t(u + w.) iT(u - u,) o-(w, + w,) o-(tt, - w,) 
+ <t(u + w.) (t{u - t*,) cr{u, + u,) o-(w, - u,) 
+ a{u + u,) a{u - tt,) o-(m, + w.) <t{u^ - t*,) = 0. 

In Dr. Martin's paper a large number of formulae are 
deduced for calculating rational numbera which represent the 
sides of triangles having a rational area. Among them are, 
for the case of a right-angled triangle, 

^ = 2|/??> y = p^-Q\ «=/>• + g\ 

and, for the case of an oblique triangle, 

a:=(/»' + g')(r'-»'), 

y = 2rs(p' + q')±2rs'{p'-q'), 

« = (P' + ?')(r* + «') ± 2r«(p' - q'). 

in which x, y, z denote the sides, and p, q, r, s any entire 
numbers whatever. The paper, which contains many numer- 
ical applications, will be printed in the Mathematical Maga- 
fdne. in the absence of Dr. Martin his paper was read by 
the Secretary. 

Semi-invariants of a ternary c^uantic satisfy some, but not 
all, of the six differential equations which characterize inva- 
riants. Professor McMahon^s paper shows how to distinguish 
between those semi-invariants which are the sources of cova- 
riants and those which are the sources of semi-covariants, 
and gives a simple method of deriving from the latter tdl the 
coefiScients of the semi-covariant, or of a semi-contravariant 
if desired. A systematic geometrical interpretation of these 
three kinds of semi-concomitants is presented and appears to 
be particularly useful in Cartesian co-ordinates. This paper 
is intended for the Annals of Mathematics, 

In the absence of Professor Echols his two papers were 
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presented by the Secretary. The first one was the second 
section of an essay ^^ On the differell and integrell calculus/' 
the preceding section having been read at the May meeting 
of the Society. Professor Echols approaches the infinitesimal 
calculus from the calculus of finite differences. He considers 
the latter, however, in a greatly generalized form. A differell 
is defined to be the limit of a ratio whose terms are the nth 
differences of the function and the independent variable. 
An integrell is a differell of negative index. The applica- 
tions presented consisted chiefly in the expansion of functions 
in terms of differells and intesrells. In the second paper 
some of the more novel results were translated into the 
lanraage of ordinary calculus. 

Mr. Lambert attempted to show that functions of which 
Weierstrass's derivativeless function is the type may be so 
considered geometrically that their curves will have determin- 
ate tangents. In order to secure agreement of the analytic 
result with the geometric he found it necessary to replace 
Weierstrass's supposition in regard to h 



by the limitation 






0<A<€-^, 
a** 



n increasing indefinitely, and e being any finite quantity. 

In Professor Moore's paper a tactical configuration is estab- 
lished which exactly defines Jordan's linear substitution group 
when taken fractionally. This configuration is self-reciprocal. 
The properties of this configuration and of other allied con- 
figurations similarly related to certain important subgroups of 
the main group are developed. Professor Moore's paper will 
appear in the Bulletin of the American Mathematical 
Society. It was presented at the meeting by the Secretary. 

Professor Baker's paper contained a defiled discussion of 
the character of the operations of algebra and the theory of 
imaginary quantities. It will be published in the American 
Journal of Mathematics. 

In Professor Van Vleck's paper an aggregate of regular 
linear differential equations of the second order is taken, each 
of which has a polynomial solution. The requirement is 
made that these equations shall have a common group arising 
from their four common branch points, or in Riemann's phrase- 
ology, that they shall be related. This requirement necessi- 
tates the introduction of one accessory branch point into each 
equation. These accessory points do not, however, give rise 
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to any substitutions of the group. The paper outlines a 
method by which the position of the accessory points may be 
investigated, as well as the distribution of tne roots of the 
various polynomials between the four (real) branch points and 
in the imaginary domain. One result is the determination 
of the distribution of the roots of all polynomials satisfying 
differential equations of the second order with exactly four 
branch points which with their exponent differences are riven. 

Mr. Roberts' paper gives the differential equations of cer- 
tain systems of conies in a plane, viz., conies having double 
contact with two fixed conies, etc., and in space, of conies 
touching six fixed planes, conies having double contact with 
three quadrics inscribed in the same developable, circles having 
double contact with two confocal quadrics, etc. These resulte 
are principally deduced by means of elliptic integrals and the 
first-class of hyper-elliptic integrals, and from them flow cer- 
tain theorems concerning doubly infinite porisms of curvi- 
linear polygons. The paper appears in the present number 
of the Bulletin. 

Professor Tabor's paper contains a theorem concerning the 
transformation into itself by an orthogonal substitution of an 
alternate bilinear form with cogredient variables, and treats 
of the consequences of this theorem. Thus, denoting 
by O the group of linear substitutions which trans- 
forms into itself an alternate bilinear form with 
cogredient variables, the theorem in question is that 
every orthogonal substitution of the group O is the sec- 
ond power of a substitution of this group. From this theorem 
may be derived: (a) The conditions necessary and sufficient 
that a given substitution of the group may oe generated by 
the repetition of an infinitesimal substitution of the group. 
(b) A proof that every substitution of the group can be 
obtained by the composition of three linear substitutions given 
by Cayley's rational representation for the substitutions of this 
group, (c) A representation of the coefficients of any orthogo- 
nal substitution of the group G as rational functions of the 
minimum number of parameters, provided the alternate bi- 
linear form is orthogonal. Further it follows from the theorem 
that every linear substitution which transforms into itself a 
general bilinear form F is the second power of such a substi- 
tution, and can be generated by the repetition of an infinitesi- 
mal substitution which also transforms i^ into itself, provided, 
if i^ denotes the form conjugate to F, that the forms F+ F^ 
and F — F' are both of non-evanescent determinant. The 
paper also contains a solution of the problem to determine the 
linear transformations between two alternate bilinear forms, 
depending upon an algebraic equation of degree equal to the 
number of variables of the forms. The paper will be contrib- 
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uted to the Qimrierly Journal of Pure and Applied Mathe- 
fnatws. 

In Professor Hathaway's paper the proof consists in identi- 
fying> l>y means of elementary geometry, the product of 
several versors with the composition of a set of rotations 
through angles double those of the corresponding versors. 
The obvious associative principle of the composition of the 
rotations proves the corresponding associative principle of 
multiplication of versors. This paper will appear m the Bul- 
letin OF THE American Mathematical Society. It was 
presented to the Society by Professor Shaw. 

Professor Maschke's paper contains a very elegant applica- 
tion of elliptic functions to curves drawn on the surface of a 
circular ring. This paper appears in the present number 
of the Bulletin. It was presented to the Society by Pro- 
fessor Morlev. 

At the afternoon session, August 28th, two topics were 
presented to the Society for general discussion : 

(1) ^^ A general subject catalogue or index of mathematical 
literature.'^ 

(2) *'The mathematical curriculum of the college and 
scientific school.'* 

The first discussion was opened by the Secretary, who gave 
a brief account of the " Ripertoire bibliographique des sciences 
mathSmatiques," in course of publication by the Mathematical 
Society of France. The discussion was continued by Profes- 
sors Morley, Woodward, and McMahon. On motion by Pro- 
fessor McMahon, it was resolved that the Council be requested 
to consider the desirability of offering* to the Mathematical 
Society of France the cooperation of this Society and of 
drawing up a plan for such cooperation. 

The second discussion was opened by Professor Shaw, who 
presented a table of statistics showing the character of the 
mathematical instruction in 101 representative colleges and 
scientific schools. The discussion was continued by Profes- 
sors White, Morley, Van Vleck, Doolittle, Chandler, Pupin, 
and Woodward. It seemed to be generally held that the work 
of the preparatory schools as a whole is not sufficiently thor- 
ough to serve as a satisfactory basis for collegiate courses, 
that ti ^eiiter proportion of the students' time should be given 
to mntnematical study, that greater stress should be laid on 
the fundamental subjects, that elementary portions of applied 
mathematie-s should be earlier introduced and more exten- 
sively tiiugiit, and that spherical trigonometry should be in 
great part, or altogether, dropped from the required curri- 
culum. 

At the close of the discussion the thanks of the Society 
were ti^iidored to the Springfield Local Committee for the 
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accommodations and hospitality which the Society had en- 
joyed^ and the meeting was adjonmed. 

Thomas S. Fisee. 
Columbia Collbqb, September 10, 1895. 



THE MEETING OF THE AMERICAN ASSOCIATION. 

The forty-fourth annual meeting of the American Associa- 
tion for the Advancement of Science was held at Springfield, 
Mass., August 29-September 4, President E. W. Morley, of 
Cleveland, Ohio, presiding. The attendance was not large, 
only 367 members being registered. This is 110 less than the 
number attending the Brooklyn meeting last year. There 
were 113 new members and 58 fellows elected this year. 

Excursions were given to Forest Park, Springfield; to Am- 
herst, Northampton, and Mount Holyoke College, and to 
Holyoke. 

Tne officers of Section A were as follows: Edgar Frisby, 
Washington, D. C, Vice-President; Asaph Hall, Jr., Ann 
Arbor, Mich., Secretary; C. A. Waldo, Oreencastle, Ind., 
Councilor; J. E. Kershner, Lancaster Ci^, Pa.; C. A. Doolit- 
tle, Philadelphia, Pa.; L. L. Conant, Worcester, Mass.; C. 
H. Rockwell, Tarrytown, N. Y., together with the Vice-Presi- 
dent and Secretary, sectional committee; J. R. Eastman, 
Washington, D. C. ; S. C. Chandler, Cambridge, Mass. ; J. M. 
Van Vleck, Middletown, Conn., with the Vice-President and 
Secretary, committee to nominate officers of the section. A. 
N. Skinner, D. C, Press Secretary. 

The work of the Section was devoted almost wholly to 
astronomy, only two papers in pure mathematics being pre- 
sented. The tendency of the Section to devote itself to the 
former class of work was commented on and deplored, and it 
was hoped that this tendency might be arrested before it had 
gone too far, and the balance between mathematical and 
astronomical work restored at the next meeting. This feeling 
manifested itself to a certain extent in the choice of officers, 
for the ensuing year, mentioned below. 

The papers presented to Section A were as follows: 

1. Devetopment of some useful quaternion expressions, with 
applications to geometry of three and four dimensions. By 
James Byrnie Shaw, Jacksonville, 111. 

2. The constant of aberration. By C. L. Doolittle, Phila- 
delphia, Pa. 

3. On the constant of nutation. By S. C. Chandler, Cam- 
bridge, Mass. 
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4. Progress of the zone-work at the Naval Observatory, 
Washington, D. O. By A. N. Skinner, Waflhinffton, D. C. 

5. Sun-spots and magnetic storms. By M. A. Vbbdeb, 
Lyons, N. T. 

6. Notes on square numbers whose sum is either a square or 
the sum of other squares. By Abtehas Martin, Washing- 
ton, D. C. Read by the Secretary. 

7. A convenient formulafor computing times of moon ris- 
ing. By Edgar Frisby, Washin^on, D. C. 

8. On a slide scale for computing precession. By Edgar 
Prisbt, Washington, D. C. 

9. Some results for stellar parallax from meridian transit 
observations at the Washburn Observatory, By A. S. Flint, 
Madison, Wis. 

10. The spectrum of fi Lyres, By E. B. Fbost, HanoTer, 
N. H. Bead by the Secretary. 

11. Chronology and ancient eclipses. By S. W. Baloh, 
Tonkere, N. Y. 

12. Period of R Comes. By H. M. Pabkhubst, Brooklyn, 

13. On the distribution and the secular variation of terres- 
trial magnetisffi. By L. A. Baubb, Washington, D. C. By 
title. 

14. On making astronomy popular. By Miss Maby Pboo- 
TBR. By title. 

No. 1 was a deyelopment of the ^-process in quaternions, 
where A is defined by the equation A, pq = i{pq — qp). 
This paper developed the four alternating functions 



A.pq^iipq-qp), 

S • pAqr, 

A .pqr = S.pAqr — Sp ,A.qr —- Sq. Arp — 8r . Apq, 

S . vAars. 



A set of four quaternions related to one another is deduced, 
analogous to a set of three rectangular unit-yectors. Various 
collections of formulas are deduced. 

Affixing one of the set of four quaternions to each Yertex 
of a tetrahedron, and letting P = xj -\-x l^-{- x I + x I be 
that point for which the volumes PABU, PBCD, PCD A, 
PDA B are as 2:, : a;, : x^ix^, we are enabled to treat solid ge- 
ometry projectively. 

No. 2 was a description of the method employed by Pro- 
fessor Doolittle in determining the constant of aberration. 
For this purpose a series of 2796 zenith telescope observations 
were maae during the interval from Oct. 10, 1892, to Dec. 27, 
1893. Of these observations, 1744 were made before mid- 
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night, and 1052 after midnight. Each obseryation gives an 
equation of the form 

where x, y, z, u depend upon the two terms of the latitnde 
Tariation, p is the correction to the assumed value of the con- 
stant of aberration, and /< the secular change of the latitude. 
These equations were combined so as to eliminate 0, and k, 
leaving 6 unknown Quantities. A leastnsquare solution gives 
for the constant of aberation 20" .552 ± .009. 

No. 3 consisted of (a) a new determination of the constant 
of lunar nutation from an extensive body of observations, not 
hitherto employed for this purpose, and calculated by its dis- 
tribution to avoid constant sources of error affecting many 
previous determinations; (b) a combination of this value 
with those deduced by previous investigations, to determine 
the most probable value of this fundamental constant of 
astronomy. 

No. 4 detailed the relation of that part of the work at the 
Naval Observatory at Washington under Mr. Skinner's per- 
sonal direction, to the general scheme of the zone-work 
planned by the German Astronomical Society. A description 
was ^ven of the methods employed and the instruments used 
in this work, and mention was made of the difficulties en- 
countered and of the methods of overcoming them as the 
work progressed. 

No. 5 exhibited printed tables, not heretofore published, 
illustrating methods of recording sun-spots and magnetic phe- 
nomena so as to bring out their relations to each other, and 
the periodicities involved. Dr. Veeder believed that the rec- 
ords of magnetic observatories might be put in form so as to 
show the extent of the daily disturbances in such a manner 
that they could be printed and made readily accessible to the 
public. 

No. 6 developed theorems relating to 

il^ n square numbers whose sum is a souare. 
2) Three square numbers the sum oi whose squares is a 
square. 

(3) Five square numbers the sum of whose squares is a 
square. 

(4) n square numbers the sum of whose squares is a square. 

(5) Three square numbers whose sum is equal to the sum 
of two other squares. 

(6) Four square numbers whose sum is equal to the sum of 
two other squares. 

(7) Four square numbers whose sum is equal to the sum of 
three other squares. 
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(8) m square numbers whose sum is equal to the sum of n 
other squares. 

(9) ^(V) + S(2^) + 8{y) + 5(4«) + + 5(n') = D, 

where SJx^) = 1* + 2' + 3« + + z\ 

(10) Three square numbers, the sum of eyery two of which 
is a square. 

(11) Four square numbers, the sum of every three of which 
is a square. 

This paper will be published in the Mathematical Magazine. 

No. 9 detailed the method of observation used at the Wash- 
burn Observatory, which is the same as that employed at the 
Leyden Observatory, 1885-87, by Prof. J. C. Kapteyn. It 
consists in observing the differences in the time of meridian 
transit between the parallax star and two companion stars, 
one preceding and one following. A list of 76 stars was ob- 
served, the B^psold meridian circle being used. These obser- 
vations included all stars known to have a proper motion of 
1" or more; and some rapid binaries and stars of the first and 
second magnitude were added later. The results obtained 
agree with those obtained by previous observers. This paper 
is to be published in the Astronomical Journal, 

No. 10 gave a brief account of some of the problems re- 
garding the spectrum of /3 Lyrae, which have been brought 
to light by the recent spectroscopic observations of this star 
at Pulkowa, Potsdam, and London. 

No. 11 contained some original researches relating to the 
bearing on astronomical computation of certain irregularities 
in the Koman calendar. In astronomical calculations which ex- 
tend back to early periods of history, it is customary to follow 
the Old Style calendar. When astronomical events thus com- 
puted are also dated in the historical record it is found that the 
record and computation agree as to the day of the month, pro- 
vided the date is subsequent to March 1 of 1 B.C. Prior to 
that date the Roman calendar was more or less irregular, but 
it has not been customary to follow these irregularities in 
astronomical work. Instead, the Old Style calendar has been 
extended backward as far as necessary for calculation; and is, 
to that extent, fictitious. The actual calendar as observed by 
the Romans differs from the fictitious or astronomical calendar 
by amounts varying according to the time. It is important 
in historical comparisons to know what this difference is; and 
this was shown in tables prepared for the purpose by Mr. 
Balch. History indicates that Caesar be^n the calendar with 
a new moon. Computation shows that in 46 B.o. the moon 
was new on January 2 of the Old Style calendar. Mr. Balch's 
table showed that the kalends of January as observed coin- 
cided with the day preceding January 1 of 46 B.C. The new 
moon occurred, therefore, two days after the calendar began. 
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Hence CsBsar's astronomer, Sosogenes, was so mnch out in his 
reckoning; but the people doubtless did not observe it, sup- 
posing that the new undertaking was begun with the new 
moon, in accordance with their superstitions. 

No. 12 gave the results of observations from 1831 to 1895, 
on R Comae, from which it is evident that the period of this 
star, which was formerly 361 days, has become 365 days; and 
that, if the period continues to lengthen, the maxima will soon 
cease to be observable. If, however, we adopt a sine formula, 
equally well representing all the observations, we find that 
the period will shorten, bringing the maximum periods out of 
the twilight and rendering them observable. But if the period 
should continue to lengthen, the maximum will not be visible 
again for many years. Either of these theories accords per- 
fectly well with recorded observations; but the former, de- 
pending as it does on the sine formula, seems now the more 
probable. 

The next annual meeting of the Association will be held at 
Buffalo. Instead of beginnhig in the middle of the week, as 
has been the custom during the past few years, the sessions 
will begin on Monday and continue until Friday night. No 
excursions are to be given until after the close of the 
meeting. The President for the ensuing year will be E. D. 
Cope, of Philadelphia. 

The officers of Section A for 1896 are as follows: Vice- 
President, W. E. Story, of Worcester, Mass., and Secretary, 
E. B. Frost, Hanover, N. H. Levi L. Conant. 

Worcester, Mass. , September 14, 1895. 



ON THE DIFFERENTIAL EQUATIONS OF 
CERTAIN SYSTEMS OF CONICS.* 

BT MR. R. A. ROBERTS. 

In a few cases certain systems of curves can be represented 
very simply by differential equations of the first order. The 
latter, since they do not involve the parameter, give readily 
the tangents to curves of the system, at an arbitrary point 
of space or of the surface to which the curves are confined. 
Hence certain loci connected with the system and various 
properties of the curves can be obtained without having re- 
course to the integral. A remarkable example of this is to 
be found in the case of the geodesies on a quadric, all whose 

♦ Read before the American Mathematical Society at its Second 
Summer Meeting, Springfield, Masd., August 28, 1895. 
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properties are obtained by means of the differential equation 
of the first order, without haying recourse to the transcen- 
dental final integral. 

A short review of the kind of differential equations that I 
propose to inyestigate may be of interest. 

Considering the complex variable z^ = x + iy, z^ = x ^ iy 
in a plane, we have several remarkable systems comprised in 
the form 

(l>{z,)dz, + <t>{z;idz^ = 0. 

Thus 

dz dz 

represents concentric circles and their radii; 

represents confocal conies, the property that the tangents bi- 
sect the angle between the focal radii immediately following 
from this equation; 

-^ ± -^ = 

represents confocal Cartesian ovals, where 

Z= {z " a){z - h){z - cYy 



and 



mdz. ndz^ 

Vz W "" 



represents confocal bicircular quartics, if Z^ and Z^ are bi- 
quadratic functions of «,, z^ respectively, whose roots are 
homographically connected, and m, n are special functions 
of the roots. These results were, I believe, first noticed by 
Darboux. 
Further, I may notice that 

_^ , _^ -0 

whore Z — {z — a){z — h)(z — c) represents a system of curves 
of the sixth order, such that the three of the system passing 
through a given point cut at angles of 120**. I have mvesti- 
gated eeveml properties of this system in an article contrib- 
uted to vol. 15 of the Messenger of Mathematics. 
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Other remarkable differential equations are thoee of sys- 
tems of lines in elliptic co-ordinates; namely, it p, q are the 
roots of 

x" y" _ 

then 

V\{a-^p){b + p){a+p)\'^ ^{{a-\-q){b + q)(a + q)\ 

represents all the lines touching the conic jt? + a = 0; and 
further, itp,q,r are the roots of 

a+p^b+p^c+p ' 
then 

V{ (a + P)(b + i>)(c + p){a + p)(a' +p)\"^' 

i- E^ =0 

V{(« + P)(fi+P)(c +i»)(a + P){a'+p)\ "' 

represent all the lines touching the two conf ocals p-^ a =^0, 
/i + af' = 0. 

The latter equations involve the first class of hyperelliptic 
integrals, and thus demonstrate the fact of equivalent alge- 
braic relations. These equations, originally due to Liouviue, 
were seen by Haedenkamp to hold for n dimensions. The 
latter thus deduced the algebraic integrals of the whole class 
of hyperelliptic integrals. 

Another system of differential equations may be found by 
using the parameters of the two tangents drawn from a point 
to a conic as co-ordinates. Thus S >i,, >i, are the roots of 
fj^x — 2/12 + y = 0, a tangent of z*— xy = 0, 

_^> + i!^ = 

where M=^ (/i — a){fA — 4)f;i — c)(/i — d), represents the sys- 
tem of couics touching the four tangents of z^—xy = 0, 
whose parameters are a, by c, d. Darbouz has made an ex- 
tensive use of this kind of co-ordinates. 

Now I propose to consider here a few forms of differential 
equations, similar to those just given, which represent systems 
of conies both in a plane and in space. 

First of all, in a plane, I consider the three systems of 
conies having double contact with two fixed conies. Let the 
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latter be referred to their common self -conjugate triangle, 
and let us consider the system of conies (touching four fixed 
lines) 

then if p, q are the roots of this equation, the differential 
equation 

V\ifl+P)iP+p){a+p){a!+p)\^ V[(a + g)(6 + gXa+y)(u n-y;j=^ (^) 

represents a system of conies haying double contact with the 
conies obtained by putting a -{-p = and a'-\- p = in (1). 
For, by the theory of elliptic functions, the integral of the 
equation can be written as a linear relation between any 
three of the quantities V \{o> -{• p){a -{- q)\ ^ V \{^ ~^ P)(^ + Q)\ y 
^\{a-\-p){a + q)\, ^ [(a' + p){a' + q)\ ; but the first two 
of these quantities are proportional to x^ y, respectively, and 
the last two to VUa and VUa* Thus we get the equivalent 
equations 

Ix + mj/ + n^Ua = 0, 
Vx + m'y + nWlJ7= 0, 

which represent a conic having double contact with Z7. and 
Uaf respectively. 

Again, by using the factors {h+p){c+f) and («+JE?)(c+p) 
successively, instead of (a -{■ p)(b -[- p) in (2), we get the 
differential equations of the two other systems of conies. 

As a particular case of this result, suppose we consider the 
ordinary plane elliptic co-ordinates, viz., those determined by 



then 



^ I y - 1 ^ y _.. 



^^ • ^^ ,=0, 



f^ vdv 



(3) 



represerit the three systems of conies having double contact 
with two confocal conies. 
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If we make a' = oo , which corresponds to the two imagi- 
nary points at infinity, we get 



dpi 



dv 









= 0, 



VK//* - a')(y -c')\^ Vi(a' - y'){c' - y')\ 



= 0, 



(4) 



as the differential equations of the two systems of circles hay- 
ing doable contact with the conic /i = a. The third equation 
gives in the same case the system of tangents to ^ = a. 

Proceeding now to the three dimensions, let us consider the 
system of quadrics (inscribed in the same developable) 



' a + p 



+ 



u 



b-\-p ^ c + p d+p 
then, if p, q, r are the roots of this equation, 

^ ^ 



= 0; 



(5) 



V{ia+p){b-\-p){c-^p)(a+p){a'+p)(a"+p)\ 
_2 ?i^ 



= 0, 



V\{a +/»)(*+ P)(c+i»)(« +;»)(«'+ p)(«"+ p) I 



= 0, 



(6) 



represents a conic having double contact with the three 
quadrics J7„ Ua.', Ua", for by the theory of the first class of 
hyperelliptic integrals the integrals can be expressed as linear 
relations between any three of the six quantities 



{a + p){a+q){a-\-r)\, ^ 
(c+p)(c+y)(c+r)(, V 

(b+p){b + q){bJcr)\, V 



(a-p){a-q){a-r)\, 

\a'-p){a'-q)(,a'-r)\, 

(a"-p){a"-q)(a"-r\\. 

Now the first three of these are proportional to x, y, g, re- 
spectively, and the three last are proportional to VC7«, VUJ^ 
V~U7^. Thus we get 

Ix + ^y +nz = 0, 

Vx + m'y+n'VUa=0, 

V'x + m"y + w'V Ua' = 0, 

y^'x + m'"y + n''WW^ = 0, 

and these equations obviously represent a conic having double 
contact with the quadrics d1, Ua, ?7«". 

Again, by interchanging the constants a, hy Cy d we obtain 
three other systems similar to (6). 
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Thus we have demonstrated that there are four different 
systems of conies that can be described to have double con- 
tect with three quadrics inscribed in the same developable. 

As confocal quadrics are of this kind, their equations being 
of the form 



a+p^b+p c+p 



= 1, 



we obtain the differential equations of conies described to 
haye double contact with three confocal quadrics by making 
^ = 00 in the three equations similar to (6), each of which 
inTolyes d. 

As a special case, suppose a" = oo , which corresponds to 
the imaginary circle at infinity: then the conies become circles 
haying double contact with two confocal quadrics. 

Now equations (6) in this case become simply the differen- 
tial equations of lines touching the two confocals, but the 
three similar equations give those of the derived systems, 
viz.: 

^V\(a + pKb +p)(a + p)ia' +pj} = ^' 



pdp 



Vi(«+i»)(6+i')(« + p)(«' + p)! 



= 0, 



and the two other similar equations obtained by interchang- 
ing a, b, c. Thus there are three systems of circles which 
can be described to have double contact with two confocal 
quadrics. Furthermore, eitlier of these quadrics can degen- 
erate to a focal conic. Thus, for instance, since p -\- a=:0, 
p -\-b = give the two focal conies, we have 

:g ^^P =0 2—^-£^P— - • 
^{a + p)(b^p) ' (a+^)(i+j,)-"' 

s ^P- =0 i' E^ -0- 

{a+p)V\{b-\-p){c+p)\ ' (a+J»)4/{(Hp)(<;+p)r ' 

V ^ =0 2 ^ -0- 

(b+p)^f\{a-\-p){c^p)\ ' (6+;f)V{(a+p)(<'-+p)r ' 

as the differential equations of circles described to intersect 
twice each of the two focal conies. 

In each of the preceding equations we have dp : dq : dr 
= A : ± B : ± C, say; that is, there are, in consequence of 
the double signs, four tangents to the curves of the system 
that pass through a given point. Thus there are four curves 
of the system that pass through a point, and from the differ- 
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ential equations we can find properties of these cnryes, and 
loci connected with their intersection. Thus in elliptic co- 
ordinates^ the normals to the confocal quadrics being at right 
angles to each other^ it follows that the tangents to the four 
conies of the aforementioned systems that pass throngh a 
j)oint are equally inclined to the normal of one of the quad- 
rics; that is^ it a, /3, y are the angles which one of the tan- 
gents makes with the normals of the confocal quadrics^ we 
shall have cos a, cos /3, cos y respectiyely proportional to 
A, ± /I, ± y, s&j, for the tangents of the four conies of the 
system. Hence, if two of the conies should cut at right 
angles, we should have A* + /^ = y*, from which we can 
deriye the equation of the locus in elliptic co-ordinates. 

I now proceed to consider the problem : to find the differ- 
ential equations of the system of conies touching six fixed 
planes in space. 

Now there is a definite unique twisted curve of the third 
degree which may be described to osculate the six fixed 
planes. Hence, since an osculating plane of the twisted 
cubic can be written in the form 

X^ = M*^'+ /^y + M^ + ^ = o, 

it follows that the six places can be obtained by substituting 
six quantities a,, a„ a^, a^, a„ a, in this equation in place 
of /I.. Now let us consider the differential equations 

where the summation refers to the parameters //,, /i,, /«. of 
the three osculating planes which can be drawn througn a 
point, and 

Jf = (/I - a,)(;i - a,)(;4 - a,)(/i - a,){M - a,){fi - a.). 

Then, by the theory of the first class of hyperelliptic inte- 
grals, we have as the integrals a series of linear relations con- 
necting the six quantities 

Vl(«i-/^.)K-/'.)(«,-^.)}. V{(«,-/^i)K-/^.)K-/^.)}> 

. . . , V{(a, - /i,)(a, - MM^. — Mt)]' 

But, from the equation of the osculating plane, the expres- 
sion (a, — ;ti,)(aj — M*){^i ~ Mt) is proportional to the oscu- 
lating plane correspondmg to the parameter a,, and similarly 
for the other expressions. Thus we h ave li n ear re lations con- 
necting every three of the radicals VX^, VX^^, . . ., VXa^; 
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or we may take each of these proportional to /?, + qj, 
P% + 9t^9 • ' '9 P, + q^t, where / is an arbitrary parameter. 
Hence we get 

Now these eqaations obvionsly represent a curve of the sec- 
ond degree, yiz., a conic section, touching the six planes Xa„ 
Xa,, . . ., Xa,. Consequently the differential equation (7) 
represents the system of conies described to touch the six 
planes. Since there are four yalues of the ratios dfd/.dji^: dpi^, 
It follows that there are four conies of the system passing 
through an arbitrary point of space. 

In a paper contributed to Tlie Proceedings of the London 
Mat/iemattcal Society, vol. 18, p. 202, I showed that if certain 
conditions were satisfied a douoly infinite number of polygons 
could be circumscribed about two confocal quadrics so as to 
have their vertices on another confocal quadric. This result 
was obtained by means of the theory of the first class of 
hyperelliptic integrals. Similar reasoning could be employed 
in the case of the conies that I have been considering. Thus, 
under certain conditions, we could have an infinite number 
of curvilinear polye^ons formed by conies having double con- 
tact with two confocal quadrics and intersecting on another 
confocal quadric. There would also be infinite systems of 
curvilinear polygons in the other cases that I have inves- 
tigated. 

An interesting question arises in connection with the pre- 
ceding results, viz., as to the reality of the curves of the 
different systems. Thus, for instance, in the case of two 
confocal ellipses represented in elliptic co-ordinates by /i = a, 
pi = a', the conies belonging to the system 

are not real, because /i must obviously lie between a and a', 
and thus (/i*— a')(^' — a") is negative, while (a* — v^(a''— y*) 
is positive. 

But the two other systems contain real conies, and in other 
cases there seem to be only two systems with real conies. 

A case, however, not already noticed, in which the three 
systems are real, deserves to be mentioned. One of the fixed 
conies is, however, imi^nary, namely, the imaginary circle at 
infinity on a sphere. Consider the confocal cones 

X* y* =: ^* 

^ — y' _ g* 
r" y - v« " c* - V*' 
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intersecting the sphere a:* + y* + «* = 1 in confocal sphero- 
conics; then the differential equations 



v\{f^ - b^Xfi^ - «')r yi(ft' - OK - oi 

du dv 



pidpi vdv 



4/{(/i'-6')(c«-//«)(/.«-a')} ^ 4/{(6'-0(^*-^)(«'-0} 



=0, 



represent the three systems of circles having double contact 
with the sT)hero-conic /^ = a, and these it is easy to see from 
geometrical considerations are real. Circles of course may be 
considered as conies having double contact with // = oo , or 
^ + y' -f- ^ = 0- By projection then on a plane it would 
appear that we could have three real systems of conies having 
double contact with one real conic and one imaginary conic. 

It would be ititeresting also to consider the reality of the 
conies having double contact with three quadrics. For in- 
stance, it does not seem possible to have any real conies havine 
real double contact witn three confocal ellipsoids. But I 
must defer the consideration of this question to another 
opportunity. 



ASYMPTOTIC LINES ON A CIECULAE KING.* 

BT FROFB880R H. MA8CHKB. 

The equation of the asymptotic lines of a tore as well as 
the expression of the length of the arc of these curves leads 
to elliptic functions. The formulas appear in a remarkably 
simple form.f 

AjBsumin? the radius CA of the rotating circle = 1, and de- 
noting the distance CO of its centre from the axis of rotation 
by A, the tore is represented by these equations: 



a; = V cos w, y = v sin w, 2 = Vl — (v — A)% 

* Read before the American Mathbmatioal Socibtt at its Second 
Summer Meeting, Springfield, Mass., August 28, 1895. 

1 1 have not found any literature with regard to this subject except- 
ing a short notice in the ForUehritte der Mathematik, 1889, page 765, 
where reference Is made to T. Motoda," Asymptotic lines on a drcular 
rine," Tokio Math. 8oe., vol. 4, 217-219, a paper which has been inacces- 
sible to me. 
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where u is the angle between the plane of the reyolvine circle 
and the XZ- plane and v the distance of a point P of the sur- 
face from the Z-axis, the axis of rotation. 




Then the differential equation of the asymptotic curres is 
this: 

From this equation we find v in terms of Weierstraas'a p 
function 

_ 2A(6ptt - 1) 

the invariants of (W being 



St = 



_ 1 + ZX* _ 1-9A' 



and 



12 ' 



Sf,= 



12.18 ' 



_ 8A.-1 _ 1 _ 3A. + 1 
*'-~l2~' *«~6' *• 12 • 



In terms of o'-f unctions there is: 





V = 


2Xa-y 




,o-> + «r.V 


p = 


= a, 




tan 


a = 


<r.« 
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The length of the arc of an asymptotic curve is giyen by 
the integral 

dv 



=-/ 



V(A - t»)(l + A-»)(l-X + v)' 



Introdacing the f>-f anotion with the inTariants g^ = jj-„ 
obtain: 
UiOTSBflrrT OF Chicago, Augu$t 28, 1895. 



ON A GENERALIZATION OP WEIERSTEASS'S 
EQUATION WITH THREE TERMS. 

BT FBOTBSeOB F.^ICOBIST. 

The expression 

n<T(u — bi)/a(u — ax) 
is an elliptic function of tf if 

The sum of the residues is zero; that is, 

Qx ^ <r(gA - ^)» ■ .o'(flx - hx)...(T(ax - »,) _ ^ 

^' A=i<r(aA — a,)... 1 ...cr(aA— a») 

Being now only concerned with differences, we can, by a 
suitable addition to each a and ft, write 

(2) 2aA = 2bx = 0. 

When n = 2, the equation (1) is in no way characteristic 
of the (T- function, but is true of any odd function. 
When n = 3, (1) becomes 



cr(a, - h,\(T{a, - K)(T(a, - b,)a{a^ - a.) 
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To identify this with the equation of three terms as given 
by Weierstrass, write 

> = «,-«,, 

rf = a, - a, , 

and use the notation given by Harkness and Morley, Theory 
of Functions^ p. 313. 
We have 

a' — h^ — a„ a" = *,- a„ 

*' = a,-^, *" = «,-*„ 
c' = a, - *„ f/' = fl,- *„ 

so that our equation (3) may be written 

<Ta<Tb(TC(Td + fra' (tV (Tc' ad' -\' fTa"(TV'(Tc"(Td" ^ 0, 

which is equation (48) of the page referred to. 

For higher values of n the equation (1) appears to be the 
simplest of the various possible extensions of the equation 
with three terms. 



NOTES. 



Among recent academic appointments are the following: 
Professor Samuel M. Barton, recently of the Virginia Agri- 
cultural and Mechanical College, has been appointed professor 
of mathematics at the University of the oouth, Sewanee, 
Tenn.; Dr. Alexander Macfarlane, formerly professor of 
physics at the University of Texas, has accepted a lectureship 
m electrical engineering at Lehigh University, South Bethle- 
hem, Pa. ; Dr. E. B. Van Vleck has resigned an instructorship 
at the University of Wisconsin in order to become associate 
professor of mathematics at Wesleyan University, Middletown, 
Conn. ; Professor C. A. Waldo has been called from De Pauw 
University to the chair of mathematics at Purdue University, 
La Fayette, Ind.; Professor W. J. Hussey, of Stanford Uni- 
versity, has been appointed astronomer at the Lick Observa- 
tory, to succeed Proiessor E. E. Barnard, who has been called 
to a chair of astronomy at the University of Chicago. 

Dr. Paul Stackel, of Halle, has been appointed professor 
extraordinarius at Konigsberg, and Professor V. Eberhardt, 
of Konigsberg, has been callea to Halle. 

We are grieved to learn of the death of Dr. iRJ hst Ritter, 
on August 23, of typhoid fever, at the government hospital 
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on EUia Island in New York harbor. He was on his way 
from Germany to be^n his duties as assistant professor of 
mathematics at Cornell University. 

The Steinbb Pwzb. — The Academy of Sciences of Berlin 
at the Leibnitz Meeting, July 3^ 1890, announced the follow- 
ing problem for the Steiner Prize: — The solution of an im- 
portant problem in the theory of lines of currature of surfaces; 
preferably, the determination of the conditions under which 
the lines of curvature of algebraic surfaces are algebraic 
curves. No paper on this subject was received. In accord- 
ance with the terms of the Steiner foundation, the Academy 
has utilized the prize, thus unawarded, for the purpose of 
recognizing certain important geometrical contributious pub- 
lish^ during the past few years. One half of it has been 
awarded to Dr. Sigmund Oundelfinger, professor at the 
polytechnic school at Darmstadt, for his remarkable work 
leading to the fundamental investigation and development 
of the methods introduced into geometry by Hesse; the other 
half to Dr. Friedrich Schottky, professor at the Uuiversity of 
Marburg, who has afforded valuable assistance in a series of 
most important special problems of geometry by demon- 
strating their relations to the theory of abelian functions of 
two, tnree, and four variables. 

For the year 1900 the Academy announces the following 
problem for the Steiner Prize: — To completely solve any 
important, hitherto unsolved problem relating to the theory 
of curved surfaces, taking into account so far as jiossible the 
methods and principles evolved by Steiner. It is required 
that sufficient analytical explanations shall accompany the 
geometrical investigations to verify the correctness and com- 
pleteness of the solution. Without wishing to limit the 
choice of subject the Academy takes the opportunity to call 
attention to the special problems to which Steiner has referred 
in his general remark at the end of his second paper on maxi- 
mum and minimum in figures in a plane, on a spnere, and in 
space. For the solution of the problem a prize of 4000 marks 
is offered, with an additional sum of 2000 marks. Papers 
offered in competition may be written in German, French, 
English, Italian, or Latin, and must be submitted before De- 
cember 31, 1899. The result will be announced at the Leibnitz 
Meeting of 1900. 

The attendance at the meeting of the British Association 
for the Advancement of Science, held at Ipswich, September 
11-18, was somewhat smaller than at the Oxford meeting last 
year. Professor W. M. Hicks was president of Section A, 
representing mathematics and physics. His address, the 3ub 
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ject of which was '^ The fluid theories of ether and matter/' 
appears in Nature of September 12. 

The French Association for the Advancement of Science 
met at Bordeaux, August 4, under the presidency of £mile 
Trelat. There were more than 800 members present. Ac- 
cording to La Nature the following were among the most 
interesting mathematical papers reiwl: — Mr. Tobris, On an 
algebraic machine; Mr. Coccoz, On magic squares; Mr. 
GuiMAEBT, On vortices; Mr. Collignon, On certain ques- 
tions in geometry. 

We take pleasure in announcing the following work as in 
press: Thewy of functions of a complex variable, with special 
reference to Riemann surfaces. By Dr. H. Dur^ge, late 
Professor in the Uniyersity of Prague. . Authorized transla- 
tion from the fourth German edition. By George Egbert 
Fisher, M.A., Ph.D., and Isaac J. Schwatt, Ph.D., of the 
University of Pennsylvania, Philadelphia. The work is 
being published by the translators. 

Among the courses for the winter semester at Berlin are 
the following: — Professor Fuchs: Analytical mechanics; Abe- 
lian functions; — Professor Frobenius: Theory of numbers; — 
Professor Schwarz: Synthetic geometry; Selected chapters 
from the theory of analytical functions; Theory of elliptic 
functions, making use of his edition of " Formeln und Lehr- 
satze zum Gebrauche der elliptischen Functionen"; — Pro- 
fessor Knoblauch: Analytical geometry; Definite integrals; 
Mathematical exercises for younger students; — Professor 
Hensel: Algebra; Integral calculus; Exercises in algebra; — 
Professor Hettner : Theory of probabilities; — Dr. Schlesinger: 
Theory of Fourier's series and spherical harmonics, with appli- 
cations to questions of mathematical physics; Tlieory of sub- 
stitution groups, with applications to linear differential equa- 
tions; — Dr. Kotter: Geometry of circle and sphere systems, 
with special reference to bicircular curves and surfaces of the 
fourth order; Differential calculus and introduction to analy- 
sis; Exercises; — Dr. Hoppe: Analytical geometry, in connec- 
tion with his text-book; Differential calculus and series, in 
connection with his text-book; — Dr. Wien: Hydrodynamics. 

Among the courses for the winter semester at Leipsic are 
the following: Professor Scheibner: On the hypergeometric 
series and Eulerian integrals; — Professor Neumann: Selected 
chapters from mathematical physics; Discussion of mathe- 
matical problems; — Professor Lie: Introduction to metrical 
geometry; On differential equations which admit infinitesimal 
transformations; Exercises in mathematical seminarium; — 
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Professor Mayer: General introduction to the differential and 
integral calcnlas; Exercises; — Prof essor Engel : Introduction 
to analytical mechanics; Higher algebra; Conference on 
mathematicaJ problems; — Dr. Scheffers: Introduction to the 
theory of linear differential equations; Descriptive geometry 
accompanied by exercises; Kinematics (theory of mechanisms). 



NEW PUBLICATIONS- 

I. HIGHER MATHEMATICS. 

Ahbbns (W.)* Ueber elne GattuDgvoD n-fach periodischen FuncUonen 
Ton n reellen Yei-ftDderlichen. [Dias.] Rostock, 1895. 8yo. 
80 pp. Mk. l.ao 

AbzblA (C.), Suir integrabiliU delle equazioo! differenziali ordlnarie; 
nota letta alia R. Accademia delle scienze dell' Istituto dl Bologna 
nella sessione del 24 Marzo 1695. Bologna, Gamberini e Parmeg- 
giani, 1895. 4to. 16 pp. 

BlCKLiN (G.). Allmftn Mathematlk eller 8. k. Proportionslftra. Up- 
sala, 1898. 4to. 22 pp. Illustrated. 

Ballauf. Einige Hauptsatze ausder Lehre tod den Eegelschnitten in 
elementarer Behandlung. Theil I. Gebweiler, 1894. 4to. 18 pp. 
1 plate. Mk. 1.50. 

BiERMANN (O.). Elemente der hOheren Mathematlk. Vorlesungen zur 
Vorbereitung des Studiums der Dlfferentialrechnung, ^gebra, 
und Functionentheorie. Leipzig, Teubner, 1895. 8vo. 12 and 
881 pp. Mk. 10.00. 

BoCKWOLDT (G.). Die analytische Geometric in der Prima des Gym- 
nasiums. Tbeil n. Neustadt, 1895. 8vo. 16 pp. 2 plates. 

Mk. 1.20 

BoDB (J.). Die Grundlagen der hOberen Mathematlk in schulmftssiger 
Behandlung. MUlhdm, 1895. 8vo. 87 pp. Mk. 1.20 

Brbubr (P. J.). Die gemeinen Logarithmen. Wipperfarth, 1894. 4to. 
19 pp. 

Catlbt (A^. An elementary treatise on elliptic functions. 2d edi- 
tion. London, Bell, 1895. 8to. 890 pp. 15s. 

Cbiyktz (T). Essay on the postulate of Euclid. (In Rumanian.) 
Bucharest, Socecii, 1895. 8yo. 40 pp. Illustrated. Mk. 2.00 

Engkl (F.). See StIckbl (P.). 

Epstbin (S. 8.). Die Tier Rechnungsoperationen mit Bessel'schen 
Functionen, ncbst ciner geschichtlichen Einleitung. [Diss.] Bern, 
1894. 8vo. 54 pp. Mk. 1.50 

FocKB (A.). Ueber die Auflasung diophantischer Glclchungen mit 
Hilfe der Zahlentheorie. Magdeburg, 1895. 4to. 27 pp. 

Mk. 1.50 

Frank (H.). EinfOhrung in die Infinitesimalrechnung. [Progr.] 
Berlin, 1895. 4to. 11 pp. 
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GUVmNo (R ). Ueber die Anzahl der Klmsseo, in welcbe die biDftreo 
quadratischen Formen ftir negatiTe Determioanten zerlegt wer- 
den kOoneo. Torgau, 1695. 4to. 17 pp. Mk. 1.50 



Grbbnhill(A. G.). Les fonctioDS elliptiques et leurs applicatioDS. 
Traduit de raofflais par J. Oriess, avec une preface de P. Appell. 
Paris, CarrI, 1895. 8vo. 18 and 574 pp. Illustrated. Fr. 18.00 

OuBLBB(E.). YerwandluDg einer hypergeometrischen Relheim An- 
schlust an das Integral / Ji[a?)tf-**r«-kto. Bern, 1894. 8vo. 88 pp. 

Mk.1.50 

EiBPBBT (L.). GnindrisB der Differential- nnd Integral-Rechnung. 7te, 
yollst&ndig umgearbeitete UDd yermehrte Aufla^ des deichnamigen 
Leitfadens Ton M. Stegemann. (In 2 Theilen.) Thell I: Differen- 
tial- Rechnung. HannoTer, Helwing, 1895. 8to. 16 and 688 pp. 
Illustrated. Mk. 12.00 

Tabelle der wichtigsten Fonneln aus der Differential-Rech- 

nung. 7te Auflage. Hannoyer, Helwlng, 1895. 8yo. 26 pp. 

Mk. 0.50 

Killing (W.). Bemerkungen tlber die Transformationsgruppen yom 
Range Null. [Progr.] Mttnster, 1895. 4to. 15 pp. Mk. 1.20 

KuRTiN (L.). Ett Problem aeaeude KrOkningslinjema pa andra grn- 
dens Ytor lOst med tillbJftTp af paroboliska och elliptiska Eoordi- 
nater och elliptiska Functioned Helsingfors, 1898. 4to. 52 pp. 
4 plates. Mk. 2.00 

Martonb (M.). Introduzione alia teoria delle serie. Parte III (ulti- 
ma) : Le serie piil celebre e la legge suprema. Oatanzaro, 1894. 
4to. 17 pp. Mk.1.50 

MAn88(C.). Le rectanjrle de E^horsabad et la tb^orie g€n6rale des 
mesures antiques. Paris. Fleury & Dangin, 1894. 8yo. 22 pp. 

M^RAT (C). Lemons nouyelles sur Tanalyse infinit^simale et ses appli- 
cations g^ometriques. Deuxi^me partie: 6tude monographique 
des principales fonctions d'une seule variable. Paris, Gautbier- 
Villars, 1895. 8yo. 11 and 495 pp. Fr. 14.00 

MoBER (J.). Harmon ische Strahlen und Punkte. Breslau, 1895. 4to. 
12 pp. Illustrated. Mk. 1.20 

MuNOBR (F.). Die eifOrmigen Curven. [Diss.] Bern, 1894. 8yo. 
46 pp. 5 plates. Mk. 2.00 

Palattki (F.). Oonsiderazioni sui sistemi lineari razionali di curve 
piaue. Foggia, 1895. 8yo. 12 pp. Fr. 1.20 

Pascal (E.). Esercizi e no^ criticbe di calcolo infinitesimale: calcolo 
differeuziale e integrale. Milano, Hoepli. 1895. (Manuall Hoepli.) 
16mo. 18 and 871 pp. Fr. 8.00 

Peter (A.). Die Flftcbeu, deren Haupttangentenkunren linearen 
Eomplexen angebOren. [Diss.] Leipzig, 1895. 8vo. 87 pp. 

PiOARD (E.). Sur la theorie des surf aces alff^briques. [Rtrue genercUe 
des sciences pures et appliquees. No. 24, 1894.] 8vo. 16 pp. 

Radzio (A.). Die Anwendung des Sylow'schen Satzes auf die sypi- 
metrische und die alternirende Gruppe. [Diss.] Berlin, 1895. 
8yo. 39 pp. Mk. 1.20 
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Rbhfkld (E.) Triangulftre Coordinatezi in Anwendung auf deo 
Haum. Elberfeld, 1895. 8vo. 66 pp. 2 plates. Mk. 2.00 

Sakhia (A.). Lezioni dl geometria proiettlya. 2da edizione ampliata. 
Napoll, 1895. 8vo. 780 pp. Illustrated. Fr. 15.00 

8AU88X7BB (R de). Sur la g^n^ration dee courbes par roulement. 
€kndve, 1895. 4to. 95 pp. 2 plates. Fr. 2.50 

SoHiMPP (E.). Eine TheoHe der OoDTergenz uneDdlicher Reihen. 
Bocbum. 1895. 4to. 56 pp. Mk. 1.50 

ScHWATT (I. J.). Some considerations showing the importance of 
mathematical study. Opening address of the mathematical depart- 
ment of the third summer meeting of the American Society for the 
Extension of IJniyersity Teaching. Philadelphia, University Ex- 
tension, 1895. 8to. 20 pp. 

A geometrical treatment of curves which are isogonal conjugate to 

a straieht line with respect to a triangle. In two parts, rart I. 
New York, Leach, Shewell, and Sanborn [1895]. l8vo. 6 and 46 pp. 
8 plates. 

Scott (0. A.). On pkne cubics. London, 1894. 4to. [PhtUmpMeal 
Transactions, vol. 185, A. pp. 247-277.] 

Sbbokb. Bemerkungen Qber Abgrenzung und Verwerthung des Un- 
terrichts in den Elementen der Infinitedmalrechuung. Gflstrow, 
1894. 8vo. 24 pp. Illustrated. Mk. 1.20 

Shaw (J. B.). Mathematics the science of algorithms. Presented to 
the Faculty of Purdue University as part requirement for the Doc- 
tor's degree. Jacksonville, HI., Henderson & Depew, 1895. 8vo. 
4 and 24 pp. 

StIckbl (P.) und Engbl ^F.). Die Theorie der Parallelllnien von 
Euklid bis auf €kiuss, eine Urkundensammlung zur Vorgeschichte 
der nichteuklidischen Geometrle. Leipzig, Teubner, 1895 8vo. 
10 and 826 pp. 1 facsimile. Mk. 9.00 

StXhli (F.). Die Cylinderfocalen. Bern. 1894. 8vo 50 pp. 2 plates. 

Mk. 1.50 

Stbgkmann (M.). See Kiepert (L.). 

StOckert (O. a.). Ueber die Beziehungen der Reciprocantentheorio 
zur allgemeinen Theorie der DifferentiallnvarlanteD. [Dii 
Leipzig. 1895. 4to. 48 pp. Mk. 1 

Study (E.). On irrational covariants of certain binary forms. On the 
connection between binary quartics and elliptic functions. 4to. 
[Ameriean Journal of Mathematies, vol. 17, pp. 185-234.] 

TcHEBiCHBF (P. L.). TeoHa delle congruenze. Traduzione italiana, 
con affgiunte e note di I. Massarini. Roma, Loescher, 1895. 8vo. 
15 and 295 pp. 

ToBPLiTZ (E.). Zur Theorie der WendeberUhrungspunkte der Raum- 
curve vierter Ordnung erster Species. [Progr.] Breslau, 1896. 
4to. 11pp. Mk. 1.20 

Vaucher (A. E.). Quadrature du cercle trouv^e par A. E. Vaucher, 
professeur. Lyon, Maisonneuve, 1895. 

Vbgetti (E.). Degli angoli e dei triangoli simili nella prospettiva e 
degli orizzonti razionali: ricerca di interferenze dirette. Milano, 
Qioseppe, 1895. 8vo. 86 pp. 2 plates. Fr. 2.00 
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(C). Beitrftge zur Entwicklung der Besserschen FuDction 
Art. [Diss.] Bern, 1894. 8vo. 65 pp. Mk. 1.50 

n. ELEMENTARY MATHEMATICS. 



Alobnstabdt (W.). Bdtraffe zur Determination der Elemente des 
DreieckB. [Progr.] U. Doberan, 1895. 4to. 24 pp. 

Baonoli (E.). Trattato delle coide nel circolo. Roma, Raponi, 1895. 
8to. 87 pp. 10 plates. Fr. 8.00 

Beard (W. S.) and Tblfbb (A.). School Algebra. London, 1895. 
8yo. Cloth. 88. 6d. 

Bbrtband (J.). Traits d'arithm6tique. 11th edition. Paris, Hachette, 
1895. 8to. 842 pp. Fr. 5.00 

Briot (C.) et Vacquant (C). Elementos de geometria aplicada ; por 
C. Bnot, profesor que fu4 de la Facultad de ciencias de Paris, j C. 
Vacquant, profesor de matem&ticas que f u4 en el licdo de San-Luis 
en Paris. Paris, Hachette, 1895. 16mo. 286 pp. Fr. 4.00 

Browns (W. J.). Junior Algebra for primary and intermediate 
schools. London, Heywood, 1894. 8vo. 176 pp. Is. 6d. 

Euclid. Books I-m. See Lakolet (E. M.) and Phillips (W. S.). 

FuHRMANN (W.). Sfttze und Aufgaben aus der sphftrischen Trigone- 
metrie. Das sphftrische Dreieck. EOnigsberg, 1894 8yo. 88 
pp. Illustrated. Mk. 1.20 

Grasshann (M.). Uber die Brechung des Uchtes durch Linsen. I. 
Zur Einfahrung in den Begrift eines trigonometrischen Systems. 
COslin, 1895. 4to. 18 pp. 1 plate. 

Grohmakn (E.). Zur Aufl5sung der allgemeinen Gleichung des dritten 
Grades. Wien, 1895. 8vo. 22 pp. Mk. 1.00 

Gtsbl (J.). Zur Eonstruktion des Schwerpunktes einer ebenen Viel- 
ecksflftche. Schaffhausen, 1895. 8vo. 18 pp. 8 plates. Mk. 1.00 

Hall (B.. S.) and Knight (S. R.}. Algebra for beginners. Revised 
and adapted to American scnools by Frank L. Seyenoak. New 
York, Macmillan, 1895. 12mo. 188 pp. Cloth. $0.60 

Herold (O.). Die Chordale zweier Kreise und ihre Verwendune ftlr 
geometrische Aufgaben. Neustadt, 1895. 8yo. 29 pp. 1 puite. 

Mk. 1.20 

H5HNEHANN (G.). Mathematik far Damen. Theil I : Algebra. Leip- 
zig, 1895. 8to. Mk. 1.50 

HOPPER (P.). Einfachste konstruktive LOsung des Trisektionspro- 
blems. Heiligenstadt, 1895. 8to. 16 pp. 

Lanolby (E. M.) and Phillips (W. 8.). The Harpur Euclid: an edi- 
tion of Euclid's Elements, revised in accordance with the Reports 
of the Cambridge Board of Mathematical Studies, and the Oxford 
Board of the Faculty of Natural Science. Books I.-III. London, 
Longmans, 1895. 12mo. 280 pp. 2s. 6d. 

Macnie (J.). Elements of geometry, plane and solid. New York, 
American Book Co., 1895. 874 pp. Cloth. $1.25 
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Naud (L.) et Hamxlin (G.). Cours r^sum^ de math^matiques (arith- 
metique, syst^me m^trique, g6ometrie et alg^bre), & rusage des 
candidate nux examensde radministratioii des postes et t^ligraphes. 
Poitien, Blais, Roy & Co.. 1695. 8yo. 208 pp. Fr. 2.50 

OxTTznexH (A. J. von), see Stkinxb (J.). 

Pbndlsbubt (C). Elementary Trigonometiy. London, Bell, 1896. 
8vo. 852 pp. 4b. 6d. 

Pbtbbsbn (J.). Den plane Trigonometri og de sptoriBke Grundformler. 
5le udgave. EjbbenhaTn, 1894. 8to. eS pp. Mk. 2.00 

Pkabtqbiub (J.). Die sph&rische Tiigonometrie aof dem Gymnasium. 
Eonitz,1895. 4to. 18 pp. Mk. 1.20 

Sbyevoax (F. 8.), see Hau. (H. S.) and Knight (S. R.). 

SoHULKB (A.). VientelUge Logarithmentafeln und mathematlsche, 
physikalische und astronomiscbe Tabellen fOr den Schul^brauch 
zusammengestellt. Leipzig, Teubner, 1895. 8yo. 18 pp. Mk. 0.60 

STBeAeiiiHi (A.). DivisibilitH dei numeri decimal!. ClTidate, Ful^io, 
1895. 8yo. 21 pp. 

8TJfiLNJUu(J.). Die geometrischen Constructionen, ausgeftlhrt mittelst 
der geraden Linie und eines festen Ereises, als Lehrgegenstand auf 
hOheren Unterricbtsanstalten und zur praktlscben Benutzung. 
(1888.) Herausgegeben Ton A. J. von Oettingen. Leipzig, 18fi!5. 
Svo. 84 pp. Illuatrated. Cloth. mL 1.20 

Stdcnha (S.). BreTe studio di algebra. Lanusei, Yacca-Mameli, 1895. 
8to. 57 pp. 

Wsiix. Pr^is de trigonomStrie, & I'usage des candidats & r£cole 
Centnde. YiUefranche-de-Rouergue, Bardouz, 1895. 8yo. 61 pp. 



m. APPLIED MATHEMATICS. 

Ahoona (IT.). Contributo alia teoria delle distribuzioni ad un cassetto 
con inTeraione di moto. Milano, 1895. 8yo. 20 pp. 

Bahia (M. B.). Curso de electrotecnica de la Escuela profesional 
superior. Vol. VL Buenos Aires, 1894 8to. 

Baib& See*PoiNCABi (EL). 

BLQHDnv (J.). Bee Poinoab6 (H. ). 

BoKOioYANin (E.). Magnetismo. Definizioni e leggi principali deir 
elettrologia. Milano, 1895. 12mo. 886 pp. Fr. 2.00 

Bbukhbs (B.). Cours ^^mentaire d'61ectricit6. Lois experimen tales 
et principes g6n6raux. Introduction k T^lectrotechnique. Lemons 
profess^es k I'lnstitut industriel du nord de la France. Paris, 
GauthierwVillars, 1895. 8yo. 7 and 267 pp. Fr. 5.00 

Cabuso (G. M.). Rc^le per la soluzione dei problemi relativi al calen- 
dario, con ruso del quadro mobile e relative tavole. 1895. 8vo. 
84 pp. 

Chafsl (A.). Sur la loi de resistance de I'air. Applications aux 
calcula balistlques. Nancy, Berger-Levrault, 1895. 8yo. 14 pp. 

Mk. 1.50 
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Du Bois (A. J.). The elementary priDciples of mechanics. Vol. IT. 
Statics. New York, Wiley, 18W. 8vo. Cloth. $4.00 

DuHONT (G.) BT BAioidbRBS (G.). £tude sur le transport de Tenergie 
& grande distance par Telectricit^ et sur les transmisisions 6lectriques 
par courant oontinu. Paris, Grelot, 1895. 8vo. 6 and 114 pp. 

Qrxbn (G.)* Bio Vcfrsuch, die mathematische Analysis auf die Theo- 
rieen der Elektricitftt und des Magnetismus anzuwenden. (1828.) 
Herausgegeben yon A. J. yon Oettingen und A. Wangerin. 
Leipzig, £ngelmann, 1895. 8vo. 140 pp. Cloth. Mk. 1.80 

Eapp (G.). Transformatoren ftlr Wechselstrom und Drebstrom. £ine 
Darstellung ihrer Theorie, Construction und Anwendung. Berlin, 
1895. 8yo. 6 and 205 pp. Illustrated. Cloth. Mk. 7.00 

KiBCHBR. Messungen des normaleu Potentialgefftlles der atmosphS- 
riachen Electricitftt in absolutem Masse. Saalfeld, 1895. 4to. 
45 pp. 

E5NIO (A.). Beitrftge zur Theorie der Fresnel'schen Beugungsspektra. 
[Diss.] Jena, 1895. 4to. 45 pp. 

KoBCH (F.). Die Theorie der Trfteheits- und Centrifugal-Momente 
ebener Figuren in elementarer Darstellung. Breslau, 1895. 4to. 
28 pp. Mk. 1.50 

Laffaboub (J.). Les applications mecaniques de T^nergie Slectrique. 
Paris, FriUich, 1895. 18mo. 7 and 866 pp. Illustrated. 

Lanolbbbrt (J.). Physique. OOe Mition, revue et tenue au courant 
des demiers progr^ de la science. Paris, Delalain frdres, 1895. 
16mo. 12 and 578 pp. Fr. 4.00 

LoNBT (8. L.). The elementa of statics and dynamics. 4th edition, 
reyised and enlarged. Cambridge, Uniyersity Press, 1895. 8yo. 
544 pp. 78. 6d. 

Maabs. Ueber ein Pendel, bei welchem ausser der Schwerkraft noch 
eine dem umgekehrten Quadrat der Entfernung proportionale 
abstofisende Kraft wirksam ist. [Progr.] Etlstrin, 1895. 4to. 
24 pp. 

Manaira (A.). Equazione caratteristica e capacitA termiche del 
yapor d*acqua. Padoya, 1895. 8yo. 49 pp. Mk. 1.80 

Maubin (N.). Theorie nouyelle sur le transport 61ectrique de la force. 
Paris, Carr6, 1895. 18mo. 28 pp. 

Obltjbn (H.). Zur Theorie der Elasticitftt fester EOrper. Hamburg. 
1895. 4to. 25 pp. Mk. 1.50 

Obttinobn (A. J. v.). See Grbbn (G.). 

Planck (M.). Absorption und Emission elektrischer Wellen durch 
Resonanz. Berlin, 1895. 8yo. 18 pp. 

PoiNCARB (H.). Cours de physique roathematique. Ill: Capillarity. 
Le9ons professees pendant le deuxi^me semestre 1888-89, r^igto 
par J. Blondln. Paris, Carr^, 1895. 8yo. 195 pp. Fr. 5.00 

Cours de physique math^matique. IV: Theorie analytique de 

la propagation de la chaleur. Lecons professees pendant le premier 
semestre 1893-94, r^digees par Rouyer et Baire. Paris, Carr6. 
1895. 8yo. 820 pp. Illustrated. Fr. 10.00 
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RAUSBafBBRGBB (O.). Hydrodynamische UDterauchungen und deren 
AnwenduDg auf die Bewegungen der Atmosphftre. [Progr.l 
Frankfurt, 1896. 4to. 44 pp. Mk. 1.50 



Rbsal (H.). Traits de mScanique gSn^rale oomprenant les lemons pro- 
fesses & r^ole polytecbnique. 2e Edition, entidrement refondue. 
Tome II : Du mouvement des solides eu egard aux frottementa; 
Equilibre int^rieur; Elasticite; Hydroetatique; Hydrodynamique; 
Hydraulique. Paris, Gautliier-Villars, 1895. Svo. 11 and 166 pp. 
Illustrated. Fr. 8.00 

RouTSR. See Poincar6 (H.). 

THUBflTON (R H.). Etudes sur le frottement, 1e graissage des machines 
et les lubrifiants; determination des lois et des coefficients de frotte- 
ment par de nouveaux appareils; traduction par M. B., revue et 
annotee par M. N. Jarry. 2e Mition fran9aise. Paris, Tignol, 
1895. 16mo. 190 pp. Illustrated. 

Wahcocbin (A.). See Gbeen (G.). 
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NEW HATHEHATIGAL TEXT-BOOKS. 



By S. L. LONEY, 

Author of ** Plane Trigonometry^^* •' Elements of Statics and 
Dynamics ^* etc., etc, 

THE ELEMENTS OF CO-ORDINATE GEOMETRY. 

F'cap 8vo. Cloth. 416 pp. $1.25, net. 

The book is elementary and intended to meet the needs of beginners, for whom a 
text less difficult than the standard treatises hy Charles Smith and others is desired. 
k deals only with Cartesian and Polar Co-ordinates, but within these limits is com- 
plete ; the Straight Line and Circle have been very fully treated ; and ejtamples in 
abundance (upwards of a thousand in all) illustrate every proposition. 



By the same Author. 

PLANE trigonometry-Complete. 

Crown 8vo. Cloth. Pp. 480. $1.90, net. 
Or^ in Separate Volumes : 

PLANE TRIGONOMETRY -Part I. 

Crown 8vo. Cloth. Pp. 300. $1.40, net. 

PLANE TRIGONOMETRY.-Part II. 

Crown 8vo. Cloth. Pp. 180. $1.00, net. 
Part II, treats of Analytical Trigonometry, 

N. B.— When ordering, kindly have your dealer specify whether a single part is 
wanted, or the two bound in one volume at fi.go, as above. 

The adoption of Mr. Loney*s Trigonometry as the required text-book for the 
freshman work in the Universities of Michigan, Wisconsin, Chicago, etc., is the best 
possible testimonial to its value. 



By CHARLES PENDLEBURY, 

Author of ** Arithmetic ** in the Cambridge Mathematical Series, 

Crown 8vo. Cloth. Pp. 336. $1.10, ncL 

ELEMENTARY TRIGONOMETRY. 



JUST READY. 
Cloth. i6mo. $T.io, net. 

THE ELEMENTS OF GEOMETRY. 

By George Cunningham Edwards, 

Associate Professor 0/ Mathematics in the University 0/ California, 
A happy combination of inventional and demonstrative geometry. 



MACMILLAN & CO., Publishers, 

66 FIFTH AVENUE, NEW YORK 
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AMERICAN EDITION OF 



Hall & Knight's Elementary Algebra. 

By frank L SEVENOAK, A.M., 

Professor op Mathbmatics and Assistant Principal in thb Stvvbns 

School, Academic Department op the Stevens 

Institute op Technology. 



Cloth. i6ino. pp. 478. fz.zo. 



The marked success of the work, and the hearty endorsement by 
many of our ablest educators of the treatment of the subject as therein 
presented, warrant the belief that the present edition, with its additional 
subject-matter, will be found a desirable arrangement and satisfactory 
treatment of every part of the subject required for admission to any of 
the American Colleges or Schools of Technology. 



AMERICAN EDITION OF 



Charles Smith's Elementary Algebra. 

V BY 

IRVING STRINGHAM, Ph.D., 

Propbssor op Mathematics, and Dean op the College Faculties 
IN THE University op Caufornia. 

SRIEFBB EDITION (408 paff«t) SI. 10 

This idition is the same at Chapters I^XXVI 0/ the 
•COMPIiETB EDITION (584 puipes) 91. SO 

** I have alwajrs liked Charles Smithes Algebra, and the new edition contains 
a good many improvements, and seems to me an excellent work. The use of the 
book in schools preparing for Harvard College would be satisfactory to our Mathe- 
matical Department. I have already privately recommended it to teachers who 
have consulted me/* 

Prof. W. E BvERLV, 

Harvard College. 
**I have been recommending Charles Smithes Elementary Algebra to my 
teachers* classes for several years. The revised edition furnishes all that we 
require for admission to any of our courses.** 

W. W. Beman, Professor of Mathematict, 
University 0/ Michigan, 
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CONCERNING JORDAN'S LINEAR GROUPS. 
Presented to the American Mathematical Society, August 28, 1895. 

BY ELIAKIM HASTINGS MOORE. 

Introduction, 

I PRESENT to the American Mathematical Society to-day 
a continuation of the paper* presented last November, entitled 
The group of holoedric transformation into itself of a given 
group. To recall briefly : The given (abstract) group G„ of 
order n has the elements Sx = identity, «2 > • • *»• The substi- 
tution-group P" of transformation of G^ into itself is the 
substitution-group on the n letters «i , . . s„ which leaves inva- 
riant the multiplication-table for G^. Letters s which are con- 
jugate with one another under P" must as elements of G^ have 
the same period. Thus, «i = identity is invariant, and /"• is 
really P""^ on the n — 1 letters Sg > • • «n- 

We are to consider to-day the case that P"""^ is transitive on 
the n — 1 letters s, , . . s„. Then the n — 1 elements. «2 , . . s« 
of G^ have the saifne period, which must then be a prime p. 
Hence G^ has the order n = p"'. Every group G^^n- has, in 
accordance with an important (Sylow's) theorem,t at least one 
element different from identity commutative with every ele- 
ment of the group. This property of the element may be read 
out of the multiplication-table for G.^n-, and is hence invariant 
under 7^"-^ But P"""^ is transitive on the w — 1 letters s^y . . «„. 
Hence every element of G„^n' is commutative with every other 
element Our given group G^ is then the Abdian G^nr^ or rather, 
omitting the ', G^n with n generating elements, each of order p, 
and commutative with one another. It will cause no confusion 
if we refer to it hereafter simply as tJie Abelian G^n. 

* Bulletin of the American Mathematical Society, ser. 2, vol. 1, pp. 
61-66, Dec. 1894. 

Mr. HoLDBR explained this notion of the group of holoedric transfor- 
mations into itaelf of a given group, for use in his memoir: Die Qruppen 
der Ordnungen jfi, p(f^ pqr, ji* (Mathematische Annalen, vol. 43, pp. 301- 
412 ; see pp. 313, 314), which bears the date March 28, 1893. We, 
however, hit on the notion independently of each other ; see the foot-note 
(♦•) of p. 66 of my former paper. 

t Stxow : Mathematiache Annalen, vol. 5, p. 588. 
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§ 1. 

TTie group r^^^^ of holoedric transformation into itself of the 
Abelian group G^n is Jordan's linear homogeneous substitution- 
group of degree p% LHG^^^y 

For the Abelian ffpH we take the n generators 

(1) a, (t = l,2,..n) 
with the complete system of generating relations. 

(2) af = 1, afij = a/if (t, J = 1, 2, . . n) 
and have as the general element 

(3) Sj, = «»„»,...*„ = aj^2*' . . an*- = n a,** (i = 1, 2, . . n) 

where the suffixes and exponents k are integers taken modulo 
p, and where ^is a symbol standing for (A:i, Atj, . . k^). 
The general multiplication equation is 

where 

(5) K,-\-K2=J^3y ku-\-k^ = k^. (i = l,2..n) 

It turns out that the general substitution <ra of P^^p^y re- 
replaces «x = «i.,. ^ . . «^ by Sx' = Vi. .',. . . .V ^^®^® 

(6) X'=OX, x\J^^g^Xj (\g^\^0) (ij = l,2, . . n), 

where © is a symbol for the matrix 

(7) G = (9„) (i,j = l,2,..n) 

whose elements gr^ are integers taken modulo p. [To follow 
the customary notation we should write congniences (modulo 
p) everywhere instead of equations. But in group-theoretic 
applications such as the present, it is much better to breathe 
the spirit of the congruence once for all into the definitions of 
the symbols and operations.] Hence, indeed, -Tq"^) is Jordan's 
linear homogeneous substitution-group * of degree p", LHG^^^^^^ 
of order f 

* Jordan : Traitk des substitutions^ p. 92, 1870. 
t Jordan : loc. cit., p. 97. 
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This identification of the P^^^^ of the Abelian G^^n with the 
LHG^^^^ I obtain first by holding the G,n as an ahstrajct 
group ; I omit the details of this identification. We may how- 
ever take the G^n concretely as the regular Abelian substitution- 
group G^ on the p^ letters «x = ^xi, .^ . . «„ > t^® general element 
(3) «jr = «»i. »» . . »^ then (4. 6) replaces s^ by s^, where 

(9) X'=X4-ir, x\=^x,-itK (i = l, 2,..n). 

We thus win direct contact with Mr. Jordan^s work. The 
G^ (9) is within the symmetric substitution-group on the p* 
letters s^ self-conjugate under the linear non-homogeneous 
group LG^^^j^y of degree p" and of order 2>"0(i)"), whose 
general substitution o-^ ^ replaces Sj^ by s^, where 

(10) X'=OX-{-K, x\=%^j-\-k, Qg^,\^0) (t,i=l,2,..n). 
^B,K replaces s^^, s^^, s^ by s^.^, s^„ Sj^^ where 

so that 

hence under o-^,^ of the J^G^Q^^y (10) a multiplication equation 
of the G^ ^Kt^Kt = ^Kt == *^i+^i ^f ^) is preserved, that is, 

if and only if K= (0)=(A;i, A;^, . . A:») = (0, 0, . . 0), that is, if 
and only if the substitution o-©, ^ of the -^G^jk^) (10) is a 
substitution o-q q^^o-q of the LHG^^^^^ (6). We have then 
this (second) identification of the J^^.^. of the Abelian G^n with 
the LHG^^^y 

The group -^^,^)= LHG^^^^ (6) is transitive on the p* — 1 
letters s^X:#=(0)). For p = 2 it is doubly transitive on the 
p* — 1 = 2* — 1 letters. For p > 2 it is simply transitive and 
imprimitive ; the letter 8^ = s,^, «„ . . .^ belongs to and by the 
ratios of its n suffixes X = (aH: a^: • • : a;„) determines the system 
of imprimitivity containing the g— 1 letters * Six(^=l, 2, • -p— 1); 
in the (?^» the elements Sj^ and the identity Sox= *(0) constitute 
the cyclic group G^\8j\ determined by s^ say the G^^j^ Thus, 

• X=(a;i, . . Xn), ZX=(toi, • • IXn). 
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the r^^^^^LHO^^^^ permutes first the (j>- - l)/{p - 1) G, of 
Q^y and afterwards fixes the elements within the various 
groups. The self-conjugate sub-group which keeps every G, 
fixed is of order p — li 

(11) ' {X' = ZX, a;', = Zir,(t = l,2,..n)}, 

(Z = l,2,..^^::ri). 

The quotient-group, which is a substitution-group on the 
(p» — l)/(i> — 1) Gj„ has the order 0(p")/(i> — 1). Analyti- 
cally, it is the LHG^^^^ taken fractionally ; that is, the linear 
fractional group t -^-^^i{^!^/{'ll!> whose general substitution 
o-^ replaces the Gp^fhj ttie Gp,x, where 

(12) X' = GX* 

x'lix'^i' •:«'<:. •:<= ^g^/Cji ^g^Xji- •: XgtfXji' •: S^^y. 

§ 2. 

2%rec tacticoi configurations : 

XC/M, iH(7/[2)--l], ii?'C/[(p--l)/(p-l)]: 

connected with the Abdian G^n are defining invariants respec- 
tively for the three linear groups : 

The notion configuration I transfer to tactic from geometry f ; 
for the proof and ultimate statement of the theorems about to 
be stated with utmost brevity, this notion must be used to its 
full content; to-day, however, the term ta^ctical configuration 
shall be merely a name. 

The linear configuration i^Cy [p**] iii p" letters. 

The p" letters of the iCy [jp"] are the p* elements s^ oi the 
Abelian Gj,n, The G,n contains (p" — l)/(p — 1) sub-groups, 

• Jordan : loc. cit, p. 228. In my notation the two subscript dots (..) 
are the ratio dots (:), and are to call to mind that we may without chang- 
ing anything rephice X= (xi, . • a:„), JT = (x'u • • a:',), G = (gij) by 
IX=(te„ . . IXn), VX'=iVx'u • • l'x\), mG = (mgy)y respectively, 
where 2, V, m are any integers taken modulo p, but 2^0, V =^0, m ^ 0. 

t See, for instance, Reye : Das Problem der Configurationen (Acta 
Mathematical vol. 1, pp. 92-96, 1882). 
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Gj,n-i, With respect to each sub-group G),«-i the p* elements 
8^ of the Gj,n are exhibited as a certain rectangular array of p 
lines with p""^ elements in each line ; the order of the lines 
and the order of the elements in each line are immaterial ; one 
hne contains the p*~^ elements of the Gj,n-i itself. We sepsr 
rate every array into its constituent lines, and have before us 
in the system of (unordered) p(p^ — l)/(p — 1) lines or com- 
binations of p""^ letters eacn the linear configuration in p* 
letters, iCy[p*]. 

This LCflp'''] for n^2 defines, as the maximum substitu- 
tion-group on the p" letters Sj leaving it invariant, exactly the 

-^»i^(^) (§ 1 (10)). 

The linear fiomogeneotbs configuration LHCf\^p^ — 1] 
in p" — 1 letters. 

The p* - 1 letters of the LHCf{_p'' — 11 are the p* — 1 ele- 
ments Sjp(X=^(Oy) of the Abelian G^^n, the identity S/q) excepted. 
The LHCflp'' - 1] is obtained from the LCflp''^ by omitting 
every line or combination containing the discarded letter s^^y 
The LHCf\^p* — 1] consists, then, of a system of p** — 1 lines 
or combinations of p""^ letters each. This LHCf\^p^ — 1] is 
tactically self-reciprocal,* that is, we can distribute a notation 
« J to the p" — 1 lines in such a way that the LHCf\^p^ — 1] 
on the p* — 1 letters s^ ^^ grouped by the p** — 1 lines s ^ <lif- 
fers only in the priming O from the LHCf\^p'' — \'\ on the 
p* — 1 lines 5 '2- as grouped by the p" — 1 letters Sj. 

This LHCf[^p^ ~ 1] for n > 2 serves as a defining invariant 
for exactly the LHG^^^^-^ (§ 1, (6)). The self-reciprocity of 
the LHCf\^p* — 1] establishes an holoedric isomorphism of the 
LHG^^^ with itself. This isomorphism is (at least for 
n ^ 3) no^* that arising from a transformation of the LHG^~Ji^^ 
through one of its own elements. 

The linear fractional configuration LFCf\Xp^ — l)/(p — 1)] 
on (p" — l)/(p — 1) letters. 

The (p- - Vs/{p - 1) letters of the LFCfi{p^ - l)/(p - 1)] 
are the (p* — i)/(p — 1) cyclic groups G^: x of the Aoelian (r *. 
The LFCflip^ - l)/(p - 1)] is obtained from the ZC/Cp*] by 

♦Notice the particular case (g = 2, n = 3) in § 2 of my paper cited 
above. The LHCf[2^ — 1 = 7] and the a 7 are, so to say, complementary. 
Indeed, for g = 2, n = any, the i^Cy[2'» — 1] determines uniquely a 
Aj«_i, from which the if/Cy[2'» — 1] is likewise uniquely determined. 
This A2«_i serves as a defining invariant for the LBG^*"-^ . 

0(2") 
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omitting every line not containing the identilnr letter s^q^, that 
is, by retaining the lines corresponding to the (p" — ^)/(p — 1) 
sub-groups * Gj^-i , and then in every such line by omitti ng th e 
S(0) and replacing every set of p—1 letters 8i^(l = l,2,,,q—l) 
by the letter G,; x. The LFCfi^p" - l)/(p - 1)] on 

(p»-l)/(p-l) 

letters consists then of a system of (p" — l)/(l> — 1) lines of 
(p«-i_ i)/(p _ 1) letters each. This LFCft(p''- V/(P - 1)] 
is tactically self-reciprocal. 

This LFCfKp'' — l)/(p — 1)] forn > 3 serves as a defining 
invariant for exactly the LF&^-])^^^^ (§ 1, (12)). The self- 
reciprocity of the LFCfl{p* — T)/{p — 1)] (n ^ 3) establishes 
an holoedric isomorphism of the LFO^^^I^p^^{n>d) with 
itself. This isomorphism is not that arising from a transfor- 
mation of the LFO^^^^j^lp^^ through one of its own elements. 

In § 4 I give these various tactical configurations for certain 
low values oip and n. 

§3. 

Utility of the GhUoia-Jield theory in the investigation of 
linear groups. 

The results given in § 2 depend for their proof largely upon, 
the fact that the group -f^"^) = LHG^'Ji,^ contains a substitution 
aa which permutes the p* — 1 letters 8jJK^(())) in one cycle of 
period p" — 1. Any such o-© answers the purpose. That one 
aiirlt exiE^t^ we know from the Galois-field theory.f 

• TIjjs linear fractional configuration might also be called the suh^roMf 
e^tiii^gnrution of the Abelian Gpn. 

t GAt.oirt: ^ur la theorie dks nombres (Bulletin des Sciences MathS- 
matiqurg de M* Ferussac, vol. 13, p. 428, 1830; reprinted, Journal de 
Mathf:mfttiqu('s pures et appliquies, vol. U, pp. 398-407, 1846.) 

Skubkt ; Alffkbre suphieure, fifth edition, vol. 2, pp. 122-189. 

JoBT>AN ; I\ait(^ des substitutions^ pp. 14-18. 

MoimE: : .1 doubly infinite system of simple groups (§ 3 is an abstract 
form ul n t kn i of the Galois-field theory ) . ( Proceedings of the Chicago Con- 
greni^ of Mnf hematics ; in abstract, Bulletin of the New York Mathemati- 
cal .Soi'kitff, YJiL 3, Dec. 1893.) 

AtMc^ndUTii of Oct. 15, 1896. I have found within a week that 
MATiHF.r in Chapter III, pp. 276-304, of his Memoire sur VHude des 
fofiCtionf( th phtsieurs quantitis^ sur la maniere de les former et sur les 
mbstitttlhm qui les laissent invariables (Journal de Mathematiques 
purr^ ef nppiiquees, ser. 2, vol. 6, pp. 241-323, 1861), working from the 
Galoy-lield 8tAudpoint, defines and investigates two substitution-groupa, 

which are (rttherwise expressed) the groups LGj^^.^y and LHO^^^^y 
This aeema to be the source from which Mr. Jordan's Imear groups (1870) 
were cirawii. Mathieu gives two rational integral functions of Uie j^ 
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Suppose that the p" marks ( of the Galois-field G-F[2>*] 
of order jj" are exhibited explicitly in terms of n linearly 
independent marks 1719 172^ • - 17» in the form 

(1) i = *^^iV0 

where the a;/s are integral marks, or integers taken modulo 
p. We make through tiie X = (a?i, • • a?,) a 1.1 correspondence 
between the letters «x ^^^ ^^^ marks (, In fact the i9JF'[p"] 
qua additive-group is a concrete Abelian G^n. Now in the 
&J^[jj"] additions are invariant under the multiplication-sub- 
stitution o-y on the p* — 1 marks f (i =^ 0), 

(2) f' = yf, (y=^0), 

that is, when every mark of the field is multiplied by the 
same mark y. Hence this o-y interpreted on the a^ is a substi- 
tution <ra of the r^ici^) — ^^^qCi^y I^ 7 is a primitive root of 
the GF[^p^']j ay permutes the 2>** — 1 marks i(f =^0) in one 
cycle, and, similarly, <ro permutes the jp* — 1 letters 8j{X^(0)) 
in one cycle, and is then the substitution sought. 

The results of § 2 constitute for the linesCr groups sweeping 
generalizations of Mr. Noether^s definition* of the group F^ 
by the triple system A7 in seven letters. 

§ 4. 

Tables "f^ of the tactical configurations : 
LCflp^lLHCflp-^ll LFCf[(p-^l)/{p^l)l 
far cases jp'' = 2^ 3*, 6^ 7^ 11^ 2^ 3», 5», 7»; 2*, 3^ 5*; 2«; 2«. 

The table for a particular case [p**] gives first a primitive 
root y of the Galois-field 6?-F[p**] and its fundamental equation 

letters «x» each of which serves as defining invariant for the LO'^.^^^^ 
These functions are closely related to our LCJTp'^V In explaining my 
researches in detail in a subsequent paper I snail point out the exact 
points of contact with Mathieu^s results. 

It should be added that several weeks ago Mr. Dickson and I came 
upon a substitution-group on the p»» marks of the GF[p^'] which Mr. 

Dickson then identified as another expression of Mr. Jordan^s LHCf^.^. ; 
this was exactly Mathibu's expression of the group. 

♦ See § 2 of my paper cited above. 

t The theory of the linear fractional configuration I introduced in my 
course Oroups, during the last spring quarter at the University of Chicago, 
and in connection with the members of that course, Messrs. Brown, 
Dickson, Joffe, and Slaught, worked up the linear fractional configura- 
tions 8 for the cases given above, except p» = 2<*. I take this opportunity 
to thank them for their cooperation, and especially Mr. Dickson, who 
quite recently completed the tables as given above. 

§ I add the tables for p» = 2'^ 32, 52, 7^, 11«, whose linear fractional 
configurations are trivial. Sept. 10, 1805. 
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of degree n. The p" elements of the abstract (?,« have the 
index-notation* derived from the p" marks of the OF\^p^'\ (as 
a concrete G^^n, § ;>) : mark ^ = 0, index*; mark ^ :^ 0, ^ = y, 
index i (i = 0, 1, . . p* — 1) ; i is an integer taken modulo p"— 1. 
The iCy[/)"] consists (§ 2) of the lines found in certain 
(p* — l)/(p — 1) arrays. Each array has p lines ; each line 
has p""^ indices. Only the first array is given; the others 
are obtained from it by repeated applications of the cyclical 
substitution 

i'=t-f 1, (* = o,i,. •F'^nr), 

which leaves * fixed. The first line of the first array is the 
additive sub-group Gj,n-i of the GF[/)"] qua additive (?p«, 
which contains the n — 1 marks y% y^, • • y"~^. The second 
line is obtained by adding the mark y"~* to the marks of the first 
line. Of course the lines one and two must be expressed in 
the index-notation. The following lines are derived from the 
second at once by repeated additions of (p* — l)/(p — 1) to 
the indices of the second line. 

The i£rC/[/)» -- 1] and the LFCfUp'' -l)/{p'-l)'\ are 
easily derived" from the i(y[p"] (§ 2V The LCflp''] and 
the LHCflp'' — 1] are tabulated togetner. 



TABLES.t 

[p« = 2«] 0F[2^] Primitive root 7 where 7^ = 1 -|- 7. 

ZC/[22] 4 indices ♦012. 

LHCf 12^ - 1] 3 indices 1 2. 

[♦ 0]2 [1 2]2 § 

[|)»» = 3a] GF[S^'\ Primitive root 7 where 7* = 1 -|- 27. 

XC/[3a] 9 indices ♦ 1 . . 7. 

LHCf\p - 1] 8 indices 1 . . 7. 

[♦0 4]8 [16 7]8 [2 3 6]8 

[p» = 6«] OF[P'] Primitive root 7 where 7^ = 2 + 27. 

iC/[52] 26 indices ♦ 1 . . 23. 

LHCfl^^ - 1] 24 indices 1 . . 23. 

[♦ 6 12 18]6 [13 4 8 17]6 [7 9 10 14 23J5 [6 13 16 16 20]5 
[2 11 19 21 22]6 

• The ,f jT notation for the elements can be recovered if necessary. 
tThc LFCf\ ^ ~ 1 for n = 2 is trivial and hence is not tabulated. 

$ Ev*^ry line [ ] has a suffix indicating the number of indices lying 
wilhin. 



L 
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[l>» = 7«] GfJ5'[7«] Primitive root 7 where 7« = 2 + 2 7. 

iC/[72] 49 indices ♦ 1 . . 47. 

LHCfll^ - 1] 48 indices 1 . . 47. 

[« 8 16 2i 32 40J7 

[1 6 18 20 21 27 31J7 [9 14 26 28 29 35 39]7 [ 17 22 34 36 37 43 47]7 

[3 7 26 30 42 44 46J7 [2 4 6 11 16 33 38J7 [lO 12 13 19 23 41 46]7 

[p» = 11«] GF[\l^'\ Primitive root 7 where 7« = 9 + 47. 

iC/[ll«] 121 indices ♦01.. 119. 

LHCf{\\^ - 1] 120 indices 1.. 119. 

[« 12 24364860728496 106]ii 
[1 27 66 68 66 66 71 80 98 100 117]ii 

[Second line] + 12; 24; 36; 48; 60; 72; 84; 96; 108= the 
respective remaining lines. 

O" = 2«] 0F[^^ Primitive root 7 where 7* = 1 + 7. 

iC/[2«] 8 mdices ♦, 0, 1, . . 7. 

LHCf[2^ - 1] 7 indices 0, 1, . . 7. 

[♦ 1 3]4 [2 4 6 6]4 

iFC/[(2» - l)/(2 - 1)] 7 indices 0, 1, . . 7. 

[0 1 3]8 

[p» = 8«] OF\Z^'\ Primitive root 7 where 7» = 2 + 7. 

iC/[3»] 27 indices ♦, 0, 1, . . 26. 

LHCf[Z^ - 1] 26 indices . 0, 1, . . 26. 

[« 1 3 9 13 14 16 22]9 
[2 4 6 7 10 11 12 18 21]9 
[16 17 19 20 23 24 26 6 8J9 

iFC/[(3« - l)/(3 - 1)] 18 indices 0, 1, . . 12. 

[0 1 3 9]4 

[p» = 6»] GF[ffi] Primitive root 7 where 7* = 3 + 2 7. 

iC/[6»] 126 indices ♦, 0, 1, . . 123. 

LHCf[&^ - 1] 124 mdices 0, 1, . . 123. 

[♦013 10 14 263132344146 67 62686672 76 88939496 103 

107 119]2S 
[2 9 13 16 28 29 30 35 38 39 48 63 66 68 80 82 98 104 105 109 112 

114 116 117 120]s5 

[Second line] + 31 ; 62 ; 93 = the respective remaining 
lines. 

LFC/l(5^ - l)/(5 - 1)] 31 indices 0, 1, . . 30. 

[0 1 3 10 14 26]e 
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[p» = 7«] (?i^[7«] Primitive root 7 where 7« = 6 + 7. 

£C/[7»] 343 indices ♦, 0, 1, . . 341. 

LHCflV - 1] 342 indices 0, 1, . . 341. 

[« 1 3 13 32 36 43 52 67 58 60 70 89 93 100 109 114 115 117 127 
146 160 157 166 171 172 174 184 203 207 214 223 228 229 231 241 
260 264 271 280 285 286 288 298 317 321 328 337]49 

[2 4 6 9 14 16 26 33 35 41 44 46 46 60 66 64 76 78 82 86 99 133 134 
142 148 168 181 186 194 196 201 202 218 219 222 240 245 266 267 
268 277 281 283 290 293 296 307 312 323]49 

[Second line] + 57 ; 114 ; 171 ; 228 ; 285 = the respective 
remaining lines. 
LFCflil* - l)/(7 - 1)] 67 indices 0, 1, . . 66. 
[0 1 3 13 32 36 43 62]8 

Ipn = 24] GtF[2*] Primitive root 7 where 7* = 1 + 7. 

Z:C/[2*] 16 indices ♦, 0, 1, . . 14. 

LHCf[2^ - 1] 16 indices 0, 1, . . 14. 
[♦012458 10]g [3 6 7 9 11 12 13 Ujg 
iF(7/[(2* - l)/(2 - 1)] 16 indices 0, 1, . . 14. 

[012468 10]7 

[j>» = 3*] GF[3*] Primitive root 7 where 7*=l+7-|-27«+27*. 

XC/[34] 81 indices ♦, 0, 1, . . 79. 

Z,JBrC/[3* - 1] 80 indices 0, 1, . . 79. 

[♦012512 18 2224262729323340 4142455268626466 

67 69 T2 73]27 

[3 7 16 17 20 21 30 31 37384446484960 61 636466606365 

68 74 75 76 79] 27 

[Second line] -|- 40. 
LFCfliZ* - l)/(3 - 1)] 40 indices 0, 1, . . 39. 

[0 1 2 5 12 18 22 24 26 27 29 32 33]i8 

[p« = 6*] 6'F[6*] Primitive root 7 where 7* = 2 + 7 + 7*. 

£C7/[6*] 625 indices ♦, 0, 1, . . 623. 

LHCflb^ - 1] 624 indices 0, 1, . . 623. 

[« {0 1 2 7 18 19 23 36 43 44 46 47 66 67 61 64 70 76 77 84 86 80 
92 94 96 106 119 122 143 148 162} + 0, 156, 312, 468] 125 

[3 4 6 10 17 21 22 29 31 37 39 41 42 69 63 68 74 88 95 99 104 107 
109 110 127 130 134 141 146 153 162 165 168 169 181 186 189 190 
191 194 196 207 208 216 218 221 222 225 229 231 237 239 241 261 
262 269 270 271 272 276 277 279 281 285 287 288 289 291 2M 300 
305306323328332330338 361362365366 379 383390399402 
405 410 412 413 415 424 430 438 440 451 454 467 476 482 483 496 
496 600 613 516 524 526 &iO 547 548 550 559 565 570 679 585 692 
604 605 608 613 615 619 622] 125 

[Second line] + I66 ; 312 ; 468 = the respective remaining 
lines. 

LFCfl{6* - l)/(5 - 1)] 166 indices 0, 1, . . 166. 
[The { } of first line above]3i 
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[p» = 2^] GFl2^'i Primitive root y where y^= 1+7+7^+7*. 

iC/[25] 32 indices ♦, 0, 1, . . 30. 

ZJJC/[26 - 1] 31 indices 0, 1, . . 30. 

[« 1 2 3 5 8 10 12 13 14 18 24 25 27 28]i8 
[4 6 7 9 11 15 16 17 19 20 21 22 23 26 29 30]i8 

LFCf[(2^ - l)/(2 - 1)] 31 indices 0, 1, . . 30. 

[0 1 2 3 5 8 10 12 13 14 18 24 25 27 28]i6 

[p" = 2«] GtJ5'[2«] Primitive root 7 where 7* — l+7+7«J-'y4. 

ZC/[2«] 64 indices ♦, 0, 1, . . 62. 

LHCfl2fi - 1] 63 indices 0, 1, . . 62. 

[« 1 2 3 4 6 13 14 16 18 20 21 22 25 26 31 35 37 40 42 43 46 49 

50 51 53 54 66 57 68 60]32 
[5789 10 11 1215171923242728293032833436383941 

44 45 47 48 52 65 60 61 62]83 

LFCf[(2fi - l)/(2 - 1)] 63 indices 0, 1, . . 62. 
[First line above, omitting the «]8i 

Thb University of Chicago, 
August 25, 1895. 



ELEMENTARY PROOF OF THE QUATERNION 
ASSOCIATIVE PRINCIPLE.* 

BY PROFESSOR ARTHUR 8. HATHAWAY. 

The variety of demonstrations that Hamilton has given of 
the associative principle of quaternion multiplication, and the 
remarks that he has made upon such demonstrations, show that 
he considered an elementary proof of this principle as very 
desirable. Only two of Hamilton's proofs have been generally 
employed by subsequent writers — the direct proof by spheri- 
cal conies, and the indirect one depending upon the assumed 
laws of i,j, k — and the proof that he considered the most ele- 
mentary has been entirely ignored, probably because of its 
deviation from fundamental ideas. On page 297 of the Ele- 
ments, Hamilton calls attention to another method, as follows : 
** The associative principle of multiplication may also be proved 
without the distributive principle, by certain considerations of 
rotations of a system^ on which we cannot enter here." 

It is, of course, easy to see that such a proof is possible; 
but the details of it could not have presented themselves to 
Hamilton in an elementary form, or he would have seen that it 

• Presented to the American Mathematical Society August 28, 1896. 
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was just the demonstration for which he was looking, simple 
in character, and direct in its application. 

The foundation consists of a few simple data with regard to 
the rotation of a sphere about its diameters, and a lemma that 
immediately identifies versor multiplication with the compo- 
sition of rotations. 

By the rotation, 2 arc g, we mean the rotation whose equa- 
tor, angular magnitude, and direction, are given by double the 
arc that gives the plane, angular magnitude, and direction, of 
the turning or versor operation of q. The axis of q is there- 
fore the axis of the rotation ; and as arc q is not greater than 
a semicircumference, so 2 arc q is not greater than a circumfer- 
ence. There is not more than one axis around which the 
sphere may. be rotated from one position to another, since any 
diameter that is oblique to one axis returns to its original posi- 
tion only for entire revolutions of the sphere, and cannot there- 
fore be another axis of rotation. Hence there is not more 
than one equator pertaining to the two positions of the sphere, 
and all arcs that specify rotations between those positions 
must lie upon the same great circle and be equal in magnitude 
and direction to one or the other of two oppositely directed 
arcs whose combined lengths make a circumference. The 
halves of any two such arcs are therefore either equal and con- 
current, or supplementary and opposite. 

Lemma. Tlie rotation 2 arc r, followed by the rotation 2 arc q, 
produces the same displacement of the sphere as the single mta- 
lion 2 arc qr, 

qr^ 7 ^^'^ 




For let C be a point of intersection of the great circles of r 
ami 7, and lay off the given arcs, arc r = ^i^C=CAij arc q 
= B'C= CBy^ ; and also construct air rq = B'Ai = A^Bi , and atx 
^^ AJiyy= B,y^ii = A^B^, By construction, the spherical tri- 



Digitized by VjOOQIC 



1895] QUATERNION ASSOCIATIVE PRINCIPLE. 45 

angles A^^C, AiB'C, are equal ; and therefore the arcs A^o> 
AiBi, are equal and equally inclined to the arc A^yAiy and the 
continuous arcs B'Aiy AyBi, are equal to the continuous arcs 
BoAi, A2B2J and these two continuous arcs are equally inclined 
to B'Bq, Hence, if a marked arc j^iB of the sphere initially 
coincide with A^Bo, then the rotation of the sphere through 
2 arc r = 4h4i, brings AB into the position AiB^, and the next 
rotation through 2 arc q = B'Bq, brings AB into the position 
A2B2. From tibe figure it is obvious that the position AiB^ is 
reached from the position Ai^Bo by the single rotation 2 arc qr 

= A^2' Q.E.D. 

This lemma shows that the successive rotations, 2 arc r, 
2 arc g, 2 arc p, produce the same displacement of the sphere 
as either of the single rotations, 2 arc p(qr), or 2arc{^pq)r 
(according as we begin by compounding the first and second, 
or the second and third, rotations into their equivalent single 
rotations). Hence, arc p (qr) and arc (pq) r are equal and con- 
current, or supplementary and opposite arcs of the same great 
circle. We may rely upon a diagram to show the currency of 
these two arcs, and therefore their complete versor equality, or 
we may prove the same by the principles of continuity, as fol- 
lows : When p, q, r, change continuously in value, their arcs 
and the arcs of their products also change continuously in 
circle length and direction. Hence, if arc p(qr) and arc (pq) r 
are equal and concurrent for particular values of p, q, r (as 
is obviously the case), they must continue so for all values of 
/), q, r, since an indefinitely small change in each arc cannot 
change them from equal concurrent arcs to the only other pos- 
sible case of supplementary opposite arcs. 

So in general, if the sphere receive the successive rotations, 
2 arc r, 2 arc q, 2 arc jj, . . . , then its displacement is the same 
as by the single rotation, 2 arc (. . . pqr), in whatever way the 
factors of this product are associated to form such product. 
Therefore the arcs of any two such products are either equal 
and concurrent, or supplementary and opposite arcs of the 
same great circle; and the principles of continuity, and the 
special case in which each arc begins where the preceding arc 
ends, show that the first-named relation is the true one. Since 
the tensors of all such products are also equal, therefore all 
such products, formed by different associations of the same 
factors in the same order, are equal. 

Rose Polytechnic Institute, 
Tesbe Haute, Ind. 
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MOEAL VALUES .♦ 

BY R. HENDERSON. 

The question of moral values in connection with the Theory 
of Probability is one which has given rise to great diversity of 
opinion among mathematicians. In Bertrand's Cakul des 
ProbabUUdSy which is, perhaps, the most important work of 
recent years on the subject of Probability, it is dismissed with 
contempt, while in some other works considerable space is 
devoted to it. 

Perhaps one of the reasons for the disrepute in which some 
hold the theory of moral values, is the fact that almost all who 
have taken up the subject from a mathematical standpoint 
have adhered to Bernoulli's or some other equally rigid hypothe- 
sis. Bernoulli's hypothesis is that the increase in moral value, 
arising from an indefinitely small increase in wealth, varies 
directly as that increase and inversely as the wealth already 
in possession, or, in other words, denoting the moral value of a 

wealth X by the symbol f(x), that -J-^ = -, where a is a con- 

CiX X 

stant, or, integrating this, that f(x) = a log x + c, c being 
another arbitrary constant. The form of f(x) adopted by 
Cramer was f(x) = clx^. It would seem that many, being 
unwilling to admit these hypotheses, have been inclined to 
ridicule the whole subject, and have been to a certain extent 
blind to the basis of f axjt on which it is founded. 

Now it has long seemed to me that Bernoulli did not intend 
his hypothesis as an absolute statement of the law of moral 
values, but rather as merely a particular case of a more general 
hypothesis, however definite or indefinite in his mind that 
general hypothesis may have been. And indeed writers on the 
subject of Economics, to whose department the question of the 
admissibility,' or the contrary, of the hypothesis properly 
belongs, have adopted, though I cannot say they have origi- 
nated, a more general hypothesis treated of below. 

The earliest statement of this general hypothesis which I 
have seen is in the introduction to Laplace's Thiorie Analy- 
tiqne des Probabilith, page xxii of the edition of 1847, at which 
place there occurs a passage of which the following is a free 
translation : 

"The disadvantage of gambling and of exposing to the 
same risk all goods to be shipped, and all similar results 
indicated by good sense, subsist, whatever function the moral 
value may be of the material fortune of each individual. It 
is sufficient that the ratio of the increase of that function to 

* Presented to the American Mathematical Society, October 26, 1895. 
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the increase of the material fortune diminish as this latter 
increases." 

Professor Marshall in his Principles of Economics, Appendix, 
Note ix, by a course of reasoning similar to that below, proves 
the disadvantage of gambling, provided f(x) is amenable to 
expansion in Taylor's series in the form whicn he uses, that is, 

provided ^^^ is continuous and finite ; but I have not been 

able to find anywhere a complete proof of the truth of these 
statements of Laplace, and it might be interesting to examine 
them analytically. 

Denoting, as above, the moral value of a material fortune of 
amount a;, by /(«), Laplace's statement is equivalent to saying 

that it is sufficient that -^A^ should diminish as x increases, 

dx 

or, in other words, that — v should be always negative, but 
not necessarily finite nor continuous. I shall introduce the 

extra assumption that -J-^ is always finite which enables me 
dx 

to use the following expression for /(x-^-h), the source of 

which I cannot at this moment recollect. 

f(x + h) =f(x) +£f\^ -\'h-z)dz 

=/(aj) -f hfXx) +jrV"(a? -\'h^z)dz 
^f(x)-\-hf(x)+eh£f'(x-\-h^z)da 
^Ax) + hf(x)+ek\r(x^h)-r(x)U 

where tf is a proper fraction, since f'^ix-^-h — z) retains the 
same sign throughout. And since that sign is negative, the 

sign of j /"(a;-h^ — «)cte is necessarily different from that 

of h, and consequently the last term 6h\f(x-{'h)—fXx)\ is 
essentially negative. These results hold subject to the condi- 
tion above stated that/'(a;) should be always finite. 
This equation then may be expressed in the form 

for all values of Ji. From this inequality it is easy to deduce 
the following theorem : 



Theorem. If f(x) be a function of x such that f{x) is finite 
d f'(x^ is negative for all values of a?, then for all positive 
lues 01 1 and m we have 

lf(a)-hmf(b ) fla -f m5\ 
Z-hm ^-^yi + m J 



and 
values 
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For, let la±mb^^ ^^ ^-^Z^^h, 

then a = x — mh and b = x-{'lh, 

and -^v ^y -^v ^ = — y^aj _ mA)4- 7-^ — X« + ^) 

- ^ {X^)_m;i/(x)}+-i?!-{/(x)+tt/(a^)}, 



U, <f{x), 

Corollary, Applying this theorem successively, we get 
(/ta)4-m/(6)4-n/(c)-h 



l-\'m-\-n-\- 






where I, m, n, etc., are all positive. 

Supposing now that the moral value of a material fortune 
X may be represented by f{x), a function which satisfies the 
above conditions, we have the following results : 

(1) Abet at fair odds is morally disadvantageous. 

For, let the man's material fortune before making the bet be 
a, and let x be staked against y in a fair wager. 

Then the probability of winning is — — , and of losing is 

y 

Assuming then that the moral value of his expectation 



is equal to the sum of the moral values of the various amounts 
of which he may ultimately stand possessed multiplied respec- 
tively by their probabilities, we have it equal, after the bet is 
made, to 



which by the theorem is less than 

y(j^(« + y)+^(a-x)) 
or J\d) the moral value at first. 

(2) If a merchant experts a shipment, the moral value of his 
exjiectalion is greater if the shipment be divided than if it be 
shipped in one vessel only, the probability of each vessel arriving 
being the same. 
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Let V be the merchant's wealth in possession, « the value of 
the shipment, and p the probability of each vessel arriving, 
and let (1 ^p\=q. 

Then if it oe shipped in one vessel, the moral value of his 
expectation is pf(v -f «) 4- qA:^)- 

But if it be shipped in t different vessels, 

The probability of 
all arriving is j/, when his wealth will be (v -|- a). 



t-1 « (p'-*g, " /"v-i-^ZllA 



2 « <(^-l) 
1.2 



etc. 
Therefore the moral value of his expectation is 

+ ... -h97(v), 

i.e. > jp(i> + qy-^Av 4- «) 4- g(l> 4- g)'-!/Tv), 

which is the moral value of his expectation if the shipment be 
in one vessel only. 

(3) In the above case, the larger the number of veaaels, the 
greaJter is the moral value of his expectation. 

For if it be shipped in (^ 4- 1) vessels, the moral value of 
his expectation is 

^(L±M,p^-^^f(^^^^^^ 

Now .^-^.= -^(.4..)4.^.+i^.) 

t^X H-lV ^ t J t^l\ ^ t / 
etc. 
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Therefore this value is greater than 
j/^'f(v 4- «) + [p'qfiv + ^) 4- tj/qffv + ^-7^*) } 

which is the moral value if it be shipped in vessels. 

4. In the above case the merchant may advantcigeoudy pay 
more than the mathematical net premium to insure the cargo. 

For suppose he merely pays the net premium qs. After pay- 
ing it his wealth is {v + ps), and its moral value is /(v + ps). 

Now taking the general case of t vessels, before insuring, the 
moral value of his expectation is, as above, 

Pf{v + «) + ¥-'qf(v + i^«j+^i^|,'-V/(v + *-=^»^ 
Applying the corollary, we find this to be less than 

=/{v(p + gy+Mp + <?)'-'} 

the moral value after insuring at the net premium. He may 
therefore without disadvantage pay more than the net pre- 
mium. 

The following diagram illustrates the case where ^ = 1. 

In this diagram the equation of the curve PSRQ is supposed 
to be y =f(x). On the axis of x points M, N, K are taken, so 
that 0M=. V ; MN= s ; and MK=ps ; and therefore 

0N= V + 5 and 0K= v -{-ps. 

At M, N, and K ordinates are erected meeting the curve at 
P, Q, and 22, respectively, so that we have 

MP^fiv), NQ =f(v + s), and KR =f(y ^-ps). 
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The chord PQ being drawn meets KR at T, so that 



51 




Through T draw TS parallel to the axis of a to meet the 
curve in S, and through JS draw the ordinate SL meeting the 
axis of 05 in the point L ; then since SL = TK, we have 

OL = fortune in possession whose moral value 

equals the moral value of the expectation. 

LN= premium which may, without disadvantage, 
be paid to insure S, represented by MN. 

KN= net premium for same. 

LK=^ ST = loading allowed. 

Ottawa, July 12, 1896. 



NOTES. 



A BEGULAB meeting of the American Mathematical Soci- 
ety was held in New York, Saturday afternoon, October 26, 
at three o'clock, the President, Dr. Hill, in the chair. There 
were nineteen members present. On the recommendation of 
the Council, the following persons, nominated at the preced- 
ing meeting, were elected to membership: Professor Henry 
Byron Newson, University of Kansas, Lawrence, Kas. ; 
and Professor Frederick Shenstone Woods, Massachusetts 
Institute of Technology, Boston, Mass, Seven nominations 
for membership were received. The President announced to 
the Society that an invitation had been received from the 
President of the Northwestern University, Evanston, 111., 
inviting the Society to hold its next summer meetiug at 
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Evanston under the auspices of the Northwestern Univer- 
sity. He stated that he had replied to the invitation on 
behalf of the Society, expressing its appreciation of the offer, 
although it was not possible as yet to make any definite 
arrangements in regard to a meeting next summer. 

The following paper, transmitted to the Society by Mr. J. C. 
Glashan, was presented : " On Moral Values," by Mr. R. Hen- 
derson. The paper was read by the Secretary. It appears 
in the present number of the Bulletin. Professor R. S. 
Woodward communicated a note on an error in Church's 
Descriptive Geometry relative to the surface generated by the 
motion of a straight line tangent to a helix. 

Professor Franz Neumann, well known through his works 
on mathematical physics, died at Konigsberg, on the 23d of 
May, at the advanced age of 96. 

The director of the Astronomische Recheninstitut and pro- 
fessor of astronomy in the University of Berlin, Dr. F. Tietjen, 
died at Berlin on the 21st of June, aged 61. 

Professor Friedrioh Gustav Mehler, who died in July, 
was the author of several papers published in CreUe's Journal 
and of a widely used text-book of elementary mathematics 
(Hauptsatze der Elementar-Mathematik). At the time of his 
death he was professor in the Elbing Gymnasium. 

The mathematical prize of the Prince Jablonowski Society 
for 1894 (1000 marks) has been awarded to Dr. Paul Harzer, 
director of the Gotha Observatory. The problem proposed by 
the Society required a new determination of the secidar perturbor 
turns ofaJt least the orbits of Mercury, Venus, the Earth, and Mars, 
hiving regard to the terms of higher order (see Bulletin of the 
American Mathematical Society, Vol. I, p. 22). It appears 
from the Annual Report of the Prince Jablonowski Society, 
dated Leipzig, March, 1895, that while Dr. Harzer's memoir 
contains a complete solution of the theoretical part, the prac- 
tical j>art of the problem is carried only through the prelim- 
inary calculatiuiis up to the actual integration. But as the 
calculation 3 are carried sufficiently far to warrant a very favor- 
able judgment concerning the adequacy of the method used by 
the author, the Society has decided to publish the memoir, 
urgently requesting the author to continue his work so as to 
effect the numerical evaluation of the secular perturbations. 

Tbb University of the City of New York has appointed Mr. 
Arthur D. Frizell an assistant in mathematics. 
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The organization of an "International Association for Pro- 
moting the Study of Quaternions and Allied Systems of Mathe- 
matics" has been suggested. Information in regard to the 
proposed society can be obtained from Messrs. P. Molenbroek, 
The Hague, Holland, and S. Kimura, Yale University, New 
Haven. 

B. G. Teubner of Leipzig has an unusually lai'ge number of 
mathematical works in preparation. 

To begin with the history of mathematics, the second part 
of Vol. Ill of MoRiTZ Cantor's " Vorlesungen tiber Geschichte 
der Mathematik," covering the period from 1700 to 1726, is 
announced. The third part, which is to conclude this standard 
work, will carry the historical account to the year 1759. The 
excellent edition, by I. L. Heiberg and H. Menge, of the com- 
plete works of Euclid ("Euclidis Opera omnia," Greek text 
with Latin translation^ of which Vols. I-V and Vol. VII have 
appeared before, will be brought to a close this year by the 
appearance of Vol. VI, which contains the " Data " edited by 
Dr. Menge. As the second volume of Paul Tannery's edition 
of Diophantus (" Diophanti Alexandrini Opera omnia cum 
Graecis commentariis ") is in press, we are now in possession 
of most carefully prepared texts of the four classics of Greek 
mathematics : Euclid, Archimedes, Apollonius, and Diophantus. 
A complete edition of the works of Ptolemy, by Berger, Boll, 
Heiberg, and others, is in preparation. 

In modem mathematics Teubner is also publishing several 
sets of collected works. The second part of Vol. I of Hermann 
Grassm Ann's mathematical writings, edited by Professor F. 
Engel, contains the " Ausdehnungslehre " of 1862, and will 
probably be out before the end of the present year. Two more 
volumes are to follow. The mathematical volume of Julius 
Plucker's " Wissenschaftliche Abhandlungen," edited by Pro- 
fessor A. Schoenflies, has just appeared ; the physical volume 
will be edited by Dr. F. Pockels. The first volume of Leopold 
Kronecker's " Vorlesungen," which appeared in 1894, has now 
been followed by the first volume of his " Gesammelte Werke " ; 
each of these two series will consist of four volumes. P. Stackel 
and F. Engel's "Theorie der Parallellinien von Euklid bis auf 
Gauss, eine Urkundensammlung," and 0. Biermann's "Ele- 
mente der hoheren Mathematik," appeared during the last few 
months. The following works are announced as in press : a 
German translation, by M. Lukat, of Luioi Bianchi's " Geo- 
metria differenziale"; a new work by Professor Carl Neu- 
mann, "Allgemeine Untersuchungen liber das Newton'sche 
Princip der Fernwirkungen " ; the first volume of a " Theorie 
der doppelt periodischen Funktionen einer Veranderlichen," 
by Professor Martin Krause; the second part of Vol. II, as 
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well as Vol. Ill, of Professor Ernst Schroder's " Vorlesungen 
liber die Algebra der Logik " ; aud the long expected " Geome- 
tric der Zahlen," by Professor Hermann Minkowski. The 
printing of the first part of a new work by Professor Soph us 
Lie and Dr. Georg Scheffers, ^* Geometric der Beriihrungs- 
transformationen," is nearly completed, and the work will 
probably appear in December. 

Among other works announced as soon forthcoming, we may 
mention : L. Schlesinger, " Handbuch der Theorie der linearen 
Differentialgleichiingen," Vol. II ; 0. Stolz, " GrundzUge der 
Differential- imd Integralrechnung," Vol. II ; R. Sturm, ^» Die 
Gebilde ersten iind zweiten Grades der Linien geometric in 
synthetischer Behandlung," Vol. Ill ; P. Gordan, " Vorlesungen 
Uber Invariantentheorie," Vol. Ill ; and W. Wirtinger, " Un- 
tersuchungen uber Thetafunktionen," a memoir which was 
awarded the Benecke prize by the Philosophical Faculty of the 
University of Gottingen in 1895. A work on automorphic 
functions, by Professor Felix Klein and Dr. Robert Fricke, 
is also in preparation. 

In applied mathematics Teubner announces the second vol- 
ume of the fourth edition of Wullner's " Experimental-Phy- 
sik"; Vol. VIII of Franz Neumann's "Vorlesungen ilber 
mathematische Physik : Vorlesungen liber die Warme " ; a sec- 
ond part to Professor Carl Neumann's " Elektrische Krafte " ; 
Vol. II of A. Steinheil and E. Voit's " Handbuch der ange- 
waudten Optik " ; and Martin, " Die Folgerungen der Boden- 
reinertragstheorie " (in 3 vols.). Vol. II. 

Among the announcements of MM. Gauthier-Villars et Fils 
of Paris we notice the fourth (and last) volume of G. Darboux's 
" Leqons sur la theorie g^nerale des surfaces et les applications 
g^ometriques du calcul infinitesimal"; a first fascicule (352 
pp.^ of this volume has appeared. Of Mbray's " Leqons nou- 
velles sur Panalyse infinit^simale et ses applications g^om^ 
triques" the second volume has been issued, while the third 
and fourth ("Questions analytiques classiques; applications 
g^om^triques ") are in preparation. The third and last vol- 
ume of Fermat's works is in press. Cauchy's " (Euvres com- 
pletes " are progressing slowly ; vols. 1, 4, o, 6, 7, 8 of series I, 
and vols. 6, 7, 8, 9, 10 of series II have appeared so far ; vol. 
9 of the first series is nearly ready. Eleven of the thirteen 
volumes of the magnificent edition of Laplace's works are 
ready; the twelfth is in press. Picard's valuable "Traits 
d'analyse " is in its third volume, of which two parts (390 pp.) 
Imve appeal t'd : the fourth and final volume, on partial differ- 
ential equations, is in preparation. The second volume of J. 
Tannery atid Molk's ^^ filaments de la theorie des fonctions 
elHptiques" is still in press; the whole work will comprise 
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four volumes. Of B. Neewenglowski's " Cours de g^om^trie 
analytique," Vol. I was issued in 1894, Vol. II in 1895 ; the 
third (" Gr^om^trie dans Tespace, avec une note sur les trans- 
formations en g^om^trie, par E. Borel ") is in press. The fourth 
volume of Tisseraxd's "Traits de m^canique celeste" has 
not yet appeared, but is printing; the second volume of Bail- 
laud's " Cours d'astronomie " will soon be out ; and a portion 
of the second volume of P. Appell's " Traits de m^canique " 
has been issued, while the remaining part and Vol. Ill are in 
preparation. 

In the number of Nature for October 3 is a long list of forth- 
coming scientific works. Among the works announced are the 
following : " The year-book of scientific and learned societies 
of Great Britain and Ireland," comprising lists of the papers 
read before societies engaged in fourteen departments of re- 
search during 1895, to be published by C. Griffin & Co. ; " The 
Indian calendar," containing complete tables for the verifica- 
tion of Hindu and Mohammedan dates for a period of 1600 
years (a.d. 300 to 1900) for the whole of India, by Robert 
Sewell, in collaboration with Sankara Balkrishna Dikshit, 
with a table of eclipses by Dr. Schram, to be published by 
Swah Sonnenschein & Co ; "A practical trigonometry, for the 
use of engineers, architects, and surveyors," by Henry Adams, 
to be published by Whittaker & Co. ; " Miscellaneous papers," 
by the late Professor H. Hertz, translated by D. E. Jones, 
"Elements of geometry," by George C. Edwards, "Chris- 
tiansen's mathematical physics," translated by W. F. Magie, 
" Rigid dynamics," by W. J. Loudon, " Elements of co-ordinate 
geometry," by S. L. Loney, and " Elementary trigonometry," 
by Charles Pendlebury, to be published by Macmillan & Co. 
"Dynamics," by P. G. Tait, to be published by A. & C. 
Black ; " An introduction to the algebra of quantics," by E. B. 
Elliott, to be published by the Clarendon Press ; and, to be 
published by the Cambridge University Press, " Catalogue of 
scientific papers, compiled by the Royal Society of London," 
1874-1883, Vol. XI ; " Scientific papers of John Couch Adams," 
Vol. I, edited by his brother, W. G. Adams, with a memoir 
by Dr. J. W. L. Glaisher ; " Collected mathematical papers of 
Arthur C ayley," Vol. IX ; " Treatise on spherical astronomy," 
by Sir Robert S. Ball; Heath's "Treatise on geometrical 
optics," second edition; "Treatise on Abel's theorem," by 
H. F. Baker; "Treatise on the Lunar theory," by E. W. 
Brown ; " Elementary treatise on electricity and magnetism," 
by J. J. Thomson ; " Treatise on geometrical optics," by R. A. 
Herman; "Euclid," Books XI and XII, by H. M. Taylor; 
and "Mechanics and hydrostatics; part 3, hydrostatics," by 
R. T. Glazebrook. 
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The announrements of Giim & Co. include : " Problems in 
differential caltulus," by W. E. Byerly; "Molecules and the 
molecular theory of matter," by A. D. Risteen ; and " Plane 
and solid geometry," by W. W. Beman and D. E. Smith. 



NEW PUBLICATIONS. 

mGHER MATHEMATICS. 

Abraham ibn Esra. Sefer Ha-Mispar. Das Bach der Zahl. Ein 
hebraisch-arithmetisches Werk aus dem 12ten Jahrhundert. Ueber- 
setzt und erlautert von M. Silberberg. Frankfurt am Main, 1896. 
8vo. 10 and 198 pp. Illustrated. Mk. 4.00 

Aknuaire de L*fecoLE PoLYTECHNiQCE pour Pan 1896. Avec des notes 
scientifiques, historiques et statistiques et le Memorial de Pilcole. 
Paris, 1895. 8vo. 308 pp. Mk. 2.00 

Blank (F.) . Ueber die geodatischen Ciu-ven auf einem korperlichen Kreis- 
ringe. [Progr.] Gera, 1896. 4to. 24 pp. Illustrated. Mk. 1.60 

Calinon (A.). Le g^om^trie k deux dimensions des surfaces ^ courbure 
constante. Paris, Gauthier-Villars, 1896. 8vo. Fr. 2.60 

Catley (A.). Collected mathematical papers. Vol. Vin. Cambridge, 
University Press (New York, Macmillan), 1896. 4to. 4 and 
670 pp. 258. 

Chisholm (G.). Algebraisch-gruppentheoretische Untersuchungen zur 
spharischen Trigonometric. [Diss.] Gottingen, 1896. 8vo. 68 pp. 
3 plates. Mk. IJ.OO 

Darboux (G.). Lejons sur la th^orie g^n^rale des surfaces et les appli- 
cations g^om^tnques du calcul infinitesimal. (In 4 vols.) Vol. IV: 
Deformation intiniment petite et representation graphique. Paris, 
Gauthier-Villars, 1896. 8vo. ler fasc., pp. 1-552. Whole vol- 
ume Fr. 16 00 

Dblassus (E.). Sur les equations lineaires aux derivees partielles k 
caracteristiques reelles. [Thfese.] Paris, Gauthier-Villars, 1895. 
4to. 67 pp. Fr. 3.50 

Grassmann (R.). Die Formenlehre der Mathematik in strenger Formel- 
entwicklung. 4 Teile in 1 Bande, nebst Formelbuch. Stettin, 
Grassmann, 1895. 8vo. 6 and 12 and 242 pp. ; 12 and 189 pp. ; 
9 and 132 pp. ; 3 and 39 pp. ; Formelbuch : 24, 27, 14, and 6 pp. 
Illustrated. Mk, 10.00 

Hcbfer (F.). Histoire des mathematiques depuis leurs origines jusqu'au 
commencement du XIXe si^cle. 4e edition. Paris, Ilachette, 1805. 
lOmo. 3 and 609 pp. Fr. 4.00 

HuRwiTz (J.). Ueber eine besondere Art der Kettenbruch-Entwicklung 
complexer Grossen. [Diss.] Halle, 1895. 8vo. 50 pp. 1 plate. 
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I8RAEI/-H0LZWAST (K.)* Gnmdlagen UBd Methoden des tabellarischen 
Rechnens. Frankfurt am Main, 1895. 4to. 58 pp. Illustrated. 

Mk. 1.50 

Jacobi (C. G. J.). Ueber die vierfach periodischen Functionen zweier 
Variabeln, auf die sich die Theorie der AbePschen Transcendenten 
sttitzt. (1834.) Herausgegeben von H. Weber. Aus dem Latei- 
nischen tibersetzt von A. Witting. Leipzig, Engelmann, 1895. 8vo. 
40 pp. Cloth. Mk. 0.70 

Jacottet (C). Ueber die allgeineine Reihenentwicklung der Potential- 
function nach Lam^^schen Producten. [Diss.] Obttingen, 1895. 
8vo. 48 pp. Illustrated. Mk. 1.20 

K0VALEV8KT (S.). See Lbfflbr (A. C). 

KovALEwsKT (S.). Souvenirs d^enfance de Sophie Kovalewsky, ^rits 
par elle-meme, et suivis de sa biographie par M™* A. Ch. Leffler, 
duchesse de Cajanello. Paris, Hachette, 1895. 16mo. 10 and 
334 pp. Fr. 3.50 

Eronecker (L.). Werke, herausgegeben auf Veranlassung der KOnigl. 
Preussischen Akademie der Wissenschaften von K. Hensel. (In 4 
vols.) Vol. I. Leipzig, Teubner, 1895. 4to. 10 and 484 pp. 
1 portrait Mk. 28.00 

Klein (F.). Ueber die Beziehungen der neueren Mathematik zu den 
Anwendungen. Antrittsrede, gehalten am 25. Oktober 1880 bei 
Uebemahme der damals an der Universitat Leipzig neuerrichteten 
Professur ftlr Geometrie. (Besonderer Abdruck aus Baud XXVI 
der Zeitschrift fur mathematisch-naturwissenschaftlichen Unterricht.) 
Leipzig, Teubner, 1895. 8vo. 12 pp. 

Laplace. CEuvres completes, publics sous les auspices de PAcad^mie 
des sciences par les secretaires perp^tuels, avec le concours de MM. 
Puiseux, F. Tisserand, J. Hoiiel et Souillard. (In 13 vols.) Vol. XI : 
M^moires extraits des recueils de TAcad^mie des sciences. Paris, 
Gauthier-Villars, 1895. 4to. Fr. 20.00 

Leffler (A. C). Sonya Kovalevsky : a biography. By Anna Carlotta 
Leffler, duchess of Cajanello, and sisters Rajevsky : being an accoimt 
of her life, by Sonya Kovalevsky. Translated by A. de Furuhjelm 
and A. M. Clive Bayley, with a biographical note by Lily Wolffsohn. 
London, Unwin, 1895. 8vo. 380 pp. 6s. 

Sonia Kovalevsky : biography and autobiography. I : Memoir by 

by A. C. Leffler (Edgren), duchessa di Cajanello. II: Reminis- 
cences of childhood, written by herself. Translated into English by 
Louise von Cossel. London, Scott (New York, Macmillan), 1895. 
12mo. 316 pp. Frontispiece. $1.25 

Ljungh (A. T.). Ueber isoptische und orthoptische Kurven. [Diss.] 
Lund, 1895. 8vo. 50 pp. 1 plate. 

LoNET (S. L.). The elements of co-ordinate geometry. London and 
New York, Macmillan, 1895. 12mo. 10 and 420 pp. Cloth. $1.25 

Manaira (A.). Sopra una certa rappresentazione plana deir elissoide 
di rivoluzione e suUa applicazione di essa ai calcoli geodeticL 
Padova, Prosperini, 1895. 8vo. 56 pp. 1 plate. 
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Mathematical Questions and Solutions. From the Educational Times, 
etc. Edited by W. J. C. Miller. Vol. 63. London, Hodgson, 1895. 
8vo. 128 pp. 6s. 6d. 

Nielsen (N.). Om en Klasse bestemte Integraler og nogle derved defi- 
nerede semiperiodiske Funktioner. Kjdbenhavn, 1896. 4to. 80 pp. 

Mk. 4.00 

Petersen (J.). Forelaesninger over Funktionsteori. HaBfte II og IIL 
Kjobenhavn, 1896. 8vo. 112 and 144 pp. Mk. 7.60 

Plucker (J). Gesammelte wissenschaf tliche Abhandlungen. ImAuftrag 
der Konigl. Gesellschaft der Wissenschaften zu Gottingen heraus- 
gegeben von A. Schoen flies iind F. Pockels. Vol. I : Matliematische 
Abhandlungen, herausgegeben von A. Schoenflies. Leipzig, Teubner, 

1895. 8vo. 36 and 620 pp. 1 portrait. Mk. 20.00 

Rebstein (J.). Bestimmung aller reellen Minimalfllichen, die eine Schaar 
ebener Kurven enthalten, denen auf der Gauss^schen Kugel die Meri- 
diane enteprechen. Berlin, 1895. 8vo. 30 pp. Mk. 1^0 

RiEMANN (B.). Sur le nombre des nombres premiers inf^rieure ^ une 
grandeur donn^e. Traduit par L. Laugel. Paris, Gauthier-Villars, 

1896. 8vo. Ft. 0.76 

Rosenhain (G.). Abhandlungen iiber die Functionen zweier Variabler 
init vier Perioden, welche die Inversen sind der ultra- elliptischen 
Integrale erster Klasse. (1851.) Herausgegeben von H. Weber. 
Aus dem Franzosischen iibersetzt von A. Witting. Leipzig, Engel- 
mann, 1896. 8vo. 94 pp. Cloth. Mk. 1.50 

ScuLOMiLCH (O.). Compendium der hSheren Analysis. Band II: Vor- 
lesungen Uber einzelne Theile der hOheren Analysis. 4te Auflage. 
Braunschweig, Vieweg, 1895. 8vo. 10 and 546 pp. Illustrated. 

Mk.9.00 

Sib VERT (H.). Ueber Thetafunktionen, deren Charakteristiken aus 
Fiinfteln ganzer Zahlen bestehen. II. [Progr.] Bayreuth, 1895. 
8vo. 36 pp. 

SiLBERBERG (M.). See ABRAHAM IBN ESRA. 

Sntder (V.). Ueber die linearen Complexe der Lie'schen Kugelge- 
ometrie. [Diss.] GiJttingen, 1895. 8vo. 48 pp. Illustrated. 

Mk. 1.40 

Weber (E. von). Die singulftren LOsungen der partiellen Differen- 
tialgleichungen mit drei Varlablen. [Habilitationsschrift.] Miln- 
Chen, 1894. 8vo. 30 pp. 

Weierstrass (K.) Mathematische Werke. Herausgegeben unter Mit- 
wirkung einer von der Kttnigl. Preussischen Akademie der Wissen- 
chaften eingesetzten Commission. Vol. II: Abhandlungen II. 
Berlin, Mayer & Mttller, 1895. 4to. Mk. 21.00 

Weld (L. G.). A short course in the theory of determinants. 12mo. 
238 pp. $1.90 

ZsuTHEN (H. G.). Anvendelse af Differentialregning paa algebraiske 
Ligninger. KjObenhavn, 1895. 4to. 24 pp. [Lithogr.] Mk. 0.80 
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ELEMENTARY MATHEMATICS. 

Aleu (M. L.) Elementos de matemdticas. Geometria. Yaldemoro, 
1805. 4to. 12 and 206 pp. Illustrated. Mk. 6.60 

Elementos de matemdticas. Trigonometria rectilinea. Madrid, 

IbOo. 4to. 52 pp. Illustrated. Mk. 2.50 

Andriani (A.). Element! di algebra ad uso del licei e degli istituti 
tecnici secondo gli ultimi programmi con numerosa raccolta di 
esercizl. 2a edizione migliorata. Napoli, Trani, 1895. 16mo. 
390 pp. Fr. 4.00 

Bardet (E.). Arithmetische Aufgaben, nebst Lelirbuch der Arithmetik. 
9te Auflage. Leipzig, Teubner, 1895. 8vo. 12 and 270 pp. Cloth. 

Mk. 2.40 

Methodisch geordnete Aufgabensammlung, mehr als 8000 Aufga- 
ben enthaltend Uber alle Theile der Elementar-Arithmetik. 21ste 
Auflage. Leipzig, Teubner, 1895. 8vo. 14 and 330 pp. Cloth. 

Mk. 3.20 

BoRK (H.). Periodische Decimalbrttche. [Progr.] Berlin, 1895. 4to. 
42 pp. 

Breuer (P. J.). Das Notwendigste tlber die nattlrlichen Logarithmen. 
Leipzig, Teubner, 1895. 8vo. 40 pp. Mk. 0.80 



Brooksmith (E. J.). See Woolwich Mathematical Papers. 

Capelli (A.), Lezioni di algebra complementare ad uso degli aspiranti 
alia licenza universitaria in scienze fisiche e iiiatematiche. Napoli, 
Pellerano, 1895. 8vo. 12 and 526 pp. Illustrated. Fr. 8.00 

Ciamberlini (C). Element! di geometria, ad uso delle scuole tecniche, 
normal! e professionali. Parte I: Planimetria. Montegiorgio, Del- 
bello, 1895. l6mo. 149 pp. 

CoMiNOTTO (E.). Trisezione approssimata dell' angolo. Padova, Tip. 
del Seminario, 1895. 8vo. 7 pp. 

Sopra una disposizione particolare del triangoli simili: seguito 

di una nota che verr^ pubblicata nel periodico Lugli d! Roma. 
Padova, Tip. del Seminario, 1895. 8vo. 7 pp. 

Fraxkenbach (W.). Die Harmonikalen der Mittelpunkte der Bertth- 
rungskreise eines Dreiecks in Bezug auf dasselbe. Liegnitz, 1895. 
8vo. 32 pp. Dlustrated. Mk. 1.50. 

Gauss (F. G.). FUnfstellige vollstandige logarithmische und trigono- 
metrische Tafeln. 46ste Auflage. Halle, 1895. 8yo. 166 and 35 pp. 
Cloth. Mk. 2.50 

Gerard (L.). Gtom^trie k Pusage des candidats aux baccalaurtots de 
Tenseignement secondaire. Paris, 1895. 8vo. Fr. 3.00 

Grbmioni (M.). La teorica dei poligoni equivalent!. Firenze, Paggi, 
1895. 8vo. 28 pp. Fr. 1.00 

HolzmCllsr (G.). Methodisches Lehrbuch der Elementar-Mathematlk. 
Im engsten Anschluss an die neuen Lehrplane. (In 3 Teilen.) Teil 
1. 2te Auflage. Leipzig, Teubner, 1895. 8vo. 8 and 230 pp. Cloth. 

Mk. 2.40 
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Laisant (C. a.) et Lemoine (E.). Traits d'aritm^qae ; suivi de notes 
BUT Portografie simplifi^, par P. Malvezin. Paris, Gauthier-Villare, 
1896. 16mo. 8 and 174 pp. 

Laisant (C. a.). Recueil de probl^mes de math^matiques, class^ par 
divisions scientifiques, contenant les 6nonc^ avec renvoi aux solu- 
tions de tons les probl^mes pos^s, depuis Porigine, dans divers jour- 
naux: Nouvelles annales de mathematiqueSy Journal de matfUma' 
tiques elementaires et de mathematiques speciales, Nouvelle correspon- 
dance mathematiquey Mathesis. (In 7 vols.) Vol. Ill : Alg^bre ; 
th^rie des nombres ; probability ; gtom^trie de situation. Paris, 
Gauthier-Villare, 1896. 8vo. Fr. 6.00 

Leoendre. Element! di geometria, con giunte e modificazioni di A. 
Blanchet. Vereione italiana, conforme ai programmi ministeriali, 
autorizzata ed approvata da A. Blanchet, con note ed aggiunte di G. 
Hueber. 26ma edizione. Napoli, Morano, 1894. 16mo. 310 pp. 
Illustrated. Fr. 4.00 

Lemoine (E.). See Laisant (C. A.) et Lemoikb (E.). 

Lesky (A.). Bestimmung der Maxima und Minima quadratischer 
Gleichungen. Klagenfurt, 1896. 8vo. 20 pp. Mk. 1.00 

Lrviwi (A.). Elementi di geometria e topografia. Vol I: Geometria 
plana e stereometria. 3a edizione. Napoli, Pontieri, 1894. 16mo. 
140 pp. Illustrated. Fr. 2.00 

LoMiioLT (A.). Regulaere Polyedre. En elementser Skitse. Viborg, 
1896. 8vo. 30 pp. 2 plates. Mk.0.70 

Lucas (6.). L'arithm^tique amusante. Amusements scientifiques pour 
Tenseignement et la pratique du calcul. (Introduction aux Recrea- 
tions mathematiques.) Paris, Gauthier-Villare, 1896. 8vo. Fr. 7.60 

Malaoodi (A.). Nozioni d'algebra elementare, con numerosi esercizl e 
problemi, ad uso della terza classe delle scuole tecniche. 2a edizione 
riveduta e corretta. Mu*andola, Cagarelli, 1896. 8vo. 64 pp. 

Fr. 0.60 

Marti (R.). Operazioni del calcolo e loro analogia. Lecce, Tip. coopera- 
tiva, 1896. 8vo. 36 pp. 

MoNNET (L. F.). Coura d^raentaire d'alg^bre et de trigonometric 
th^orique et pratique, k Pusage des lyc^s, des colleges, etc. lie 
Edition. Paris, Andr^, 1894. 18mo. 324 pp. Illustrated. 

Cours ei^mentaire de g^om^trie th^rique et pratique, k Pusage 

des lyc^es, des colleges, etc., contenant un trfes grand nombre d'exer- 
cices r^olus et ^ r^soudre. 16e Mition. Paris, Andr^, 1896. 18mo. 
360 pp. 

Monti (P.). Regola generale per la soluzione grafica della trisezione 
delP angolo, coUa dimostrazione di G. SchiaparelU. Milano, Bom- 
belli, 1896. 4to. 7 pp. 1 plate. 

MosER (J.). Harmonische Strahlen und Punkte. Breslau, 1896. 4to. 
12 pp. Illustrated. Mk. 1.20 

Ortu Carboni (S.). Geometria descrittiva elementare ed alcune sue 
applicazioni (proiezioni ortogonali). Vol. II. Torino, Paravia, 1896. 
8vo. 4 and 168 pp. Illustrated. Fr. 3.00 
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Otto (F. A.). Die rechnende Geometarie (System OttJ)), elne UDer- 
8ch5pfliche Fundgrabe f Ur mathematische Forschang. Mit Anhang : 
Das geometrische Problem des 208ten Jahrhonderts (Otto's Prob- 
lem). Tegel, 1896. 12mo. 36 pp. Illustrated. Mk. 1.00 

Bin Problem der Rechenkonst. Rationelle Methode zur Aufl5- 

sung von nomerischen Gleichongen mit einer Unbekannten (beliebiger 
Grad und jede Form). 2te Ai&age. Tegel, 1895. 12mo. 32 pp. 

Mk.0.60 

Persiaki (O.). Elementi di geometria secondo Eucllde, ad uso dei liceL 
Libri V-VI. Roma, Spellani, 1895. 8vo. 52 pp. Illustrated. 

Pesci (G.). Trattato eleraentare di trigonometria plana e sf erica ; con 
appendice. Livomo, 1895. 8vo. 330 and 80 pp. Illustrated. Fr. 5.00 

PiETZKEB (F.). See Unterbichtsblatter. 

Russell (J. W.). An elementary treatise on pure geometry. With 
nmmerous examples. 12mo. 324 pp. $2.60 

SCHWALBE (B.). See UirrEBBICHTSBLATTEB. 

Stbomillo (S.). Lezioni elementari di geometria per le scuole secondarie. 
Parti leu. Napoli, Muca, 1894. 16mo. 107 and 135 pp. Illus- 
trated. Fr. 4.25 

Thompson (W. T.). Scholarship algebra. London, Hughes, 1895. 8yo. 
280 pp. 2s. 6d. 

UvtbrbichtsblXtter ftlr Mathematik und Naturwissenschaften. Her- 
ausgegeben yon B. Schwalbe und F. Pietzker. Braunschweig, Vieweg, 
1895. 4to. 5 numbers per year. Mk. 3.00 

Yihb (G. T.). Mathematical note-book, specially prepared for the use of 
pupils, teachers, scholarship and certificate candidates. Newport, 
1895. 8vo. 88 pp. Cloth. $0.50 

Weeks (W.). Exercises in Euclid, graduated and systematized. 18mo. 
80 pp. 90.60 

Woolwich Mathematical Papebs for admission into the Royal Military 
Academy, for the years 1885-94. Edited by E. J. Brook^ith. Lon- 
don and New York, Macmillan, 1895. 12mo. Cloth. f 1.50 



APPLIED MATHEMATICS. 

Albrioh (K.). Der Unterricht in Mechanik auf geschichUicher Grund- 
lage. Hermannstadt, 1894. 4to. 35 pp. Illustrated. Mk. 1.50 

Axhbilig et Roche (C). Traits des machines. & vapeur, i^dig^ con- 
form^ment au programme du cours de machines ^ vapeur de P&cole 
centrale. (In 2 vols.) Vol. I. Paris, Gauthier-Villars, 1895. 8vo. 
10 and 604 pp. Illustrated. Fr. 20.00 

AssMANif (R.). See Fortschbittb deb Phtsik. 

Bebtoldo (G.). Compendio di termodinamica applicata. Vol. I. Torino, 
Unione tipografico-editrice, 1895. 8vo. 239 pp. Illustrated. 

Fr. 4.00 
BdBifSTEnf (R.). See Fobtschbitte deb Phtsik. 
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BoDRLBT (C.)« ' Traits des bicycles et des bicyclettes, suivi d'une appli- 
cation & la construction des velodromes. (Encyclop^ie scientitiqae 
des aide-memoire.) Taris, Gauthier-Villars, 1896. 8vo. Cloth. 

Fr. 3.00 

Brown (H. T.). ^00 meccanismi, scelti fra i piti importanti e recenti, 
riferentisi alia dinamica, idraulica, Idrostatica, pneumatica, macchine 
k vapore, molini, torch!, orologeria ed altre macchine. 2a edizione, 
compilata sulla 16a edizione inglese da F. Cerruti. Milano, 1895. 
12mo. 182 pp. Illustrated. Fr. 3.00 

Cart (A.) et Portbs (L.). Calcul des ponts m^talliques k i>outres 
droites, k une ou plusieurs tray^es, par la m^thode des lignes d' influ- 
ence. Formules et tables. Paris, Baudiy, 1895. 8yo. 8 and 292 pp. 

Cazes (L.). Stereoscopic de precision: theorie et pratique. Paris, 1896. 
8vo. 72 pp. Illustrated. Fr. 2.50 

Cerruti (F.). See Brown (H. T.). 

Clbrkb (A. M.). The Herschels and modem astronomy. (Centurv 
Science Series.) London and New York, Macmillan, 1895. 12mo. 
6 and 224 pp. Portraits. Cloth. 9 1.25 

Daniell (A.). A text-book of the principles of physics. 3d edition. 
London and New York, Macmillan, 1895. 8vo. 26 and 782 pp. 
Clotli. $4.00 

Degranges (E.). Tables d'inter§ts, ou calculs tout faits d'inter€ts, k 
tons les taux usites, pour toutes les epoques de Tannee, pour toutes 
les sommes depuis 1 franc jusqu'^ 3()(X) francs et, en n^ligeant les 
centimes, depuis 30,000 francs jusqu^^ 3 millions. Nouvelle edition. 
Paris, 1896. 4to. 368 pp. Fr. 10.00 

Delemer (J.). Sur le mouvement varie de Peau dans les tubes capillaires 
cyliiidriques, evases k leur entree, et sur Petablissement du regime 
uniforme dans ces tubes. [These.] Paris, Gauthier-Villars, 1895. 
4to. 77 pp. Fr. 5.00 

Dennis (H. J.). Elementary (second grade) perspective, theory and 
practice. 16th edition. London, Baillere, 1896. Folio. 2s. 6d. 

DupoRT (H.). Memoire sur les lois fondamentales de la mecanique. 
Dijon, Darantiere, 1896. 8vo. 41 pp. 

Feldmann (C. p.). Wirkungsweise, Prlifung und Berechnung der Wech- 
selstrom-Transformatoren. Teil I und II. Leipzig, 1896. 8vo. 6 
and 614 pp. Illustrated. Cloth. Mk. 13.00 

FiORiNi (M.). See GCnther (S.). 

FoRTSCHRiTTE (Die) DER Physik ioi Jahrc 1893. Dargestellt von der 
Physikalischen Gesellschaft zu Berlin. Jahrgang 49. Abteilung II : 
Physik des Aethers, redigirt von R. BOmstein. Braunschweig, 1896. 
8vo. 52 and 900 pp. Mk. 30.00 

Abteilung III: Kosmische Physik, redigirt von R. Assmann. 

Braunschweig, 1895. 8vo. 44 and 728 pp. Mk. 25.00 

GdNTHBR (S.). Erd- und Himmelsgloben, ihre Geschichte und Construc- 
tion. Nach dem Italienlschen des M. Fiorini frei bearbeitet. Leipzig, 
1896. 8vo. 6 and 137 pp. Illustrated. Mk. 4.00 
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Harris (R.)* Note-book on plane geometrfcal drawing. With a chapter 
on scales, and an introduction to graphic statics. New edition, 
revised and enlarged. London and New York, Macmillan, 1896. 
12mo. 230 pp. Cloth. $0.90 

Hblmholtz (H. L. F.). On the sensations of tone as a physiological 
basis for the theoiy of music. Translated by A. J. Ellis. 3d edition. 
London, Longmans, 1896. 8vo. 596 pp. 28s. 

Jamieson (A.). A text-book on applied mechanics. Specially arranged 
for the use of Science and Art, City and Guilds of London Institute, 
and other engineering students. Vol. I. London, Griffin, 1895. 8vo. 
422 pp. 7s. 6d. 

Jordan (W.). Handbuch der Vermessungskunde. Vol I: Ausgleich- 
ungsrechnung nach der Methode der kleinsten Quadrate. 4te Auflage. 
Stuttgart, Metzler, 1895. 8vo. 595 pp. 1 portrait. Mk. 12.00 

Keck (W.). Vortrfige Uber Elasticitats-Lehre als Grundlage ftir die 
Festigkeits-Berechnung der Bauwerke. Hannover, Helwing, 1894. 
8yo. 8 and 362 pp. Illustrated. Mk. 10.00 

Kiel (A.). Geschichte der absoluten Maasseinheiten. Tell XL 

Bonn, 1895. 4to. 18 pp. Mk. 1 

Klako (H.) . Ueber eine besondere Gattung hydrodynamischer Probleme. 
n. [Progr.] L5tzen, 1895. 4to. 14 pp. Mk. 1.20 

KoKiG (A.). BeitrSge zur Theorie der FresnePschen Beugungsspectra. 
Jena, 1895. 4to. 46 pp. Mk. 2.40 

Lannot (G. db). Types de calculs nautiques, conformes aux nouveaux 
prc^^mmes. Paris, 1895. 4to. Fr. 1.50 

Lbhmann (O.). Elektricit&t und Licht. EinfUhrung in die messende 
Elektricitatslehre und Photometrie. Braunschweig, Vieweg, 1895. 
870. 16 and 390 pp. 3 plates. Mk. 7.00 

Leman (G.). Cours de r^istance des mat^riaux, donn^ de 1882 k 1893 k 
PEcole d'application de Partillerie et du g^nie de Belgique. Paris, 
Gauthier-Villars, 1895. 8vo. Illustrated. Fr. 25.00 

Matriculation Mechanics Papers. The last 31 papers (1880-96) set at 
the matriculation examination of the University of London, with 
model answers to the paper of June, 1895, and additional questions. 
(University tutorial series.) London, Clive, 1895. 8vo. 82 pp. Is. 6d. 

Monteverde (F.). Ricerche diottriche: teoria di Gauss sulle lenti. 
Chiavari, Tipografia Chiavarese, 1895. 8vo. 20 pp. 

MccH (A.). Ueber die Bewegung zweier Massenpunkte, die sich auf 
zwei Geraden so bewegen, dass ihre Entfemung stets dieselbe bleibt. 
[Progr.] Krenznach, 1895. 4to. 26 pp. 

Nernst (W.) und Schoenflies (A.). EinfUhrung in die mathematische 
Behandlung der Naturwissenschaften. Kurzgefesstes Lehrbuch der 
Differential- und Integralrechnung mit besonderer Berticksichtigung 
der Chemie. Mtinchen, Wolff, 1896. 8vo. 12 and 309 pp. Illus- 
trated. Mk. 8.60 

PousJsART (A.). Traits ^toentaire de m^canique : moteurs, r^cepteurs 
et op^rateurs. Paris, Gamier, 1895. 18mo. 4 and 504 pp. 
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Frbrauer (O.). Ueber die Messang des Selbstpotentials gerader Driihte. 
[Diss.] Wtirzburg, 1894. 8vo. 18 pp. Mk. 1.20 

PrAvot (E.). Les tach^m^tres auto-r^uctears. Paris, 1895. 8vo. 
32 pp. 1 plate. 

Reinhardt (C. U.). Untersachongen tiber den Einfloss der Lastrer- 
teilung auf vierr&drigen Wagen, wie sie im Betriebe der Landwiit- 
scbaft gebrauchlich sind, und der Neigung der Zagstriinge hiDsicht- 
llch des Verbraucbes an Zugkraft [Diss.] Leipzig, 1895. 4to. 
48 pp. 1 plate. 

Saintignon (F. db). Nouvelle tbtorie des marges. Le mouvement dif- 
f^rentiel. Paris, Berger-Levrault, 1895. 4to. 4 and 128 pp. 

ScHdNB. Airy*s elementare Theorie der Planeten- und Mondstdmngen. 
[Progr.] Boma, 1895. 4to. 36 pp. 1 plate. Mk. 1.50 

ScHOsicFLiES (A.). See Nbritst (W.) und Schobkflibs (A.). 

Sbaton (A. E.). A manual of marine engineering. 12tb edition, revised 
tbrougbout and enlarged. London, Griffin, 1^. 8vo. 604 pp. 21& 

Stechbrt (C). Bahnbestimmung des Planeten (258) Tyche. [Progr.] 
Hamburg, 1895. 8vo. 42 pp. 

Stbwart (B.). An elementary treaUse on beat. 6tb edition, revised, 
witb additions, by R. E. Baynes. Clarendon Press, 1895. 8vo. 
500 pp. 8s. 6d. 

Stbwart (R. W.). An elementary text-book of light (University 
tutorial series.) London, Clive, 1895. 8vo. 154 pp. 2s. 

Thompson (S. P.). Polyphase electric currents and alternate-current 
motors. London, Spon, 1895. 8vo. 262 pp. 12s. 6d. 

Thomson (J. J.). Notes on recent researches in electricity and magnet- 
ism. Intended as a sequel to Prof. Clerk Biazwell's Treatise on 
electricity and magnetism. London and New York, Macmillan, 
1895. 8vo. 16 and 578 pp. $4.50 

TissBRAXD et Andotbr (H.). Le^ns de cosmogn^xhie. Paris, Colin, 
1895. 8vo. 10 and 370 pp. With plates. 

Vallibr. Balistique ext^rieure. (Encyclopedic sdentifique des aide- 
memoire.) Paris, Ganthier-Villars, 1895. 8vo. Cloth. Fr. 3.00 

VioLBiicB (A. p.). Nouvelles tables pour le calcul d^int^rfitB composes, 
d^annuites et d^amortissement. 6e Edition, revue et angment^e par 
Laass d'Aguen. Paris, Gauthier-Ylllais, 1895. 4to. Fr. 15.00 
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NEW MATHEMATICAL TEXT-BOOKS. 

By S. L. LONEY, 

Author of '* Piatu Trigonometry" ** Elements qf Statics and Dynamics" 
etc,, etc. 

THE ELEMENTS OF COORDINATE 
GEOMETRY. 

Fcap 8vo. Qoth. 416 pp. $1.25, net. 

The book is dementaiy and intended to meet the needs of beginners, for whom a text 
less difficult than the standard treatises by Charles Smith and others is desired. It deals only 
vith Cartesian and Polar Coordinates, but within these limits is complete: the Straight Line 
and Circle have been very fully treated; and examples in abundance (upwards of a thousand 
in all) illustrate every proposition. 

BT THE SAME AUTHOR. 

PLANE TRIGONOMETRY— Complctc^ 

Crown 8vo. Qoth. 480 pp. 1 1.90, net, 

OR, IN SEPARATE VOLUMES : 

PLANS TRIGONOMSTRY. Part I. Crown 8vo. Qoth. 300 pp. 

I1.40, net, 
PLANE TRIGONOMETRY. Part n. Crown 8vo. Qotb. 180 pp. 

1 1. 00, net. 
Part II. treats of Analytical Trigonometry. 

N.B. — When ordering, kindly have your dealer specify whether a single part is wanted, 
or the two bound in one volume at $1.90, as above. 

The adoption of Mr. Loney's Trigonometry as the required text-book for the freshman 
work in the Universities of Michigan, Wisconsin, Chicago, etc., is the best possible testimo* 
nial to its value. 

By CHARLES PENDLEBURY, 

Author^ ** Arithmetic " in the Cambridge Mathematical Series. 

ELEMENTARY TRIGONOMETRY. 

Crown 8vo. Qoth. 336 pp. Ii.io, net. 



JUST READY, 

THE ELEMENTS OF GEOMETRY. 

Cloth. i6mo. Ii.io, net. 
By GEORGE CUNNINGHAH EDWARDS, 

Associate Professor 0/ Mathematics in the University of California. 

A happy combination of inventional and demonstrative geometry. 



MACMILLAN & CO., 

NEW YORK: 66 FIFTH AVENUE. 
OmOAOOi ROOM 23, AUDITOBinM. 
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AMERICAN EDITION OF 

HALL & KNIGHT'S ELEMENTARY ALGEBRA. 

By FRANK L. SEVENOAK, A.M., 

Professor of Mathematics and Assistant Principal in the Stevens School^ Academic 
Department of the Stevens Institute of Technology. 

Cloth. i6mo. pp. 478. $1.10. 

John B. Clark, Professor of Mathematics^ Yale University^ New Haven^ Ct.: ** I 
have made as careful examination as my time will permit of the American Edition of the 
' Algebra for Beginners,' and the ' Elementary Algebra,' by Messrs. Hall and Knight, and 
have formed a very favorable impression of them. The latter book coven fully the ground 
embraced in our requirements for admission to Sheffield." 



AMERICAN EDITION OF 

CHARLES SMITH'S ELEMENTARY ALGEBRA. 

By IRVING STRINGHAM, Ph.D., 

Professor of Mathematics , and Dean of the College Faculties in the 

University of California. 

Briefer Edition (408 pages) $1.10 

This edition is the same as Chapters I. -XX VI. of the 
Complete Edition (584 pajres) Si.ao 

Prof. W. B. Byerly^ Harvard College: "I have always liked Charles Smith's 
Algebra, and the new addition contains a gcod many improvements, and seems to me an 
excellent work. The use of the book in schools preparing for Harvard College would be 
satisfactory to our Mathematical Department. I have already privately recommended it to 
teachers wno have consulted me." 

A PRIMER OF THE HISTORY OF MATHEMATICS. 

By W. W. ROUSE BALL, 

Fellow and Tutor of Trinity College, Cambridge. 

lamo. Cloth, pp. 158. Price 65 cents, net. 

The object of this primer is to give a popular account of the history of mathe- 
matics, including therein some notice of the Uves and surroundings of those 
to whom its development is mainly due. as well as of their discoveries. 

SCIENCE AND ART DRAWING. 

COMfLBTB GbOMBTRICAL CoURSB, CONSISTING OP PLANS AND SoUD GbOMKTKY, 

Orthographic and Isombtric Projection, Etc. 

By J. HUMPHREY SPANTON, 

Gold MedcUistt Royal Academy of A rtSy London ^ Instructor of Drawing to the NaveU 

Cadets in H. M. S. *' Britannia." 

Designed to meet all the requirements of Army and Science and Art Examinations. 
8vo. Clotli. Price $3.25, net. 



NOTE-BOOK ON PLANE GEOMETRICAL DRAWING. 

W'r T " A Chapter on Scales and an Introduction to Graphic Statics ' 

By ROBERT HARRIS, 

Art Master at St. PauCs School. 

N«w Edition Revised and Enlarged. Price 90 cents, net. 



MACMILLAN & CO., 

HEW YORK: 66 FIFTH AVENUE. 
GHIOAGK): BOOM 23, AUDITOBiniC. 
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ANNOUNCEMENTS, Etc, 

OF BOOKS ON 

Mechanics and Applied Mathematics. 

AN ELEMENTARY TREATISE ON THEORETICAL MECHANICS. 

By ALEXANDER ZIWET, 
Assutant Professor of Mathematics in the University of Michigan. 
Part I. KinematicB. $2.25. net. 

Part II. Introduction to Djrnamica : Statics. |a.a5, ir^/. 
Part III. Kinetics. 12.25.11^/. 

Also, complete in one volume. Price, $5.00, net. 



RECENT PUBLICATIONS. 

THE STEAM-ENGINE AND OTHER HEAT-ENGINES. 

By J. A. EWING, M.A.. B.Sc, F.R.S., M.I.C.E., 

Professor of Mechanism and Applied Mechanics in the University of Cambridge. 
8vo. 400 PP* Cloth. $3.75. 

ELEMENTARY LESSONS IN STEAM MACHINERY AND THE 
MARINE STEAM-ENGINE. 

WITH A SHORT DESCRIPTION OF THE CONSTRUCTION 
OF A BATTLE-SHIP. 

Compiled for the use of Junior Students of Marine Engineering. 

By J. LANGMAID, R.N., and E. H. CAISFORD, R.N. 

New edition, revised and enlarged. 8vo. pp. 267. $3.00, net. 

A TREATISE ON ELEMENTARY HYDROSTATICS. 

By JOHN GREAVES, M.A., 

A uthor of ** Statics for Beginners," **A Treatise on Elementary Statics," etc. 

x6mo. $i.ia 

A TREATISE ON HYDROSTATICS. 

By A. G. GREENHILL, 

Author of ** Differential and Integral Calculus" ** Amplications of Elliptic 

Functions" etc. x6mo. $1.90. 



IN PREPARATION. 

THE MECHANICS OF PUMPING-MACHINERY. 

IVITH NUMEROUS ILLUSTRATIONS. 
By the same author and translator as 

THE MECHANICS OF HOISTING-MACHINERY. 

INCLUDING ACCUMULATORS, EXCAVATORS, AND PILE-DRIVERS. 

A Text-book for Technical Schools and a Guide for Practical Engineers. 

By Dr. JULIUS WEISBACH and Prof. GUSTAV HERMANN. 

Authorized Translation from the Second German Edition by Karl P. Dahlstrom, 
M.E., late Instructor in Mechanical Engineering at the Lehigh University. 

8vo. pp. 339. $3.75, net. 

MACMILLAN & CO., 

NEW YORK: 66 FIFTH AVENUE. 
OHIOAGK)} BOOM 23, AUDITOBIITM. 
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MACMILLAN & CO.'S 

College Text-Books on Mathematics. 

ADVANCED ALGEBRA. 

HALL and KNIGHT. —Higher Algebra. i2mo. I1.90. 
SMITH, C. — A Treatise on Algebra. Fourth Edition, revised and en- 
larged. 1 1. 90. 

SOLID GEOMETRY. 

ALDIS, W. S. — Solid Geometry. i2mo. $1.50. 
DUPUISf N. F.— Elements of Synthetic Solid Geometry. I1.60. 
HAYWARD, R. B.— The Elements of Solid Geometry. lamo. 75 cents. 
SMITH, C. — An Elementary Treatise on Solid Geometry. I2.60. 

TRIGONOMETRY. 

HALL and KNIGHT. — Elementary Trigonometry. By the authors of 
"Algebra for Beginners," " Elementary Algebra for Schools," etc. ^i.io. 

HOBSON and TESSOP. — An Elementary Treatise on Plane Trigo- 
nometry. |i-25. 

LEVETT and DAvISON.— The Elements of Trigonometry. $1.60. 

LOCK. — Trigonometry for Beginners. As far as the Solution of Triangles. 
i6mo. 75 cents. 
Elementary Trigonometry. Sixth Edition. (In this edition the chapter 

on Logarithms has been carefully revised.) i6mo. $1.10. 
Higher Trigonometiy. $1.00. 

49* The two preceding volumes in one, $1.00. 

LONEY.— Plane Trigonometry. Part I. An Elementary Course, includ- 
ing the Use of Imaginary Quantities. Qotb. I140. 
Part II. Anal3rtical Trigonometry. Ii.oo. 

49* Both parts in one volumet $1.90. 

McClelland and PRESTON.— a Treatise on Spherical Trigonome- 
try. With Applications to Spherical Geometry and Numerous Examples. 
i2mo. Part I., |i. 10. Part II., I1.25. 

49* Both parts in one volume, $3.35. 

CONIC SECTIONS. 

PUCKLE. — An Elementary Treatise on Conic Sections and Algebraic 
Geometry. By G. Hale Puckle, M.A. Fifth Edition. I1.90. 

SMITH. —An Elementary Treatise on Conic Sections. I1.60. 

TODHUNTER. — Plane Co-ordinate Geometry as applied to the 
Straight Line and Conic Sections. 1 1.80. 

CALCULUS. 

EDWARDS, T.— Differential Calculus for Schools. Ii.io. 

Integral Calculus for Beginners. Ii.io. 

An Elementary Treatise on the Differential Calcnlus. I3.50. 
FORSYTH, A. R. — A Treatise on Differential Equations. $3.75. 

Theory of Differential Equations. Part I., I3.75. 
GRSSNHILL, A. G.— Differential and Integral Calculus. $2.60. 
KNOX. — Differential Calculus for Beginners. 90 cents. 
TODHUNTER. — Treatise on the Differential Calculus. I2.60. 

Treatise on the Integral Calculus. ^2.60. 



MACMILLAN & CO., 

NEW YORK: 66 FIFTH AVENUE. 
OHIOAOOi BOOM 23, AUDITOBIIJM. 
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EEMABKS ON THE PROGRESS OF CELESTIAL 
MECHANICS SINCE THE MIDDLE OF THE 
CENTURY. 

PRESIDENTIAL ADDRESS DELIVERED BEFORE THE AMERIOAIT 
MATHEMATICAL SOCIETY, DECEMBER 87, 1896. 

BY DR. G. W. HILL. 

The application of mathematics to the solution of the prob- 
lems presented by the motion of the heavenly bodies has had 
a larger degree of success than the same application in the case 
of the other departments of physics. This is probably due to 
two causes. The principal objects to be treated in the former 
case are visible every clear night, consequently the questions 
connected with them received earlier attention ; while, in the 
latter case, the phenomena to be discussed must ofttimes be 
produced by artificial means in the laboratory ; and the discov- 
ery of certain classes of them, as, for instance, the property of 
magnetism, may justly be attributed to accident. A second 
cause is undoubtedly to be found in the fact that the applica- 
tion of quantitative reasoning to what is usually denominated 
as physics generally leads to a more difficult department of 
mathematics than in the case of the motion of the heavenly 
bodies. In the latter we have but one independent variable, 
the time; while in the former generally several are present, 
which makes the difference of having to integrate ordinary 
differential equations or those which are partial. Thus it hap- 
pens that, while the science of astro-mechanics is started by 
Newton, that of thermal conductivity receives its first treat- 
ment, at the hands of Fourier, more than a century later. In 
addition to these two causes, ever since the discovery of the 
telescope the application of optical means to the discovery of 
whatever might be found in the heavens has always had a 
fascination for mankind. And, as the ability to co-ordinate and 
correlate the facts observed much enhances the enjoyment of 
scientific occupation, it has resulted that many who began as 
observers ended as mathematical astronomers. Thus our science 
has had relatively a large number of cultivators. 

A thoroughly satisfactory history of our subject is yet to be 
written. We have only either slight sketches of the whole, 
or elaborate treatments of special divisions of the science, and 
none of them coming down to recent times. Among the for- 
mer may be mentioned Gautier's Essai kistorique sur le pro- 
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blhne des trois corps, which appeared in 1817. Also Laplace's 
historical chapters in the last volume of the MScanique Cileste, 
Todhunter's History of the theories of attraction and the figure 
of the earth is an example of the latter class. Such books as 
Todhunter's — of which Delambre has given an earlier example 
in his Histoire de VAstronomie — can hardly be regarded as his- 
tory ; they resemble rather extensive tables of contents of the 
literature examined, accompanied by short comments. How- 
ever, in many cases, they are more useful to the student than 
formal histories would be, as, when judiciously compiled, they 
may, as epitomes in our libraries, take the place of a large mass 
of scientific literature. The History of Physical Astronomy, 
by Robert Grant, is a book that comes down to 1850, and 
professedly covers the whole of our subject But only one 
third of this book is devoted to astro-mechanics, the rest deal- 
ing with what is really observational and descriptive astronomy. 
Moreover, the author indulges so much in diffusive veins of 
writing, that but a small fraction of the 200 pages is really 
given to purely historic statement. As far as the Lunar Theory 
is concerned, the third volume of M. Tisserand's TraM de 
M4canique Cileste constitutes a fair history. But it must be 
borne in mind that the author's plan is to notice only the 
disquisitions having a first-class importance ; hence his history 
is incomplete in this respect. 

In America we are not well situated for investigations of 
this character, on account of the meagreness of our libraries. 
Of no inconsiderable number of memoirs and even books, hav- 
ing at least some importance in our subject, there exist no 
copies in the United States. Hence, should an American be 
inclined to undertake the task of writing the history of our 
subject, he must at least perform some of the work abroad. 

In the present discourse it is proposed to touch very lightly 
the more important steps made since the middle of the cen- 
tury, the time at our disposal not admitting fuller treatment. 

And first we will take up Delaunay's method, proposed for 
employment in the lunar theory, but quite readily extended to 
all classes of problems in dynamics. The first sketch of this 
method, given of course by the author himself, appeared in the 
Comptes Rendus of the Paris Academy of Sciences, in 1846. 
It professes to be merely an extract from a memoir offered for 
publication in the collections of the Academy, which must, how- 
ever, have been afterwards withdrawn to make place for the 
two volumes of the TMorie du Mouvement de la Lune. When 
this extract is compared with the earlier chapters of the latter 
work, it is perceived that Delaunay has, to some extent, mod- 
ified and improved his method in the interim between 1846 and 
1860. In this long period nothing appeared from the author 
on this subject. He must have been profoundly engaged in 
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applying his method to the motion of the moon. Tisserand's 
exposition of this method is somewhat more brief than the 
author's own. But when the necessary modifications are intro- 
duced into Delaunay's procedures, to make them applicable to 
the more general case of the motion of a system of bodies, the 
establishment of the formiilas can be rendered still more brief. 
There is one point in reference to Delaunay's method which, 
as far as I am aware, has escaped notice. This method consists 
in a series of operations or transformations, in each of which 
the position of the moon in space is defined by six variables, 
the number three being doubled in order that the velocities, as 
well as the co-ordinates, may be expressed without differentials. 
The aim of the transformations is to make one half of these, 
which Poincar^ has called the linear variables, continually 
approach constancy, while the other half, named the angular 
variables, continually approach a linear function of the time. 
But at any stage of the process the position of the moon, as 
well as its velocity, is definitely fixed by the six variables pro- 
duced by the last transformation, provided that the proper 
degree of variability is attributed to them, just as, before any 
transformation was made, the six elements of elliptic motion, 
usually denominated osculating, defined them; the point of 
difference to be noticed being that the more the transforma- 
tions are multiplied, the more complex becomes the character 
of the expression of the former quantities in terms of the 
latter. But, however great may be the number of transforma- 
tions, the series evolved have always one consistent trait, viz., 
that the angular variables are involved in them only through 
cosines or sines of linear functions of these variables, the linear 
functions being formed with integral coefficients. Now, as in 
all this work we are obliged to employ infinite series, the ques- 
tion of their convergence is an extremely important one. The 
inquiry in this respect may be divided into two parts, mainly 
independent of each other. These are, convergence as respects 
the angular variables, and convergence as respects the linear 
variables. The first part is much the more simple. Regarding 
each of the coefficients of the series we employ as a whole, that 
is, representing it by a definite integral, it is quite easily per- 
ceived that the said series are both legitimate and convergent 
when, giving the angular variables the utmost range of values, 
still no two of the bodies can occupy the same point of space. 
In the contrary case the series are evidently divergent. This 
condition affords certain limiting conditions for the values of 
the linear variables. Could we trace these limiting conditions 
through all the transformations, and obtain by comparison the 
formulas to which these tend when the number of transforma- 
tions is made infinite, we should be in possession of the condi- 
tions of stability of motion of the system of bodies. The second 
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part of the inquiry relates to the expression of the mentioned 
coefficients by infinite series proceeding according to jM^wers 
and products of certain parameters which are functions of the 
linear variables. It is well known that, in the case of elliptic 
elements, Laplace and Cauchy almost simultaneously showed 
that the series are convergent when the eccentricity does not 
exceed a fraction which is about two-thirds. The determina- 
tion of the conditions of convergence, after certain transforma- 
tions have been made in the signification of the elements, is 
undoubtedly a more complex problem ; nevertheless, it seems 
to be within the competency of analysis as it exists at present. 

The discovery of the criterion for the convergence of series 
proceeding according to powers and products of parameters is 
due to Cauchy, and is a most remarkable contribution to the 
science of mathematics. Supposing that the parameters begin 
from zero values, this criterion amounts to saying that the 
moment the function, which the series is to represent, ceases 
to be holomorphic, or becomes infinite, that moment the series 
ceases to be convergent. Consequently, if a space, having as 
many dimensions as there are parameters in the case, be con- 
ceived, and a surface be constructed in it formed by the consen- 
sus of all the points where the considered function ceases to be 
holomorphic, then, provided the values of the parameters define 
a point within this surface, that is, on the same side where lies 
the origin, the series will be convergent. Generally this sur- 
face will be closed, and, within it, the function will not take 
infinity as its value. 

Without any mathematical reasoning the propriety of the 
principle just enunciated may be perceived. Since it is possi- 
ble for the series in powers and products to give only one value 
for the function, the moment the latter may have any one of 
several values, the series fails to give them all ; and, as there 
is no reason why any particular value should be selected, the 
conclusion must be that it does not represent any of them. 
Also, it is easy to see that, when the function takes infinity as 
its value, the series fails to represent it. 

In applying this principle to the series involved in the treat- 
ment of the problem of many bodies by Delaunay's method, it 
appears, at first sight, as if we must have some finite represen- 
tation of the coefficients in question in order to discover the 
particular points at which they cease to be holomorphic, such, 
for instance, as is given by an algebraic or transcendental equa- 
tion. But this is not imperative, as it is often possible to make 
this discovery from certain recognized properties of the func- 
tion considered, without being in possession of its form explic- 
itly or implicitly. It appears probable that, in the class of 
cases considered, the mentioned coefficients can be represented 
by multiple definite integrals, all taken between the limits 
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and V, the independent variables being those which have been 
denominated angular. Such functions are always holomorphic, 
provided that the expressions under the signs of integration 
are themselves holomorphic between the mentioned limits. If 
the statement just made be admitted, although it may be impos- 
sible to write explicitly the mentioned expressions, we may, 
nevertheless, be certain that they remain holomorphic, pro- 
vided that the linear variables, which may be the same as the 
parameters considered, are so restricted in their range of values 
that no matter what values the angular variables receive, no 
distance between any two bodies of the system can vanish. 
Or, in other words, that the E of Delaunay must never become 
infinite. Thus it seems probable that the conditions of con- 
vergence for Delaimay's series are precisely identical with those 
for the stability of motion of the system. 

The series arising in Delaunay's method, as applied to the 
moon, contain five parameters; the number would be six were 
the moon's mass not neglected. We should also have six in the 
application of the method to two planets moving about the sun ; 
however, should we employ the well-known functions 6/'^ of 
Laplace, the number would be reduced to five. It ought to be 
possible, therefore, after the performance of a limited number 
of operations, to assign limiting values to these parameters, 
below which the series would certainly be convergent. This 
also involves the possibility of finding limits to the errors com- 
mitted by truncating the series at a certain order of terms. 
Again, provided the time is limited to a certain interval, the 
capacity of these truncated series for representing the co-ordi- 
nates of the planets could be shown by giving superior limits 
to the errors necessarily involved. 

One more remark may be made before we leave Delaunay's 
method. In every operation or transformation half the inte- 
grals are obtained without the intervention of the time, and 
from these solely are obtained the ranges of values for all the 
linear variables. As no integrating divisors appear in their 
expressions, it follows that the question of stability is not 
affected in any way by the vanishing of these. Moreover, the 
presence of a libration in the angle of operation does not neces- 
sitate any change in the procedure. The integrating divisors 
which appear in the expressions for the angular variables, 
obtained through quadratures, may cause difficulty, but this 
can generally be removed by a modification of the parameters 
employed in the development of the coefficients in series. 
Beyond this it does not seem necessary to attend particularly 
to the terms which Professor Gyld^n has designated as critical. 

To give a succinct idea of the scope of this method, it may 
be said that it is applicable whenever, in the system, the planets 
maintain their order of succession from the sun. In systems 
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where that undergoes change, as is the case with the group of 
minor planets, supposing their action on each other is sensible, 
it is not applicable. 

Delaunay's method has not yet received all the developments 
and applications it is susceptible of. 

The treatise of Hansen on the shortest and most ready 
method of deriving the perturbations of the small planets was 
published in the interval 1857-1861. But as the principles on 
which it is founded had been elaborated and communicated to 
the public some years earlier, it is, perhaps, more properly to 
be assigned to the first half of the century. In consequence, I 
pass it over with this slight mention. 

Perhaps the most conspicuous labors in our subject, dur- 
ing the period of time we consider, are those of Professor 
Gyld^n and M. Poincar^. We will limit our attention, for 
the remainder of this discourse, to the consideration of these 
investigations. 

Professor Gyld^n began work with the methods of Hansen 
and was gradually led to modifications of them looking towards 
their use for indefinite lengths of time. This quality has lat- 
terly become imperative with him, and he has recently pub- 
lished the first volume of what is evidently intended to be a 
lengthy work entitled TraU& Analytique des Orbites Absolues 
des Huit PlanUes Principales, To show the drift of Professor 
Gyld^n's investigations, we cannot do better than give an 
analysis of this volume. At the outset the author introduces 
a class of curves he names periphlegmatic, that is, curves which 
surround a flame. The definition of this sort of curve is that 
it describes continually the space between two concentric 
spheres, and, at every point, turns its concavity towards the 
intersection of the radius vector with the inner sphere. In an 
application to the solar system, the sun is supposed to occupy 
the common centre of the spheres. The investigation is at 
first limited- to the case where this curve is plane. A differen- 
tial equation of the second order is derived which the radius 
vector of this curve satisfies, the independent vaiiable being 
the angle described. The perpendiculai* distance between the 
spheres is called the diastem. The spheres are supposed to 
be drawn so that they touch the curve at the points where the 
radius becomes a maximum or minimum. Thus, in some cases, 
the spheres are regarded as fixed, in others, as movable. In 
the latter case, however, the sum of their radii is supposed to 
remain constant. Thence we have two groups of periphleg- 
matic curves; those with constant and those with variable 
diastems. The author gives examples of both these groups, in 
most cases of which the line of apsides is variable, and con- 
siders the situation and density of the points of intersection 
of these curves with themselves. 
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The idea of an absolute orbit of a planetary body is this : 
an oval symmetrical with regard to an axis movable in space. 
While the axis remains constant in length (the half of it is 
called the protometre), the velocity of its motion may vary, 
and the diastem may also vary. Professor Gyld^n, however, 
admits into the expressions of these variations only terms 
whose period would become infinite did the planetary masses 
vanish. These terms he calls elementary. But elementary 
terms in the diastem and the longitude of the perihelion can 
produce terms in thQ co-ordinates having periods which differ 
but little from the time of revolution of the planet. These 
are also called elementary terms. But the two classes are dis- 
tinguished, the first as being of the type (A), and the second 
as of the type (B). In all the formulas relative to this matter 
the author insists on keeping the arc described by the radius 
as the independent variable. 

The co-ordinates are only approximately given by the pre- 
ceding apparatus of expressions. They must then have certain 
complements added to them ; these, however, are all composed 
of terms which would vanish with the planetary masses. 

In deriving the elementary terms in the radius of a planet 
through the integration of a linear differential equation of the 
second order. Professor Gyld^n attaches much price to his 
method of establishing the convergence of the series formed bjr 
the successive terms. As the latter are obtained through divi- 
sion by divisors of the order of the planetary masses, it might 
be feared that some of them would turn out to be very large. 
But the author prevents this by retaining in the coefficient of 
the dependent variable in the differential equation a quantity 
equivalent to the sum of the squares of all the coefficients in 
the integral. This is named the horistic or limiting function. 
It is plain such an expression could be introduced in the men- 
tioned coefficient, provided that the linear equation is the trun- 
cated form of an equation containing the cube of the variable. 
And in the problem of planetary motion the approximations 
may always be so ordered that this shall be the case. 

With regard to the co-ordinate which exhibits the departure 
of the planet from a fixed plane. Professor Gyld^n does not 
greatly deviate from the procedure of Hansen in following the 
displacement of the instantaneous plane of the orbit. Only here, 
as in the preceding treatment of the radius, he would sharply 
distinguish the elementary and non-elementary terms. 

At this point is introduced certain new nomenclature. As 
before we had diastem now we have anastem to denote the prod- 
uct of the radius and the sine of the inclination ; and what has 
generally been called the true argument of the latitude is here 
called the anastematic argument. Any angular magnitudes 
which are constantly moving through the circumference are 
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astronomic arguments; and when they have the same mean 
velocity of rotation they are isokinetic; and isokinetic argu- 
ments are homorhythmic when, in each revolution through the 
circumference, they always retake together the same corre- 
sponding points. In like manner, the true anomaly is the 
diastematic argument, and we have diastematic and anaste- 
matic coefficients and moduli. It will be seen from this that 
Professor Gylddn does not shrink from imposing on us the 
labor of learning new terms. 

Thus far we have been engaged in denying the equations of 
the path followed by a heavenly body ; it remains to show how 
we may find the point on that path occupied by the body at a 
given moment. There is then necessary an equation between 
the time and the variable assumed as independent, that is, the 
orbit longitude, or, more properly, the amount of angle described 
by the radius vector. If we suppose the absolute orbit to be 
described by the planet so that equal areas are passed over by 
the radius in equal times, it is plain that, on the attainment 
of a given longitude, a definite amount of time must have 
elapsed since the epoch. This is what Professor Gylden calls 
the reduced time ; and he computes the difference between it 
and the actual time required by the theory of gravity for the 
planet to arrive at the stated direction. This mode of proceed- 
ing does not differ from Hansen's except in the point that the 
absolute orbit is substituted for a fixed ellipse. 

But this gives us correctly only the orbit longitude ; for the 
radius and the latitude, which correspond in the absolute orbit 
to this reduced time, are not quite those which the planet has 
at the actual time. Consequently, Professor v/yld^n proposes 
to compute two corrections, the one to be applied to the product 
of the eccentricity into the cosine of the truo anomaly, the 
other to the sine of the latitude. Also the reduction of the 
orbit longitude to the plane of reference must be manipulated 
so that it comes out correctly. 

The employment of the orbit longitude as independent vari- 
able throughout all the integrations necessitates a mass of very 
intricate transformations of terms from one shape into another. 
Also the integrations which bear on elementary terms must be 
kept distinct from those which bear on non-elementary terms. 
A degree of complexity is thus imparted to the subject, which 
makes it difficult to see when one has really gathered up all 
the warp and woof of it. Professor Gylden has nowhere re- 
moved the scaffolding from the front of his building and 
allowed us to see what architectural beauty it may possess ; it 
h net essary to compare a large number of equations scattered 
tlirough the volume before one can opine how the author means 
tu jjrLKH^ed. 

The ivdvantages claimed for the method are that it prevents 
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the time from appearing outside the trigonometrical functions, 
and that it escapes all criticism on the score of convergence. 
The first is readily conceded, but many simpler methods 
possessing this advantage are already elaborated, and it is not 
so clear that the second ought to be granted. 

No completely worked out example of the application of 
this method has yet been published. The great labor involved 
will naturally deter investigators from employing it. 

In 1890 was published ^e memoir of M. H. Poincar^, en- 
titled Sur le problhne dea trots corps et les Equations de la 
dynamique, and which obtained the prize of the King of 
Sweden. Most of the results of this memoir were worked 
over and presented anew with greater elaboration and clear- 
ness by their author in Les MWiodes Nouvelles de la Micanique 
Cdeste. Here we find a large number of new and very inter- 
esting theorems. 

First is to be noted the class of particular solutions in the 
problem of the motion of a system of material points which 
are now named periodic solutions. The initial relative positions 
and velocities of the several points are so adjusted that, after 
the lapse of a definite time, the latter retake them. Hence is 
evident a method which may be employed to elaborate this 
special case of motion, viz., by the tentative process with me- 
chanical quadratures. M. Poiucar^ has divided this sort of 
solutions into three classes, of which, however, the second and 
third are not essentially different. He has shown that, in the 
latter classes, the values of the arbitrary constants of the 
problem must be so adjusted that no secular inequalities, or, 
as Professor Gyia^n calls them, elementary terms, may arise. 
The number and variety of these particular solutions is far 
greater than on^' would at first sight imagine. 

We come now to a second class of particular solutions named 
by the author asymptotic. It arises from the consideration of 
solutions differing very little from periodic solutions. Here 
we have to deal with linear differential equations having peri- 
odic coefficients. The integrals of these contain in their terms 
exponential factors, and on the nature of the exponents of 
these factors depends the quality of the resulting solutions. 
M. Poincar^ has named these exponents characteristic. They 
are roots of an algebraic equation of a degree equal to the 
number of dependent variables involved in the question. If 
any of these roots are imaginary with real portions or wholly 
real, we are in presence of asymptotic solutions. The algebraic 
equation mentioned contains the unknown only in even powers ; 
hence the characteristic exponents are in pairs having the 
same absolute value, but with contrary signs. In all the cases 
presented bjr astronomy, where, on account of the near ap- 
proach to circular motion, a periodic solution can be taken as 
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a first approximation, it appears that the squares of the 
characteristic exponents are all real and negative. Thus, 
there is no call here to consider this sort of solution, and 
this fact must much diminish the interest of the astronomer 
in it. M. Foincar^ has, however, elaborated it with great 
pains, showing how the effect of higher powers of the deviar 
tions from the periodic solution may be taken into account. 
The series resulting are, nevertheless, divei'gent, as in other 
cases. 

The second volume of the Mithodes NouveUea is devoted to 
the elaboration and consideration of various processes for de- 
veloping the integrals of planetary motion according to the 
powers of a small parameter. The chief of these are due to 
Professor Newcomb and MM. Lindstedt and Bohlin; but M. 
Poincar^ has augmented the number of them by introducing 
modifications of his own. All involve the principle of recur- 
rence ; that is, the first step is the only one which is indepen- 
dent, the following depend on all that precede. These methods, 
in their general aspect, do not differ from the old developments 
in powers of the disturbing f6rce, except the operations are so 
adjusted that the time never escapes from the trigonometric 
functions. This is accomplished by greatly augmenting the 
number of the elementary arguments, and by supposing that 
the rate of motion of each of these is developable according to 
integral powers of the before-mentioned parameter, or, in some 
cases, of its square root. 

When there is more than one elementary argument, the 
series obtained in all these ways are pronounced to be generally 
divergent in the rigorous sense of the word. M. Poincar^ 
brings forward several methods of proof of this. The first de- 
pends on the presence of small divisors in the expressions of 
the coefficients. However, when we do not insist on develop- 
ments in powers of a parameter, this method of proof has no 
application. Another method is derived from the principle 
that two characteristic exponents vanish for every uniform 
integral that exists. But the integrals which necessitate this 
conclusion must not only be uniform, they must be valid for 
every possible case of the problem. Now the integrals known 
as those of the conservation of living forces and of areas are 
of this nature; but the integrals derivable from the series of 
Delaunay, Newcomb, and Lindstedt are valid only for a limited 
range in the values of the linear variables. For instance, in 
the problem of the three bodies, if the deformation of the tri- 
angle formed by these bodies is such that we cannot find any 
two sides, one of which sustains to the other an invariable 
relation of greater to less, we cannot apply the mentioned 
series. And here it is well to note that the defect of con- 
vergence does not arise from the application of the processes 
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of integration, but already exists in the development of the 
perturbative function before integration commences. Thus 
Delaunay's development of this function at the beginning of 
his lunar theory is divergent and illusory, imless we have the 
lunar radius in apogee always less than the solar radius in 
perigee, and that without regard to the mode of expressing the 
coefficients. Some of the particular integrals, relied upon by 
M. Poincard to establish the vanishing of all the characteristic 
exponents in case we accept M. Lindstedt's series as valid, lie, 
so to speak, on the boundary of the domain in which these 
series are convergent. 

In the third place an appeal is made to the alleged non- 
existence of analytic and uniform integrals beyond those already 
known. Were this non-existence clearly established it would 
decide the question on the side where M. Poincar^ has placed 
himself. But, at least as far as the non-existence of integrals 
of this nature in a limited domain for the linear variables is 
concerned, the proof given for it is quite defective. This proof 
consists in ascertaining how these integrals, supposing them to 
exist, would behave, should we attempt to derive periodic solu- 
tions from them. It is difficult to present this matter without 
the assistance of algebraic formulae; nevertheless, it may be 
attempted. Let there be a number of equations whose left 
members are formed by the product of two factors. When we 
pass to a periodic solution, one of these factors becomes zero. 
What conclusion can we draw from each of the thus modified 
equations ? Evidently one of two things : either the remaining 
factor of the left member is infinite and the right member 
indeterminate, or it is finite and the right member a vanishing 
quantity. Now in case we are obliged to accept the first con- 
clusion, were it only but once, M. Poincar^ has demonstrated 
the non-existence of integrals ; but, granting that it is proper 
in every case to accept the latter conclusion, the demonstration 
fails. Now he declines to consider the latter alternative, saying 
that he does not believe that any problem of dynamics, pre- 
senting itself naturally, occurs where the right members of the 
mentioned equations would all vanish. But it should be borne 
in mind that, while they do not vanish in the general equations, 
the adjustment of the values of the linear parameters required 
by the passage to a periodic solution may bring about their 
vanishing. Thus, in the lunar theory, a periodic solution is 
brought about by making e = 0, e' = 0, and y = 0, the result 
is the vanishing of every coefficient having any of these quan- 
tities as a factor. 

M. Poincar^ appeals in another place to the fact that the 
Lindstedt series, if convergent, would establish the non-existence 
of asymptotic solutions. But this observation is irrelevant for 
the reason that the domains of the two things are quite distinct. 
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In any case where Lindstedt series are applicable there are no 
asymptotic solutions, and, where there are asymptotic solutions, 
Lindstedt's series would be illusory. 

We owe much to M. Poincar^ for having commenced the 
attack on this class of questions. But the mist which over- 
hangs them is not altogether dispelled; there is room for 
further investigation. 



KRONECKER'S LINEAR RELATION AMONG MINORS 
OF A SYMMETRIC DETERMINANT. 

BY PROFESSOR HENRY S. WHITE. 

Among the minors of any determinant there exist well- 
known identical relations ; those of lowest order, the quadratic 
relations, being readily obtained by the expansion of a deter- 
minant in which at least one pair of rows or of columns are 
identical. If, however, the original determinant is symmetri- 
cal, there are identities of a lower order than the quadratic, the 
linear identities first formally noticed by Kronecker in 1882.* 
These linear relations, published with no hint as to the man- 
ner of their discovery, are suggestive of a certain formula in 
such constant use as to have become a commonplace in the 
transformations of the Theory of Invariants of linear substitu- 
tions. The latter formula, however, relates to products of two 
determinant-factors, while Kronecker's is linear ; but the latter 
uses double indices for the constituents, and herein lies the 
resemblance. By virtue of the ordinary process of multiplica- 
tion of two determinants, Kronecker's theorem is easily proved 
to be a consequence from the other identity. Both are equally 
general, hence it seems likely that the earlier may have been 
the source of the later. This theory I will develop inductively, 
using for the sake of brevity determinants of three rows, and 
obtaining a typical linear relation among three-rowed minors 
of a six-rowed symmetric determinant. 

Form an array of three rows of six constituents each : 



fll 


(h 


<h 


a^ 


^5 


(h 


61 


b. 


bs 


b, 


b. 


be 


Ol 


C2 


Cz 


C4 


C5 


Ce 



* Sitzungsherichte der Berliner Akademie, 1882, p. 824. See also 
C. Range : Die linearen Relationen zwischen den verschiedenen Subde^ 
terminanten symmetrischer Systeme. Jour, fur r. w. a. Math., vol. 93 
(1882), pp. 819-827. 
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Ox 


(h 


ctz 


hx 


ht 


h 


Ci 


Cs 


Cs 



<h 


<h 


<h 


a* 


<h 


a. 


h 


6. 


h 


64 


b, 


ft. 


Ci 


Cj 


Cs 


c* 


Cs 


Cb 








<h 


a* 


05 


a« 








fta 


b. 


ft. 


ft. 








c» 


C4 


c« 


C 



Denote the determinant of any three columns in this array 
by the three indices in proper order, as 



=(123). 



The identity employed in transforming invariants will then 
be written as follows : 

(1) (123)(45 6) = (124)(356)4-(126)(436)4-(126)(453). 

The correctness of this is seen upon developing in minors 
of the first three, and of the last three rows the vanishing 
determinant : 



= 0. 



Multiplying the determinants of each pair in (1), column 
by column, we have in each product-determinant constituents 
all of the same form, which can be abbreviated thus : 

Oia^ -f 6164 + C1C4 = 1, 4, 

or a^i +bfik + CA = h ^' 

Identity (1) will thus become : 



(2) 



We may observe, from the definition of the symbol, that 
I, h = k, i. Accordingly if the 36 quantities 1, A; be arranged 
as a six-rowed determinant, in the order denoted by their 
double indices, that determinant will be symmetric ; that is, if 

then, (3) Z>6 = I ^« l(^ fc = 1, 2, 3, 4, 5, 6) 

will be a symmetric determinant, of which the determinants 
in (2) above will be third minors. 

The identity (2) is a Kronecker relation among three-rowed 
minora of the six-rowed symmetric determinant D^. 



1,4 2,4 3,4 
1,6 2,5 3,6 
1,6 2,6 3,6 


+ 


1.3 2,3 4,3 
1,6 2,6 4,6 
1,6 2,6 4,6 

1.4 2,4 6,4 

1.5 2,6 6,5 
1,3 2,3 6,3 


+ 


1,4 2,4 6,4 
1,3 2,3 5,3 
1,6 2,6 6,6 
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Such relations are thus derived for certain symmetric six- 
rowed determinants. D^, however, is of a highly specialized 
type ; it is the discriminant of the sum of three 6-ary squares. 
Is the relation (2), established for this special type, vadid for 
all symmetric determinants of six rows ? It is ; for it involves 
no constituent from the principal diagonal, so that the 18 
parameters of our 6x3 array are available for representing 

the 15 constituents f — ^ = 15 j, lying outside the principal di- 
agonal of any given symmetric 6-rowed determinant. 

The same consideration can be relied upon in adapting this 
proof to any Kronecker relation among 771-rowed minors of a 
2 m-rowed symmetric determinant, since always 

For convenience of reference, I subjoin the general form of 
this relation as enunciated by Kronecker, loc, cit. : 

r 

/^=1, 2,«--,m; ^=m-|-l, m-f2,---, 2m N 

\t=l, 2,-.',m— l,r; k=m-^l, m-|-2,«-, r— 1, m, r+l-.2m/ 

Northwestern University, 
Etanston, Illinois, December 10, 1895. 



ON THE LISTS OF ALL THE SUBSTITUTION 
GROUPS THAT CAN BE FORMED WITH A 
GIVEN NUMBER OF ELEMENTS. 

BY DR. 6. A. MILLER. 

T. P. KiRKMAN published in 1863 the first extensive list of 
all the transitive substitution groups that can be formed with 
a given number of letters. A number of interesting facts are 
associated with this list. Before entering upon its discussion 
we shall give a brief account of the more important direct 
steps towards the formation of such lists. 

Paolo Ruffini published a work* in 1799 in which we do 

* The complete title of this work in two volumes is, "Tieoria generale 
delle equazionU in aii si dimostra impossibile la sohtzione algebraica 
delle equazinni generali di grado auperiore al quarto, di Paolo Buffinii** 
Bologna, 1799. 
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not only find groups divided into transitive,* intransitive, 
primitive and non-primitive, but also an attempt to give all 
the orders of Xhe groups that can be formed with five elements. 
This work is especially interesting because it contains some 
concepts which have been attributed to Cauchy for a long 
period of years.t 

In 1845 Augustin Cauchy published in Comptes Rendus, vol. 
21, pp. 1363-1369, lists of all the possible orders of the groups 
that can be formed with two, three, four, five, and six letters. 
He determines the orders of the intransitive, non-primitive 
and primitive groups separately. His lists contain a few orders 
for which no group of the given class exists, and the list of 
the orders of the non-primitive groups of degree six does not 
contain 36. There aie no other omissions. Some theorems 
relating to group construction precede these lists. 

In 1850 J. A. Serret published in LimtvilWs Journal com- 
plete lists of all the substitution groups that can be formed 
with four and with five letters. No special notation is employed, 
but the groups are written in ordinary language in the sum- 
maries on pages 52, 53 and 65-67. The facts that these lists 
are complete and that they contain the groups themselves 
instead of their orders only are evidences of a significant step 
forward even if the author confined himself to a very small 
number of letters. 

Emile Mathieu continued the lists which Cauchy began, by 
enumerating all the possible orders of gi'oups which contain 
seven and eight letters. These lists are given in Comptes 
RenduSj vol. 46, pp. 1048 and 1208 respectively. 



Kirkman's List. 

This is found in ^^Proceedings of the Literary and Philo- 
sophical Society of Manchester'' (1863), vol. 3, pp. 133-152.1: 
A table of corrections containing ten additional groups and 
some changes of the notation of the groups in the list is given 
by the same author on p. 172, vol. 4, of the same journal. 

We reproduce below, the first part of this list, through degree 

♦Cf. Jordan, TVai^e (fc« «uft«/i^t/tJon«, preface VII. ; Mathieu, Comptes 
Rendus, 46, pp. 1048 and 1049. 

t Cf. H. BuRKHARDT, ScMomtlch^ 8 Zeit8chr\ft, 1892, supplement, p. 159. 
In the same article is found a discussion of the part of Ruffini's work 
which relates to substitution groups, pp. 133-137. We refer to this article 
for a more complete account of Ruffini's work. 

X The heading of the article in which this list is given is, "The com- 
plete theory of groups, being the solution of the mathematical prize ques- 
tion of the French Academy for 1860. By the Rev. Thos. P. Kirkman, 
M.A., F.R.S., and honorary member of the literary and philosophical 
societies of Manchester and Liverpool.^' 
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four, for the purpose of adding clearness to the following 
remarks. It may be observed that the group of two letters is 
not given in the list. 



3.1=1+23, Q=l 

4.1=1+24+12., Q=3 
4.3=1+881+3^., Q=l 



3.2=l+28+3a, Q=l, 

4.2=l+24+3^+2„., Q=3, 

4.6=l+8ai+3^+64+6„., Q=l.« 



Explanations of the notation. The first members of these 
equations give the orders of the groups. The second members 
give the enumeration of the different types of substitutions 
found in the groups. The subscripts indicate the degree of the 
cycle or cycles that compose the substitutions of the given 
type. Q stands for the number of conjugates of the group in 
the corresponding symmetric group. 

The list and the table of corrections contain all the transi- 
tive groups through degree seven vnth exception of the group 
of degree two mentioned above. The following six groups of 
degree eight are omitted. 

Obdib. Nitmbbb. GBorp. 

^^ ^ <(ae.bf.cg,dh)B'(a^cd.efgh)oT\ 

^^ ^ I (aebf, cdgh) eye (ac . bd)(ef. gh), \ 

{abed . efgh) pos (ae,bg. cf, dh), 

^ (ae.bf.cg. dh) \ {abcd)^^{efgh)yi\ t«r, 

(ae.bg, cf. dh) \ (abcd)^{efgh)^\ ter, 

} (abed) all (efgh) all { sex (ae .bf.cg. dh), 

\ (abed) all (efgh) all j pos (aebf. eg . dh). 

The two given groups of order 16 are conformal t and they 
have the same number of conjugates in the symmetric group 
of degree eight. It is, therefore, impossible to determine 
which of these is omitted, since Kirkman's notation for the two 
is exactly the same. The fact that his notation involves such 
uncertainty is an objection to it. A more serious objection is 
furnished by the fact that the notation does not enable one to 
write directly the substitutions of the group. 

* The list does not contain the four-group. This is given in the table of 
corrections together with two missing groups of degree six, viz., {abcdef) 12^ 
and ± {abcdef)%\. The list is complete for the degrees three, five, and 
seven. 

t For brevity we use the term •* conformal groups " for non-conjugate 
groups, all of whose substitutions are of the same type. Kirkman does 
not give any conformal groups in the list itself. The table of corrections, 
however, contains a group which is conformal to one in the list, viz., a 
Gzi' Cf. Kirkman, MathemcUics from EducationcU Times, vol. 88, 
pp. 80, 81. 



24 


1 


96 


1 




2 


192 


1 


676 


1 
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It appears quite likely that Kirkman regarded the two given 
groups of order 16 as conjugate without going through the full 
proof. Two other omissions may be accounted for in almost 
the same way. Kirkman's group of order 96, and the first 
group of this order given above, as well as the two positive 
transitive groups of order 192, are also conformal. In each of 
these cases the omitted group has 210 conjugates in the sym- 
metric group of degree eight, while the given group has only 
105, so that it is easy to determine which of the conformal 
groups are in the list. 

The other three omitted groups cannot be accounted for in 
the same way, since Kirkraan's notation for these groups would 
be quite distinct from that used for other groups in the list. 

It may be observed that while Kirkman omitted six transi- 
tive groups of degree eight there are twenty-four such omis- 
sions in Cay ley's list,* which was published about thirty years 
later. 

The six groups, which are not given in Kirkman's list and 
table of corrections, have been published as follows : 

Three, those of orders 16 and 96, in Cayley's list mentioned 
above. The other three were first published in this journal ; 
those of orders 192 and 576,t May, 1893, and the one of order 
24, April, 1894. 

For degree nine Kirkman again omitted six groups, viz. : 

OSDES. NUXBKB. ObOUP. 

54 1 (abc,def)cjc(dbc.ghi)cjc((idg,bfi,ceh) 
xlad,be,cf,gh)f 

( [{ (a6c)all((fe/)all \yos(ghi)Bl\] 8ex(adg, bfi. ceh) ^ 

2 -^ or yabc . def)cyc(abc . gh{)cyc(adg . bfi . ceh)cyc y 

( x(ad.bf.ce)f ) 

72 1 (abed . efgh) eye (<ic . ef, gh) (act . bgh .dfe.) eye, 

108 1 [ { (abc) aU (def) all | pos (^ht) all] sex 

X (adg . bfi , ceh) eye (ad . be . c/. gh), 

162 1 } (aJbc) pos {def) pos {gh%) pos -h {abc) neg (def) neg 
(ghi) neg j (adg . beh . cfi) eye, 

648 1 { (ahc) all (def) all (ghi) all } pos x (adg . beh . cfi) eye 
(ad.be. cf). 

It is impossible to decide which one of the two groups 542 is 
given by Kirkman, for they are conformal, and one has 1120 
while the other has 3360 conjugates in the symmetric group of 

• Quarterly Journal of Mathematics, vol. 25, pp. 137-155. 

t These two are given in Professor Cole's " Note on the substitution 
groups of six, seven, and eight letters." This "note" is also found in 
(Quarterly Journal of Mathematical vol. 26, pp. 372-376. 
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degree nine. Kirkman gives 1680 as the value of Q, which is 
certainly erroneous. 

It may be well to state here that numerous errors occur in 
Kirkman's notation for other groups, especially in the higher 
orders. He never gives any more groups of a given order than 
actually exist. It therefore seems quite likely that the errors 
in notation are due to insufficient study of the groups under con- 
sideration. This view is, perhaps, supported by the author's 
statement in the introduction to the list, viz., " If any (transi- 
tive groups whose degree is less than 11) have escaped me, it is 
the fault, not of my method, but of my carelessness." For 
degree ten the list is so inaccurate as to be of little value. 

In 1872, Camille Jordan gave an enumeration of the num- 
bers of primitive groups for each degree through degree seven- 
teen in Comptes Bendtis, 75, pi 1757. Only two omissions have 
been published, one of degree ♦ nine and the other of degree 
twelvcf 

About twenty years later t Askwith, who apparently was 
unacquainted with Serret's li8t,§ published two articles in the 
Quarterly Journal of Matliematics || in which he endeavored 
to give all the groups for each degree from three to nine, 
together with the methods by which they may be found. He 
referred only to Serret's work,ir although two more compre- 
hensive treatises ** had been published. 

In the following number of the same journal. Professor Cay- 
ley gave the results which Askwith had obtained, together with 
some additions, in a condensed and perspicuous f orm.tt In the 
introduction to this list he explains his notation and calls at- 
tention to some very important principles in group construc- 
tion. The list is very inaccurate. Twenty intransitive and 
twenty-eight transitive groups were omitted. 

Since Cayley's notation is far superior to Kirkman's, and 
since the corrections to Cayley's list are published in the same 
notation as the list itself, it may be of especial interest to give 
an outline of these corrections. 



• This journal, vol. 3, p. 246. 

t Ibid, vol. 1, 2d series, p. 2&6. 

X The most important work in the line of our subject, which was 
published in this period, is that of Veronese, Annali di Mathematica (2), 
vol. 11, pp. 93-233. This contains lists of the groups of degrees 2, 3, 4, 
5, and 6, on pp. 153, 167, 158, 167, 168, 177-190, 232, 233. Both the transi- 
tive and the intransitive groups are enumerated. 

§ Cf. Quarterly Journal of Mathematics^ vol. 24, p. 111. 

II Vol. 24, pp. 111-167 and 263-331. 

^ Jbfd. pp. Ill, 144, 270. 

*• J(mi>i>, Traite dies Substitutions^ 1870, and Netto, Substitutionen- 
iheorifft 18J?2. Cadchy's work, Exercices d" analyse, vol. 3, pp. 151-262 
(1844), Is xvol quite as comprehensive as Serret's. 

tt QuarUrl^ Journal of Mathematics, vol. 26, pp. 71-88 and 137-165. 
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In the " Note on the substitution groups of six, seven, and 
eight letters,"* Professor Cole gave all the missing groups 
except two. Some errors in this note are corrected by its 
author in the Quarterly Jaumalf It remains to add that in 
the enumeration at the end of the note, 199 and 48 should be 
replaced respectively by 200 and 50. The two missing groups 
were published separately in this journal, t 

It is very probable that the groups through degree eight 
have been completely determined. The following enumeration 
may therefore be accepted with a great deal of confidence as 
a permanent one. 

Number of letters 
Number of groups 
Transitive groups 

Through degree five Serret's list of 1860 was complete, as 
stated before. 

The work begun by Askwith in the two articles mentioned 
above is continued in vol. 26 of the same journal. His attempt 
to determine all the transitive groups of degree nine was not 
wholly succes8ful.§ 

All the groups of degree nine || and the transitives of de- 
grees ten IT and eleven have recently been published by Pro- 
fessor Cole, and the intransitives of degree ten ♦♦ by the author. 
From the preceding it will be seen that these enumerations 
according to degree have been pursued to the following extent. 
All the possible groups through degree ten, the transitives 
through degree eleven,tt and the primitives through degree 
seventeen have been determined. 

It should not be inferred that the enumerations accord- 
ing to degree are the only ones which have received atten- 
tion. In addition to these, there are enumerations of the 
primitive groups according to class, || of simple groups 

« This journal, May, 1893 ; Quarterly Journal of Mathematics, yoI. 26, 
pp. 372-376. 
t Vol. 27, p. 60. 

I Vol. 3, pp. 168 and 242-244. Professor Moore informed me that this 
group had been determined in practically the same manner by Noetheb, 
Mathematische Annalen, vol. 15, pp. 90-95. 

§ Cf. this journal, vol. 2, p. 260. 

II Quarterly Journal of Mathematics, vol. 26, pp. 376-388. Cf. Ihid, 
vol. 27, p. 102, foot-note. 

T Ibid, vol. 27, pp. 39-60. Cf. this journal, vol. 1, 2d series, pp. 67-72. 

** Quarterly Journal of Mathematics, vol. 27, pp. 99-118. 

tt The transitives of degree twelve will appear in vol. 28, Quarterly 
Journal. 

XX Jordan, Comptes Rendus, vol. 76, p. 1767 ; Nbtto, Theory of Sub' 
ttUutions (Colb'8 edition), pp. 133-138. 
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according to order,* of groups whose orders are composed 
of given kinds of factors,t of regular groups according to 
degree, t etc. 

Methods of Group Construction, 

Most of the lists which have been mentioned are preceded 
by brief explanations of the methods employed by the authors, 
and references are generally given to works where more com- 
plete explanations may be found. Among the separate articles 
on this subject, special attention should be called to the two 
following : " On the construction of intransitive groups "§ by 
Professor Bolza, and " Construction of composite groups " | by 
Professor Holder. 

The methods of finding all the groups of a given degree may 
be divided into two great classes : (1) those by means of which 
we prove the existence of groups and find their distinguishing 
features, and (2) those by means of which we prove the non-ex- 
istence of given types of groups in certain regions. The method 
of the second class employed in the following examples has exten- 
sive application in the construction of such non-primitive groups. 

In constructing the non-primitive groups of degree ten, it is 
necessary to inquire whether there is a non-primitive group 
with five systems of two letters which is simply isomorphic to 
(abode) pos. If we interchange the systems only according to 
the substitutions of the given group in five letters and pre- 
serve the same order of the letters of the systems throughout, 
we evidently obtain {abcde 'fghif) pos. The averj^ number of 
letters in tlus group is eight,! and the average number in the 
required group is nine.lT If such a group exists, it must there- 
fore be possible to solve the Diophantine equation, 

20 a -f 15 6 = 60 (a = 0, 2, 4 ; 6 = 0, 2) . 

* Holder, MathematiacJie Annalen, vol. 40, pp. 65-89 ; Cole, Ameri- 
can Journal, vol. 14, pp. 378-388, and vol. 15, pp. 303-316 ; Frobekius, 
Berliner MUtheilungen, 1893, pp. 221-229 ; Sitzungsherichte, 337-345. 

t Netto, Theory of Substitutions (Cole's edition), pp. 145-149; 
Young, American Journal, vol. 16, pp. 124-179; Cole and Glover, 
ibid. pp. 191-221 ; HeiLDER, Annalen, vol. 43, pp. 301-413, and QoUinger 
Xachrichten, 1895, pp. 211-229; Sylow, Acta Mathematical vol. 11. pp. 
201-266 ; Burnside, Proceedings of the London Mathematical Socittpy 
vol. 26, pp. 9-18. 

t Kempe, Philosophical Transactions^ vol. 177, pp. 37-43; Catlet, 
American Journal, vol. 11, pp. 1.39-157 ; Levavasseur, Comptes Bendus, 
vol. 120, pp. 822-826 and 899-903; vol. 121, pp. 238-240. 

§ American Journal of Mathematics, vol. 11, pp. 195-214. 

II Mathematische Annalen, "Bildung zusammengesetzter Gruppen," 
pp. 321-422. A series of articles on elementary methods of group con- 
struction are now being published in the American Mathematical Monthly. 

T Frobbnius, Crelle, vol. 101, p. 287. Cf. ** A simple proof of an ele- 
mentary theorem in substitutions,^* etc. This journal, current vol., p. 76. 
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This equation depends directly upon the fact that the sub- 
stitutions of the non-primitive group must interchange all 
the systems represented by the letters of the corresponding 
substitution of (abcde) pos, and leave the remaining sys- 
tems unchanged. Since the given Diophantine equation has 
clearly no solution, no non-primitive group of the required 
type exists. 

Similarly there can be no non-primitive group of degree twelve 
whose six systems of two letters correspond to the elements of 
(abcdef) pos and whose base is unity unless the following equa- 
tion can be solved, 

40a + 466 4- 144c = 360 

(a = 0, 2, 4, 6; 6 = 0,2,4; c = 0, 2). 

This has evidently no solution. It is not necessary to examine 
the corresponding symmetric groups ; for, if it is possible that 
a non-primitive group in the given number of systems is simply 
isomorphic to either of them, its self-conjugate subgroup corre- 
sponding to the alternating group must be intransitive. This 
could, therefore, be regarded as the base, and its systems of 
intransitivity as the systems of the required non-primitive 
group. 

It remains to notice a certain dual interpretation of the ele- 
ments of a non-regular primitive group. If we represent the 
subgroups which do not contain a, 6, • • • by ^, 5, • • •, then will 
every substitution of the group (a6c . de • • •) interchange these 
subgroups according to an identical substitution in the capital 
letters (ABC. DE' • •). We may, therefore, think of the sub- 
stitutions as interchanging the elements or as interchanging 
these subgroups. This dual interpretation is not always so 
interesting in the other groups, since there need not then be 
a 1, 1 correspondence between the elements and the capital 
letters.* 

Whenever all the capital letters stand for subgroups whose 
degree is one less than the degree of the group, such a 1, 1 cor- 
respondence must exist even if the group is intransitive or non- 
primitive. 

Leipzig, October^ 1895. 

• Cf. Moors, this joamal, vol. 1, 2d series, pp. 61, 62. 
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ON CAUCHY'S THEOREM CONCERNING COMPLEX 
INTEGRALS. 

BT PROFESSOR MAXIME BOCHEB. 

The following arrangement of the proof of Cauchy's theo- 
rem, that the integral of a holomorphic function in a simply 
connected region is a function of the limits of integration, but 
not of the path, is more elementary than the proofs ordinarily 
met with. Like the proofs given by Goursat * and Jordan,t 
it avoids the use of double integrals or the calculus of varia- 
tions, and it has the advantage over these proofs not merely of 
brevity, but also of avoiding more or less complicated consid- 
erations of limits. The materials from which the following 
proof is built up are so familiar to all students of the theory 
of functions, t and the consequent probability that this method 
of putting them together is not unknown, is so great, that I 
should hardly have ventured to publish it, had it not seemed 
to possess peculiar pedagogical advantages. These depend, 
apart from its elementary character, on the fact that almost 
all the steps involved establish theorems, or illustrate methods, 
with which the student must become familiar sooner or later. 

The theory of integrals of a function of a complex variable 
depends, as is well known, on the theory of integrals of the 
form 

in which P and Q are real functions of the two real variables 
X, y. We will begin with the theorem 

8 being any region in the xy-plane in which P and Q are single- 
valued and have continuous first partial derivatives, a necessary 
and sufficient condition that the integral I should depend merely 
on the limits of integration is the existence in Sofa single^alued 

function 4^(x, y), for which ^ = P, -? = Q. 

For, if such a <^ exists, Pdx -\- Qdy is the complete differen- 
tial of <^, and the integral / is the limit of the sum of the 
increments of <^, which we get in going along the path of 
integration from (a, h) to {x, y). But the sum of these incre- 
ments is <t>(xy y) — ^(a, 6), so that I is independent of the path 
of intpc^ration. Conversely, if I is independent of the path, it 

* See TUrkness and Morley's Theory of Functions^ p. 164. 
t Cimr» d" Analyse (2d ed.), vol. 1, p. 185. 

\ See, (or instance, Picard, Traite d* Analyse, vol. 1, pp. 81-83, and 
BotiftaiJSESQ, Cours d Analyse inflnithsimal, vol. 2, pp. 6-12. 
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will be itself (the lower limit (a, b) being regarded as constant) 
a function <l>(x, y) of the sort we want ; for, in the first place, 
/ is now single-valued in /8 by hypothesis. Its increment when 
X alone changes is 

'»(«+A«. f ) _ 

(Pdx+Qdy). 






In this integral the path of integration may be taken as a 
straight line, so that y is constant. We get then 

^=C^^P(x, y)dx = Aa; . P(« + *^. y)f 
where O^tf^l. Dividing through by Aa;, and taking the limit ' 
as Aa; approaches zero, we get -— = P(x, y). Similarly, we find 

Obviously, then, a necessary condition that I should be inde- 
pendent of the path is that at every point of S 

since both sides of this equation will be t-?-* It remains to 

show that this is also a sufiftcient condition, provided that the 
region included between the paths of integration belongs wholly 
to the region S, as would necessarily be the case if 8 were 
simply connected. We first prove the following : 

Lemmd, — Equation (A) ia a sufficient as well as a necessary 
condition for rectangular regions 8 whose sides are parallel to the 
axes ofx and y. 

To establish this lemma, we must show that if equation (A) 
holds throughout our rectangle, a single-valued function <^ exists 

there, such that ^ = P, ^ = Q. Such a <^ we get here again 
ox oy 

in the integral / itself, provided that, in order to ensure that 

/ shall be a single-valued function of a?, y, we agree to make 

the path of integration consist of two straight lines, — from 

(a, h) to (a;, h) and from (a;, h) to (a;, y). Owing to the restricted 

shape of Sj these two Imes will always lie wholly in 8, We 

have then 



<^=jrP(af, b)dx+£Q(x, y)dy, 



Digitized by VjOOQIC 



148 THEOREM CONCERNING COMPLEX INTEGRALS. [Feb. 

From the lemma just proved, it follows at once that equation 
(A) is the necessary and sufficient condition that the integral 
/ snould vanish when taken around any closed path which lies 
within or upon the boundary of a rectauigle of the sort we have 
just considered. 

We will now state the final proposition we have to prove in 
the following form : 

Whatever shape the region S may have, the sufficient as well as 
the necessary condition that the integral I taken in the positive 
direction around the complete boundary of any region S' lying 
actually within ♦ 8 should he zero, is equaHon (A). 

To prove this, let us divide up that portion of S where S^ 
lies into rectangles by lines parallel to the axes of x and y, and 
take these rectangles so small f that those rectangles which lie 
partly within and partly without 8^ shall lie wholly within 8, 
Then 8^ will be divided into a number of pieces, some of which 
are rectangles, while the others are parts of rectangles. The 
integral tsien in the positive direction around the complete 
boundary of /S" is obviously equal to the sum of the integrals 
taken in the positive direction around the boundary of each of 
the small pieces into which we have divided 8\ But each of 
these last integrals vanishes if equation {A) holds throughout 
8, since each of the paths lies within or on the boundary of a 
rectangle of the sort considered in the preceding lemma, 
throughout which equation {A) holds. The integral taken 
around the complete boundary of 8* will therefore vanish, if 
{A) holds throughout 8. 

Bearing in mind that 

j (tt + v%)(dx + idy)=^ j (udx — vdy)+i I {vdx -f udy\ 

we infer at once from the proposition just proved the following 
proposition : 

u and V being single valued real functions of the real variables 
X, y in a region 8 of the xy-plane, and having there continuous 
first partial derivatives, the necessary and sufficient condition 

that j (u -f vi)(dx + idy) taken around the boundary of a region 

8' which lies within 8 shouM be zero is: 

du_dv^ du dv 

dx dy ' dy dx 

* That is, the boondaiy of 8' must not coincide with that of 8 at any 
point. 

t It should be carefully noticed that these rectangles are not ** infini- 
tesimal/' t'.e. that we are not going to allow them to decrease inde&iitely. 
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It might be objected that in the above proof we assiime that 
the region S' around whose boundary we integrate lies within 
another region S, throughout which the conditions of continu- 
ity and the equation (A) are satisfied. In the first place, 
however, this will be true in all cases to which we ordinarily 
apply the theorem ; * and in the second place the proof can 
easily be so modified as to obviate this difficulty, at least for 
all ordinary shapes of the boundary. All we should have to 
do would be by a slight extension of the method to prove the 
lemma given above, not for rectangles with sides parallel to 
the axes of x and y, but for regions bounded by three sides of 
such a rectangle, and on the fourth side by a curve which is 
cut by no line parallel to the two parallel straight sides in 
more than one point. It will clearly be possible, in any ordi- 
nary case, to take the rectangles into which we cut up the region 
S' so small that the pieces of rectangles which occur near the 
boundary of S' shall be of this nature. 

Harvard Univbrsitt, December, 1895. 



NOTES. 



A REGULAB meeting of the American Mathematical So- 
ciETT was held in New York, Saturday afternoon, January 25, 
at three o'clock, the President, Dr. Hill, in the chair. There 
were seventeen members present. One nomination for mem- 
bership was received. The report of the auditing committee, 
appointed at the preceding meeting to examine the Treasurer's 
accounts, was presented and accepted. The following papers 
were read : 

(1) Professor Henry S. White : " Kronecker's linear rela- 
tion among the minors of a symmetric determinant." 

(2) Professor H. Tabeb: "On certain sub-groups of the 
general projective group." 

In the absence of Professor White his paper was read by 
Mr. Ling. 

The following mathematical courses are offered in the Uni- 
versity of Leipzig for the summer semester of the present 
year : — Professor Scheibner : Theory of numbers ; — Professor 
Neumann: Selected chapters in mathematical physics; — 
Professor Lie: Theory of groups (continuous transformation 
groups); — Professor Mayer: Differential equations of dynam- 

* The only case when it would not be true would be when the path of 
integration meets a natural boundary of the function we are integrating. 
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ics; — Professor Engel: Ordinary differential equations; — 
Dr. Scheffers: (1) Theory of surfaces; (2) Introduction to 
higher mathematics ; — Dr. Hausdorff : (1) Analytic geometry ; 
(2) Introduction to the mathematical theory of assurance. 
Owing to the illness of Professor Bruns, the astronomical 
courses have not yet been announced. 

The number of mathematical students at Leipzig (not includ- 
ing those studying mathematics as a minor) is at present 42; 
last summer it was 37, the preceding winter 25. 

The Royal Academy of Science and Letters of Denmark 
offers a gold medal to the author of a memoir containing a 
notable contribution to the solution of the following problem : 
To indicate the necessary and sufficient criterions to decide whether 
an algebraic equation with given numerical coefficients belongs, or 
does not belong, to the class of Abdioii equations. 

In presenting the question, it is stated that notwithstanding 
the great progress of algebra in modern times, with the excep- 
tion of equations soluble by square roots, the problem to deter- 
mine whether or not a given algebraic equation of unknown 
origin admits of solution, is to-day substantially where it was 
at the beginning of the century. However, it can hardly be 
doubted that the evolution of algebra during this epoch should 
render some advancement possible and furnish, in some cases 
at least, new methods of determining whether such an equation 
is of the class soluble through the extraction of roots. 

Competitors should send their manuscripts before the end of 
October, 1896, to the Secretary of the Academy, Professor 
G. H. Zeuthen, of the University of Copenhagen. Decision will 
be rendered during the month of February following, after 
which authors may withdraw their memoirs. 

Report of the Treasurer for the Tear 1895. 

The report which I have the honor to submit to you exhibits the re- 
oeiptfi and disbursements for the year ending December 27, 1895. 

In the receipts are included : Ist, the amounts received for dues and 
initiation fees for the year 1895 ; 2d, the amounts received for dues of pre- 
vious years ; 3d, the amounts received for dues of the year 1896 ; 4th, the 
amounts received from subscriptions to and sales of the Bulletin ; and 5th, 
the amounts received from subscriptions to fund for publication of papers 
presented at the Mathematical Congress of the Columbian Exposition. 

The total receipts of the Society during the past year, as shown by the 
following itemized statement, amount to $1423.26. The disbursements 
for the same period amount to $862.63. The itemized vouchers for these 
disbursements are herewith submitted in Exhibit A. 

The Society's present cash assets, including in these a total of $192.50 
of subscriptions to the publication fund mentioned above, on deposit in 
the Fifth Avenue Bank of New York, are $1677.30. The net increase in 
assets during the past year is $560.63. 

R. S. Woodward, Treasurer. 

New York, December 27, 1895. 
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The Treasurer in Account with the American Mathematical Society. 



Dr. 

1805. 
Dec. 27. 
To balance on hand Dec. 

27,1894 $1116.67 

To cash received for does 

and initiation fees for 

the year ending Dec. 27, 

1895 1156.26 

To cash received for dues 

for the year 1893 10.00 

To cash received for dues 

for the year 1894 85.00 

To cash received for dues 

for the year 1896 20.00 

To cash received from 

subscriptions to and 

sales of the Bulletin. . . 119.50 
To cash received from 

subscriptions to fund for 

publication of papers of 

Mathematical Congress 

of Columbian Exposi- 
tion 82.60 



Cr. 
1895. 

Dec. 27. 

By cash paid Macmillan & 
Co. for publication of 8 
numbers of Bulletin and 
extra copies thereof . . . $556.50 

By cash paid William R. 
Jenkins for stamped en- 
velopes ; for printing 
notices of meetings, cir- 
culars, biUlots, and 
blanks; and for sta- 
tionery 168.56 

By cash paid for expenses 
of publication commit- 
tee, including clerical 
assistance, postage, ex- 
pressage, services of 
messengers, and tele- 
grams 113.57 

By cash paid as contribu- 
tion of American Math- 
ematical Society to the 
New York Alliance of 
Scientific Societies 24.00 

By balance on deposit in 
the Fifth Avenue Bank 
of New York, N. Y . . . . 1677.30 



#2539.93 



RbPOHT of AUDITINO COMMITTBB. 

The Committee finds that all sums entered as receipts in the Treas- 
urer's books are properly accounted for by the balance remaining to the 
Society's credit in the bank and by proper vouchers for expenditures. 

F. N. Cole, 
J. B. Chittekden, 
FoMBRor Ladub. 
Nbw York, January 25, 1896. 
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NEW PUBLICATIONS. 

HIGHER MATHEMATICS. 

Cantor (M.). Vorlesungen ttber Geschichte der Mathematik. (In 3 
B&nden.) Band III: Vom Jahre 1668 bis zum Jahre 1759. (In 3 
Abteilungen.) Abteilung II: Die Zeitvon 1700 bis 1726. Leipzig, 
Teubner, 1896. 8vo. pp. 263-472. Mk. 6.00 

DioPHANTus Albzandrikus. Opera omnia com grsecis commentarlLs. 
Edidit et latine interpretatus est P. Tannery. Vol. II : Pseudepi- 
graphica ; testimonia veterum ; scholia vetera, etc. Lipsise, Teub- 
ner, 1895. 8vo. 48 and 298 pp. Mk. 5.00 

D*OviDio (E.). Geometria analitica. Torino, Bocca, 1896. 8vo. 16 
and 443 pp. Fr. 10.00 

Favaro (A.). Lezioni di geometria proiettiva. 3a edizione, riveduta ed 
aumentata. Padova, Sacchetti, 1895. 8yo. 8 and 260 pp. 

Fr. 6.00 

GuTOT (E.). Simple expose des relations k ^tablir entre les ^nations et 
leurs racines. Paris, May et Motteroz, 1895. 8vo. 86 pp. 

Hbrmite (C). Sur les nombres de Bemouilli. Bruxelles, 1896. 8vo. 
10 pp. Fr. 1.00 

KovALBwsKT (S.). Souvenlrs d^enfance, ^rits par elle-m6me et soivis de 
sa biographic par A. C. Leffler. Nouvelle ^ition. Paris, Hachette, 
1896. 16mo. 10 and 304 pp. Fr. 3.50 

Las db Bosredon (V.). Considerations sur Pintersection des coniques. 
Bruxelles, 1896. 8vo. 14 pp. Fr. 1.00 

Leffler (A. C). See Kovalewskt (S.). 

MiJLLBR (W.). Transformationstheorie der Monge-AmpAre'schen par- 
tiellen Dinerentialgleicbungen zweiter Ordnung Hr -^ 2 K» ■{- St •{■ M 
+ JV (r« - ««) = 0. [Diss.] Leipzig, 1895. 8vo. 44 pp. 

Rib MANN (B.). Sur les hypotheses qui servent de fondement k la g^ 
metric. Traduit de I'allemand par J. HoUel. 2e tirage. Paris, 
Hermann, 1895. 4to. Fr. 3.00 

Sauvagb (L.). Th^orie g^n^rale des syst^mes d* ^nations diff^rentielles 
lin^aires et homog^nes. Paris, Gauthier-Villars, 1895. 4to. 184 pp. 

Fr. 6.00 
Tannery (P.). See Diophantus Alexandrinus. 

Toubnois (A.). Lemons compl^mentaires d^alg^bre et notions de g6om^ 
trie analytique, & Pusage des candidats k Vtkiole sp^iale militaire 
de Saint-Cyr. Cbftteauroux, Majesty et Bourchardeau, 1896. 8vo. 
208 pp. Fr. 4.50 

VoLKMANN (P.). Franz Neumann, ♦ll. September, 1798, t23. Mai 
1896. Ein Beitrag zur Geschichte deutscher Wissenschaft. Dem 
Andenken an den Altmeister der mathematischen Physik gewidmete 
Bl&tter, unter Benutzung einer Reihe von authentischen Quellen 
gesammelt und herausgegeben. Leipzig, Teubner, 1896. 8vo. 8 
and 68 pp., portrait. Mk. 2.40 

Weber (E.). Applicazioni geometriche ed analitiche di calcolo differen- 
ziale ed integrale. Milano, Richiedi, 1895. 16mo. 264 pp. 

Ft. 3.50 
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ELEMENTARY MATHEMATICS. 

AicARDi (V.). n triangolo ; nozione particola reggiata di questa figara 
seguita da 740 problemi risolti. Torino, 1895. Svo. 200 pp. 

Fr. 4.00 

Bakandall (G. a.). See Harbison (J.) and Bakandall (G. A.). 

Beman (W. W.) and Smith (D. E.). Plane and solid geometry. Bos- 
ton, Ginn, 1895. 12mo. 10 and 320 pp. $1.35 

Bourdon, ^l^ments d^alg^bre. 18e ^ition, revue et annot^ par E. 
Prouhet. Paris, Gauthier-Villars, 1895. 8vo. 12 and 658 pp. 

Fr. 8.00 

DiESENER (H.). Die Stereometrie. Praktisches Unterrichtsbucb zur 
leichten Erlemung der K5rperberechnung und der Verbaitnisse der 
Linien und Fl&cben im Raum. 2te Auflage. Halle, Hofstetter, 
1895. 870. 4 and 88 pp. Mk. 2.00 

Die ebene Trigonometrie und die Goniometrie. Praktiscbes 

Unterricbtsbuch zur leicbten Erlemung der Benennungen der trigo- 
nometriscben Funktionen, etc. 2te Auflage. Halle, Hofstetter, 

1895. 8vo. 4 and 118 pp. Mk. 2.00 

DuFAiLLT (J.). G^m^trie. 9e ^ition, conforme auz demiers pro- 
grammes. Villefrancbe-de-Rouergue, Bardoux, 1895. 8vo. 432 pp. 

Fr. 5.00 
Euclid. See Tatlor (H. M.). 

Ferrucci (A.). See Serrbt (G. A.). 

Gambioli (D.). Raccolta di esercizt di aritmetica generale, algebra e 
meccanica elementare, con parecchi esempl gi& risolti ; ad uso degU 
allievi dei licei, istituti technici, nautici e scuole militari. Bologna, 
ZanicbelU, 1896. 16mo. 8 and 496 pp. Fr. 4.00 

Gioffredo (A.). Sunt! ragionati delle lezioni di aritmetica, geometria e 
sistema metrico, specialmente destinati alle scuole superiori, con note 
didatticbe. Nuova edizione, riveduta ed ampliata. Saluzzo, Bodoni, 

1896. 16mo. 64 pp. - Fr. 0.50 

Harrison (J.) and Bakandall (G. A.). Practical plane and solid 
geometry, witb an introduction to tbe study of grapbics. London 
and New York, Macmillan, 1895. 12mo. 192 pp. 28. 6d. 

HoObl (J.). Tables de logaritbmes k cinq d^imales pour les nombres et 
les lignes trigonom^triques, suivies de logaritbmes d*addition et de 
soustraction ou logaritbmes de Gauss, et de diverses tables usuelles. 
Nouvelle Mition, revue et augment<6e. Paris, Gautbier-Villars, 1895. 
8vo. 48 and 118 pp. Fr. 2.00 

See ScHRON (L.) et HoUel (J.). 

Inorami (G.). Elementi di algebra, ad uso delle scuole secondarie supe- 
riori. Bologna, Cenerelli, 1896. 8vo. 8 and 222 pp. Fr. 3.00 

LESSEN (H. B.). Ausfttbrlicbes Lebrbucb der ebenen und spb^iscben 
Trigonometrie. 16te Auflage. Leipzig, 1895. 8vo. 4 and 116 pp. 

Mk. 2.40 
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Mbtoer (C.)- Lehrbuch der Gleichungen des zweiten Grades (quadra- 
tische Gleichungen) mit zwei und mehreren Unbekannten. Bear- 
beitet nach System Kleyer. Stuttgart, Maier, 1895. 8vo. 4 and 
leO pp. Mk. 4.00 

MooRB (6. T.). An elementary treatise on mensuration, with numerous 
examples. 2nd edition, revised and enlarged. (Cambridge Mathe- 
matical Series.) London and New York, Macmiilan, 1896. 12mo. 
306 pp. Cloth. $0.80 

Nibm(Sller (F.). Ein Beitrag zur Gteometrie der In- und Ankreise von 
Dreiecken. Osnabrttck, 1895. 8vo. 44 pp. 1 plate. Mk. 1.80 

Prouhet (E.). See Bourdon. 

RiBOKi (G.). Element! di geometria, ad uso delle scuole secondarie infe- 
rior!, corredati da una raccolta di circa 600 esercizL 2da edizione. 
Bologna, Zanichelli, 1896. 16mo. 8 and 278 pp. Fr. 3.00 

RoiTBT (T.). The student* s plane trigonometry; a comprehensire 
manual for the use of schools and colleges. New edition. London, 
Abbott, 1895. 8vo. 584 pp. 48. 6d. 

Schb6n (L.) et HoitBL (J.). Tables de logarithmes k sept d^cimales 
pour les nombres depuis 1 jusqu*& 108,000 et pour les fonctions trigo- 
nom^triques de 10 en 10 secondes. ^ition st^r^type, revue et cor- 
rig^. Paris, Gauthier-Villars, 1895. 8vo. 20 and 556 pp. 

Ft. 10.00 

Sehhet (G. a.). Element! d! trigonometria plana. Prima traduzione 
itallana, con note e aggiunte di A. Ferrucci. Nuova edizione, con- 
forme a! programmi govemativi dei licei, per cura di G. Tolomei. 
Firenze, Le Monnier, 1895. 8vo. 132 pp. Fr. 1.50 

Smitb (D. E.). See Bbman (W. W.) and Smith (D. E.). 

Stbybns (F. H.). Elementary mensuration. London and New York, 
MacmUlan, 1895. 12mo. 12 and 244 pp. Cloth. 10.90 

Taylor (H. M.). Euclid's Elements of geometry. Books I-VI, XI, 
XII. Cambridge University Press (Macmiilan), 1895. 12mo. 22 
and 658 pp. Cloth. $1.50 

ToLOMBi (G.). See Sbrrbt (G. A.). 



APPLIED MATHEMATICS. 

Bbllido-Carbato (J. M.). Tratado de fisica empirico-matematica. 2a 
edicion. Madrid, 1895. 4to. 1178 pp. Cloth. Fr. 25.00 

BoLTZMANN (L.). Vorlesuugcn tiber Gastheorie. Teil I: Theorie der 
Gase mit einatomigen MolekUlen, deren Dimensionen gegen die mit- 
tlere Wegl&nge verschwinden. Leipzig, Barth, 1895. 8yo. 8 and 
204 pp. Mk. 6.00 

Chataknb (L.). Recherches sur le pouvoir rotatoire dans les s^es 
homologues. [Diss.] Geneve, 1895. 8yo. 70 pp. 

Clariana-Kicart (L.). Application de la g^m^trie analytique k la 
teohnie musicale. Bruxelles, 1895. 8vo. 20 pp. Mk. 1.00 
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De Benedictis (6.). I progress! della livellazione barometrica, con nuove 
tavole ipsometriche ed una carta dimostrativa degli osservatori mete- 
orologici italiani. Firenze, 1805. 8yo. 252 pp., 1 plate. Fr. 2.50 

Dbcocsu (J.). Partage des terrains (ge<5d^ie agraire). 4e ^ition. 
Paris, 1896. 12mo. 138 pp. Fr. 2.00 

Drincourt (E.). Cours de physique & Pusage des candidats k P&cole des 
arts et manufactures, aux Kcoles des mines et des ponts et chauss^s. 
Paris, 1896. Svo. 8 and 5tM) pp. Fr. 13.00 

DupuT et CuBNOT. Bar^mes destine k faciliter le calcul des ponts m^tal- 
liques k une ou plusieurs trav^s. Paris, 1895. 8yo. Fr. 8.00 

Feabnlet und Gbblmutden. Astronomische Beobachtungen und Ver- 
gleichung der astronomiscben und geod&tischen Resultate. Christia- 
nia, 1895. 4to. 26 and 98 pp., 1 chart 

Francsur (L. B.). Gedd&ie, ou traits de la figure de la terre et de ses 
parties, comprenant la topographic, Parpentage, le nivellement, la g6o- 
morphie terrestre et astronomique, la construction des cartes, la navi- 
gation. 8e ^ition, augment^e de notes sur la mesure des bases par 
Hossard, et de deux notes, I'une sur la m^thode et les instruments 
d^observation employ^ dans les grandes operations g^od^iques, 
Tautre sur la jonction g^od^ique et astronomique de TEspagne avec 
I'Alg^rie, par Perrier. Paris, Gauthier-Villars, 1895. 8vo. 12 and 
664 pp. Fr. 12.00 

Fribdrich (G.). Mathematische Theorie der reichsgesetzlichen Invalidi- 
tftta- und Alters versicherung. Leipzig, 1896. 8vo. 6 and 110 pp. 

Mk. 4.00 

FiTHBMAKN (A.). Die Nivellir-Instrumente, ihre Benutzung, Prtlfung 
und Berichtigung. Leipzig, 1895. 8yo. 6 and 54 pp. Mk. 1.25 

Glazebrook (R. T.). Mechanics, an elementary text-book, theoretical 
and practical. (In 3 parts.) Cambridge University Press (Mac- 
millan), 1895. 8vo. 490 pp. Cloth. 8s. 6d. 

Helmholtz (H. von) og Tyndall (J.). Naturvidenskabelige Fragmen- 
ter. Oversat af C. Juul. Kjdbenhavn, 1895. 8vo. 220 pp. Mk.3.00 

HossABD. See Francocub (L. B.). 

Juul (C). See Hblmholtz (H. von) og Tyndall (J.). 

KoBN (A.). Ueber die Bewegung kontinuierlicher Massensysteme. [Habi- 
litationsschrift.] MUncheu, 1895. 8vo. 50 pp. 

Lauenstein (R.). Die Festigkeitslehre. Ste Auflage. Stuttgart, 1895. 
Svo. Mk. 3.00 

Loffelholz von Colbebg (C). Die Drehungen der Erdkruste in geo- 
logischen Zeitrliumen. Ein neuer geologisch-a«tronomischer Lehrsatz. 
2te Auflage. MOnchen, 1895. 8vo. 8 and 248 pp. Mk. 5.00 

Lynen ( W.) . Die Berechnung der Centralregulatoren. Berlin, Springer, 
1895. 8vo. 6 and 112 pp., 6 plates. Cloth. Mk. 4.00 

Mbnsbruoohb (G. van deb). See Tumlibz (O.). 

MoNDiNi (E.). Aritmetica applicata all' amministrazione. Como, 1895. 
Svo. 192 pp. Fr. 3.00 
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NiFHBB (F. E.). Electricity and magnetism. A mathematical treatise 
for advanced undergraduate students. St. Louis, 1895. 12mo. 
438 pp. Cloth. $4.00 

Perribr. See Frakcceur (L. B.). 

PiLLET (S.). Traits de stability des constructions. Lemons profess^es 
au Conservatoire national des arts et metiers et k Vtkiole sp^ciale 
d^architecture. Bar-le-Duc, Comte-Jacquet, 1895. 4to. 4 and 484 
and 56 pp. 

Prakob (O.). Die Theorie des Versicherungswertes in der Feuerversi- 
cherung. (In 3 Teilen.) Teil I: Die Theorie in historischer Ent- 
wickelung. Jena, 1805. 8vo. 10 and 166 pp. Mk. 3.00 

Kosenberger (F.). Isaac Newton und seine physikalischen Principien. 
Ein Hauptstttck aus der Entwickelungsgeschichte der modemen 
Fhysik. Leipzig, Barth, 1895. 8vo. 6 and 536 pp. Mk. 13.50 

Schwa RTZE (T.). Grundgesetze der Molekularphysik. Leipzig, Weber, 
1895. 8vo. 16 and 210 pp. Mk. 4.00 

Thompson (S. P.). Dynamo-electric machinery ; a manual for students 
of electro-technics. 5th edition, revised. London, Spon, 1895. 8vo. 
846 pp. 24s. 

Thomson (W. S.). Exercises in statistical calculations, or digesting re- 
turns into summaries. Aberdeen, 1895. 8yo. 80 pp. Is. 6d. 

ToLOMBi (6.) e Vessichelli (O.). ElettriciUi e magnetismo. Trattato 
teorico-pratico. Vol. II. Firenze, 1895. 8vo. 434 pp. Fr. 6.00 

TuMLiRz (0.). Th^rie ^lectromagn^tique de la lumi^re. Traduit par 
G. van der Mensbrugghe. Paris, Hermann, 1894. 8vo. 16 and 
158 pp. Fr. 5.00 

TyNDALL (J.). See HeLMHOLTZ (H. von) OgTYNDALL (J.). 

Vascht (A.). Theorie de 1' Electricity ; expose des phEnom6nes Elec- 
triques et magn^tiques, fondE uniquement sur TexpErience et le raison- 
nement. Faris, Baudry, 1896. 8vo. 12 and 334 pp. Fr. 20.00 

Vessichelli (G.). See Tolombi (G.) e Vessichelli (G.). 

WOllner (A.). Lehrbuch der Experimentalphysik. Vol. IT: Die Lehre 
von der Warme. 5te Auflage. Leipzig, Teubner, 1896. 8vo. 12 
and 936 pp. Mk. 12.00 
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IM PREPABMTIOM.^M Mew and Thoroughly Revised Edition, 
Entirely Reset from Hew Type, of 

HALL AND KNIGHT^S ELEMENTARY 
ALGEBRA FOR SCHCX)LS. 

By H. S. HALL and S. R. KNIGHT. 

Revised for American Use by F. L. Sevenoak, Assistant Principal of the 
Academic Department, Stevens Institute of Technology. 



NEW MATHEMATICAL TEXT-BOOKS. 

By S. L. LONEY, 

Anik^ of ** Plant Trigonometry^ ** EUments of Statics and Dynamics t** etc, 

THE ELEMENTS OF COORDINATE 
GEOMETRY. 

Pcap 8vo. Qoth. 416 pp. $1,2^^ net. 

The book is elementary and intended to meet the needs of beginners, for wb(»n a text 
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THE THREE GREAT PROBLEMS OP ANTIQUITY, 

CONSIDERED IN THE LIGHT OF MODERN 

MATHEMATICAL RESEARCH. 

Vortrdge iiber ausgewdhUe Fragen der Elementargeometrie, F. 
Klein. Ausgearbeitet von F. TIgert. Leipzig, Teub- 
ner, 1896. pp. 66. 

Among the minor mathematical works published during 
thiP past year, one of the most interesting is Klein's Fest- 
sehr^ for the third meeting of the association for the ad- 
vancement of mathematical and scientific teaching in the 
Gymnasia. The author has himself explained, in his paper 
Ueber Arithmetmrung der Mathematik, that his main object in 
writing this pamphlet was to emphasize the necessity for 
strict logical developments as a corrective to the tendency 
to rely too exclusively on intuitive proofs. Intended pri- 
marily for teachers of the more elementary mathematics, 
this pamphlet is confined to the three great problems of an- 
tiquity, as they appear in the light of modern research^-or 
rather to the mathematical investigations for which these 
problems have furnished the text. These problems, (1) 
the duplication of the cube, (2) the trisection of an angle, 
(3) the quadrature of the circle, presented themselves at a 
very early stage in the development of mathematics, and 
they naturally present themselves correspondingly early in 
the mathematical development of the individual. 

The Greek mathematicians, striving to solve these prob- 
lems — ^problems for each of which the solution was impos- 
sible, within the domain of the geometry of the straight 
line and circle — ^were led to investigate and discover nearly 
all that lay within their originally unconsciously imposed 
boundaries. ^' Let it be granted, that a straight line may 
be drawn from any one point to any other point," ** let it be 
granted, that a circle may be described from any centre, at 
any distance from that centre," these indicate the limita- 
tions of elementary geometry as understood by the Greeks, 
limitations recognized and formulated in the brightest pe- 
riod of Greek geometry by Euclid. It has been left to later 
times to recognize that other not less important limitations 
are implied in the definitions and axioms. 

Still striving after the solution of these problems, Archy- 
tas, Eudoxus and their successors were led to enlarge their 
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boundaries, admitting other methods, in the first instance 
the construction of conies, by which they solved the prob- 
lems that they classed as " solid," and then the construction 
of higher curves, *4inear loci," for use in treating those 
questions that were neither plane nor solid. 

In this pamphlet the essential nature of the problems is 
sharply defined ; the domain of Greek geometry is investi- 
gated, as to its contents and its boundaries ; the correspond- 
ence with different parts of algebra is traced, and it is shown, 
in part all too briefly, how the successively enlarged domain 
of algebra corresponds with the diflFerent parts of geometry, 
the admissible algebraic operations being represented by the 
postulated geometrical constructions. Eational algebraic 
operations are represented by linear constructions ; opera- 
tions depending on the extraction of the square root can all 
be performed by means of straight lines and circles, in fact, 
by means of straight lines and a single circle, a possibility 
shown by Poncelet. These operations can also be performed 
by means of circles only, for Mascheroni wrote a book on 
geometry in which the only admissible construction is that 
of a circle, with any centre, passing through any assigned 
point. Klein refers to Hutt for an account of this book ; a 
paper by Cayley in the Messenger of Mathematics, vol. 14, 
p. 179, may be more available for some readers. This paper 
gives suflBcient account of the work to enable one to see the 
course of the proofs ; the constructions depend chiefly on 
the conception of symmetry, points on a line being deter- 
mined by the interaections of equal circles whose centres are 
symmetrically placed with respect to the line. 

The pamphlet is divided into two parts, the first of which 
deals with algebraic numbers, the second with transcen- 
dental numbers. In the first part, Ch. I. explains the na- 
ture of a system of conjugate irrational quantities, and 
proves that there exists only one irreducible equation satis- 
fied by one, and consequently by all, of the quantities of any 
such system. The chapter contains also a discussion of the 
nature of the algebraic equations that can be solved by the 
extraction of square roots ; this discussion may be described 
as elementary, inasmuch as all the steps are minutely ex- 
plained, but it gives the rigorous proof of the important 
theorem that an irreducible equation cannot be solved by 
the extraction of square roots, and hence cannot be con- 
structed by means of straight lines and circles, unless its de- 
gree be a power of 2. In order to solve a cubic equation 
the domain of algebra must be enlarged by adjoining the 
operation of taking the cube root ; hence problems whose 
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algebraic expression leads to an equation of the third de- 
gree cannot be solved by elementary geometry. In Ch. II. 
it is shown that the first two of the three problems under 
discussion are of this type ; they are therefore outside the 
domain of elementary geometry. 

Since in Ch. I. the possibility of solving an apparently in- 
soluble equation, if the degree be a power of 2, has presented 
itself, in Ch. III. this question is considered more carefully. 
It is not possible (t. e., within the assigned limits of con- 
struction) to trisect any angle, but we can trisect a complete 
angle, we can divide the circumference of a circle into three 
equal parts. Can we divide the circumference into any 
number of equal parts ? This inquiry opens out an exten- 
sive field of modem research, and may well serve to intro- 
duce the would-be mathematician to some comprehension 
of what modem mathematics means. The division into 3, 
4 or 5 equal parts, with the bisection of each of these parts 
any number of times, gives the extent of the Greek achieve- 
ment in this line, and was supposed to give the limit of all 
possible achievement. The list was however extended by 
Gauss, who showed that the division can be performed for 

any prime number of the form 2 +1, and for any number 
whose prime factors other than 2 are of this form, and non- 
repeated. Moreover, these numbers give all for which the 
division is possible. 

In the first place, assuming for a moment that the prime 
must be of the form 2*+ 1, it is shown that a necessary but 
not sufficient condition that this represent a prime is A= a 
power of 2, 2**. It is remarked that the values 0, 1, 2, 3, 4, 
for /jt give prime numbers 3, 5, 17, 257, 65537; that the 
values 5, 6, 7 for // do not give prime numbers ; and that the in- 
vestigation has not been carried any further. At this point 
Klein suggests that possibly 4 is the highest value for // that 
gives a prime. In the Recreations mathematiqv£8 of E. Lucas, 
however, the remark is made (vol. IL, p. 235) that Eisen- 
stein enunciated the theorem, '* The number of primes of the 

form 2 -1-1 is infinite,'' giving no proof, though Lucas sug- 
gests that possibly he had one. The theorem may of course 
be purely conjectural. 

2^ — 1 

It is now to be shown that the equation _;i~=^> 

i. e. a^'-f2^H -+2+1=0, 

which with the ordinary use of the complex variable is the 
equation for jp-section of a circle of unit radius, is irredu- 
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cible. This, by the Gauss lemma, is made to depend on the 
proof that the expression cannot be resolved into factors 
with integral coefficients. Here Klein follows Eisenstein's 
method, which, while perfectly simple, is not satis&ctory in 
point of form, for the proof is made to depend on the some- 
what irrelevant tranrformation « = x+l, by which it is 
shown that the contrary supposition is untenable. When 
it has been shown that the equation is irreducible the 
rather lengthy argument of Ch. I. shows that the degree of 
the equation, i. e., |>— 1, must be a power of 2. 

As regards the actual theorem, a different proof is to be 
found in the December number of the Buixetin, in the 
paper by Dr. James Pierpont. This paper deals with the 
complete theorem under consideration, giving an admirably 
simple proof, which sets the essential part of the theorem in 
evidence. It is to be shown that the equation 

i?'(x)=ar^'-'>^"'+...+l=0, 

where m, the number of parts into which the circle is to be 
divided, = />*, cannot be rationally resolved ; this is accom- 
plished by following a method of Kronecker, preferable to 
that of Eisenstein, and presenting no greater difficulty ; it 
is then shown that considering irrational factors of F (x), 
the irrationalities depending only on the extraction of a 
square root, the only possible way in which F (x) can split 
up the first time is into two conjugate factors of equal de- 
gree. Applying the theorem to each of these, and then to 
their factors, and so on, it is seen that the d^ree of F must 
be a i>ower of 2. 

The theorem having been established, the solution of the 
cyclotomic equation follows. It is possible to divide the 
roots into two periods whose sum and product are integral 
numl^ers ; hence the two periods are the roots of a quadratic 
etjitntion with int^ral coefficients. Taking one of the roots 
of this quadratic (that is, one of the two periods first 
ibntiod), this can again be divided into two periods, given 
m tlio roots of a quadratic whose coefficients are rational in 
X\w nx)t8 of the first quadratic. In this way we obtain the 
^oUition of the cyclotomic equation by the solution of a 
t^haiii of quadn\tics, the coefficients in any one of which de- 
l*ouii on the roots of the preceding one. The process is 
luMy exphuneii in Ch. FV'., being applied to the equation 

trottk the solution of which there is obtained a linear con- 
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straction for a regular polygon of 17 sides in a given circle.* 
The equations are so carefully worked out and so minutely 
explained that the chapter will throw much light on the 
difficulties that some readers will find in the first few pages 
of the paper. But seeing how much importance attaches 
to the fact that the equation is irreducible until the domain 
of rationality is extended, we could wish that Klein had 
thought it worth while to give the successive factors ; 

2"+^6+ ... + 1= ^^.^^T+ (2-,y,y + (3-iyoy + (l-2iyoy + 

(3-i7o)«'+ (2-i7o)2*-i?o«+ 1) (^-ri.z'^ etc.,...) , 



'?/'?» — ijo' + l 



I* 



-Vx'z+i), 



»*-rio'^+ '^'''"' I' +V -,.'»+l=(^'-i?o"»+ 1) [^-V."z+l) ; 

this would have thrown some additional light on the signifi- 
cance of the early part of the paper. 

Chapter V. indicates briefly the points of interest in con- 
nection with the construction of higher equations. The 
cubic and biquadratic are solved by means of conies, and 
thus conies are needed for the solution of problems whose 
algebraic expression leads to such equations. An example 
that naturally presents itself is the construction of the reg- 
ular heptagon by means of a parabola and a rectangular 
hyperbola ; and it is at once perceived that if conies are ad- 
mitted, many more regular polygons can be described. 
Apparently Descartes knew that the regular heptagon and 
nonagon can be described by conies, for when discussing 
constructions by curves of higher order, he says that these 
can be applied to construct regular polygons of 11 or 13 
sides. Now the regular polygons with 3, 4, 5, 6, 8, 10, 12 

* In this oonneotion it is perhaps worth while drawing attention to the 
very simple oonstmotion for the re^lar 17-ic given by Mr. H. W. Rich- 
mond in the Quarterly Journal^ vol. 26, p. 206, 1893. The oonstniction 
is simple in practice; theoretically it is not as simple as the one here 
^ven, for the equations are combined in such a way as to require circles 
in their construction. It might probably with slight modifications give 
a Mascheroni construction, which Klein remarks ^p. 27) has not yet been 
considered for this case. 
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sides were described by the Greeks, and supposing Descartes 
to be aware that for 7 and 9 sides only conies are needed, his 
idea was apparently that the first regular polygons for 
whose construction higher curves are required are those of 
11 and 13 sides. (The 13-ic can however be described by 
conies.) The omission of any explicit mention of the 7-ic 
and 9-ic proves nothing in the case of Descartes, for at the 
point where he might naturally have given it he had al- 
ready devoted several pages to the construction of cubic 
equations, and was probably, as he himself says in another 
place with less reason, "bored already with writing so 
much about it." Such omissions may surely be forgiven for 
the sake of his concluding remark : " Et j'espfere que nos 
neveux me sauront gr6, non seulement des choses que j'ai ici 
expliqu^, mais aussi de celles que j'ai omises volontaire- 
ment, afin de leur laisser le plaisir de les inventer." 

The first part of the paper has made clear the meaning 
of algebraic numbers, irrationalities successively introduced 
in the solution of algebraic equations. For the discussion 
of the third great problem, the quadrature of the circle, it 
is necessary to show that algebraic numbers form only a 
part, in point of fact an insignificant part, of the numbers 
that claim consideration. The chapter devoted to this can- 
not fail to interest many hitherto unfamiliar with Cantor's 
work. It is first to be shown that there is a (1, 1) corre- 
spondence between positive integers and all real algebraic 
numbers, that is to say, that the real algebraic numbers can 
be counted. To prove this it is shown, by a particular 
grouping of the irreducible equations whose roots give the 
algebraic numbers, that the numbers can be arranged in a 
singly infinite series of groups, those contained in any one 
group being finite in number ; and that thus all the real 
algebraic numbers, positive and negative, can be arranged 
in an absolutely determinate order, which is not the order 
of magnitude ; and so can be spoken of as 1st, 2nd, 3rd, etc., 
that m, imt in (1, 1) correspondence with the positive 
integem. 

The next step is to show how numbers can be constructed 
that slxall not be contained in this orderly series. The num- 
ber being required to lie within certain limits, so that there 
are given a certain number of decimal places, e. g., 5, the 
digits in tlio following places have to be selected so that the 
number tli ffers from all of the series. For a reason explained, 
the digit 9 is avoided. The 6th digit is chosen to be diflFer- 
ent from the 6th of the first algebraic number, and thus the 
number constructed will certainly be difierent from this ; 
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the 7th digit is chosen to be different from the 7th of the 
second algebraic number, by which we ensure that the num- 
ber written down is not the second, and so on. Hence we 
are assured of the existence of numbers that are not the 
roots of any algebraic equation ; that is, the existence of 
transcendental numbers is proved, and it is shown how they 
can be written down. Moreover, since the choice of the 
digit to be written in any assigned place is restricted only 
by the exclusion of two digits, 9 and one other, we may 
choose any one of the 8 that are left, zero being admissible 
in the same way as any other. Hence between any two 
algebraic numbers there are 8^ transcendental numbers, 
(not 00^ as stated in the pamphlet,) and real algebraic 
numbers form only a small part of all numbers. 

The possibility of determining whether a given number is 
transcendental or not cannot be considered generally. A 
terminating or circulating decimal is obviously algebraic ; 
a non-terminating and non-circulating decimal obviously 
cannot be given in ftill. Transcendental numbers can there- 
fore only be given by some law of formation, as is seen in 
the case of e and r; but since algebraic numbers can also be 
given in this way, the fact that a number is so given proves 
nothing. The impossibility of giving any general criterion 
is brought home by the nature of the proofs for e and r. 
The connection of the two numbers, exhibited in the funda- 
mental equation e*'+l:=0, gives the transcendency of r as 
a corollary from the theorem : — The quantity e is not a root 
of any equation in which both coefficients and exponents are 
algebraic numbers. To the consideration of e and r chapters 
III. and IV. are devoted ; these'give the most recent proofs, 
published as late as 1893. 

Since the number iz is transcendental it follows that no 
algebraic curve can be found in which the relation of de- 
rived straight lines is that of the circumference of a circle 
to the diameter. Hence the quadrature of the circle, the 
third great problem of antiquity, cannot be solved by means 
of algebraic curves. 

Thus in these few pages some of the most striking results 
of modem mathematics are made accessible to many who 
would otherwise hardly have heard of them. But while 
reading this brilliant exposition it is difficult to avoid cher- 
ishing a lurking regret, which is possibly very ungracious, 
that Klein could not himself spare time to arrange his work 
for publication; for though we have here in full measure the 
incisive thought and cultured presentation which together 
make even strict logic seem intuitive, yet at times we miss 
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the minute finish and careful proportion of parts that we 
feel justified in expecting from him. And yet revision and 
consolidation might have seriously interfered with the 
graphic simplicity of these chapters, and left them less 
adapted to their special purpose. Any English-speaking 
association with aims similar to those of the German asso- 
ciation for which the pamphlet was prepared would do 
a service in publishing a thoroughly good translation of this 
inspiring work and circulating it as widely as possible. 

Chablotte Angas Soott. 

BBTN MAWB Ck>LLBaB, 
January 15, 1896. 




PAINLEVE'S LECTUEES ON DYNAMICS. 

I. Lemons sur Vintegration des equations differewtiMes de la ife- 
eaniqrie et Applications, Par P. Painlev^. pp. 291 ; 4to 
(lithographed). 

n. Legons sur le Frottement. Par P. Painlev^. pp. vin.+ 
111 ; 4to (lithographed). Paris, A. Hermann, 1896. 

The publication of Mr. Painlev^'s lectures on the int^ra- 
tion of the differential equations of dynamics will be wel- 
comed by everyone interested in the progress of theoretical 
mechanics* It is a long time since Jacobi's Vorlesungen 
iiher Jhjnamik appeared, and a strong need was felt of a 
eystcsmatie work which would contain the more recent re- 
searches in this important bt^nch of mathematical science. 
Mr, Paiiilevfi has admirably supplied this need. The lec- 
tures are not intended for beginners in theoretical me- 
chanics, but rather as a supplementary course for those al- 
ready fiimiliar with its elements. 

The first three lectures contain the fundamental defini- 
tions and principles of dynamics, the propositions relating 
to the first integrals of the motion of rigid systems and the 
theory of tlie motion of a solid body, the whole followed by 
a number of examples. Despite the brevity of this exposi- 
tion it is clciar and instructive, owing to several interesting 
remarks. 

The fourth Lecture deals with the general equations of the 
motion of systems. Lagrange's equations with the multi- 
pliers I (al30 called I^grange's equations of the first 
form) are derived from the consideration of the virtual 
workf which leads the author to a classification of sys- 
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terns into those with Mction and without. In the next 
lecture this distinction is further discussed and a proof 
is given of Gktuss's theorem that the constraint of a system 
is minimum when it is one without friction. Then the 
motion of systems with friction is studied and applied 
to the motion of a point on a surface. However the general 
theory of such systems constitutes the subject of a more de- 
tailed study in another of Mr. Painlev6's courses to which 
we will return later. 

In the next two lectures, after establishing d'Alembertfs 
equation and the principle of virtual velocities, the author 
passes to Lagrange's equations (of the second form), con- 
cluding with an enumeration of the principal systems with- 
out friction. All following lectures are restricted to such 
systems only. 

Lectures VII.-IX. deal with the applications of Lagrange's 
equations, the cases being discuss^ separately when the 
equations of constraint do or do not contain the time explic- 
itly. The author further proves Liouville's theorem relating 
to a large class of systems the motion of which can be found 
by quadratures Several applications of this theorem are 
given. The classic problem of the motion of a point at- 
tracted by two fixed points and a number of other well 
chosen examples are treated in the course of these three lec- 
tures, the solutions being given with great simplicity and 
elegance. 

Bour's differential equations of relative motion in the 
second Lagrangian form with examples taken from Gilbert's 
interesting memoir, on the applications of Lagrange's equa- 
tions to the problem of relative motion, are the subject of 
the tenth lecture. 

The next lecture b^ns with Lejeune-Dirichlet's theorem 
about the stability of the equilibrium of a system after 
which the author applies Lagrange's equations to the study 
of small oscillations of systems. 

The remaining six lectures (XII.-XVII.) deal with the in- 
tegration of the differential equations of dynamics principally 
after the works of Hamilton and Jacobi. The subjects of 
lectures XII. and XIII. are the canonic equations and Ja- 
cobi's theory of the last multiplier. Bour's canonic 
equations for relative motion are indicated but not dis- 
cussed. The theory of the last multiplier is first ap- 
plied to the motion of rigid systems in general. The appli- 
cation of the same theory to the canonic equations consti- 
tutes the subject of the fourteenth lecture, which is illus- 
trated by a number of examples. 
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The next lecture contains Hamilton-Jacobl's method of 
integrating the differential equations of dynamics and the 
several simplifications which may occur in practice are dis- 
cussed. A new demonstration is given of Liouville's 
theorem together with a generalization of the same due to 
P. Stackel. 

The sixteenth lecture presents the greatest novelty and in- 
terest. It deals with the more modern researches, the im- 
pulse to which was given first by Bertrand's principle of 
similitude in mechanics and quite recently by the remark- 
able paper of Stackel (Crelle 1891) on the analytic equiva- 
lence of dynamic problems. The reader will find in this 
lecture a good deal of Mr. Painlev6's own researches chiefly 
contained in his important memoir on the transformation 
of the equations of Dynamics (J. de Liouville 1894). In 
the beginning of this lecture the author proves that the 
paths of a system depend in general on 2A^-l arbitrary con- 
stants, k being the degree of freedom of the system, and he 
gives the condition necessary and sufficient in order that 
this number reduce to 2A^-2. The case is considered next, 
when these paths coincide with the geodesies. Then, aft«r 
a discussion of the general case when the acting forces are 
independent of the velocities, the author passes to a de- 
tailed study of the real paths of a system ; the principle of 
least action and Hamilton's principle are touched upon 
in the course of this lecture. 

The last lecture relates to conservative systems. After 
establishing Poisson's theorem, the author returns once more 
to Hamilton-Jacobins canonic equations and gives a con- 
cise but clear exposition of Jacobi and Mayer's methods for 
the integration of partial differential equations of the first 
order, concluding with the application to Jacobi's equation 
of Legendre's transformation, which is a particular case of 
Jacobi and Lie's transformations of contact. 

It is to be regretted that the author did not add a chapter 
on the theory of perturbations which is so closely connected 
with the subject of his lectures. However, if these litho- 
graphed pages in which the exposition was necessarily 
limited are only the precursor of a more complete printed 
coiirsL% wc^ inixy hope that the theory of perturbations will 
still find its pliice among Mr. Painleve's interesting lectures. 

We now paws to the second of Mr. Painlev6's courses. 
The kctnrr^ on friction are a valuable contribution to ra- 
tional meclianics. The author proposes to solve the follow- 
ing problem: to develop for systems with friction a general theory 
similar to tliG one existing for systems without friction, as far as 
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the empiric laws of friction allow such a general treatment. 
The lectures before us deal first with discontinuous systems, 
and then with such continuous systems which can be consid- 
ered as formed of infinitesimal elements that remain un- 
changed throughout the motion,* the other systems (to 
which belong extensible strings and membranes, compres- 
sible fiuids and so on) being reserved by the author for an- 
other course to appear later. It must be remarked more- 
over that all cases where the conditions of constraint to 
which the systems are subject are over-abundant were 
systematically avoided by the author, since the motion of 
such systems in general depends on their interior constitu- 
tion and belongs therefore to the theory of elasticity. 

After recalling his general definition of systems with fric- 
tion given in the fourth lecture on the integration of the 
differential equation of dynamics, derived from the consid- 
eration of the virtual work, the author examines first two 
sx)ecial cases, namely, the motion of a point on a curve and 
on a surface, then passing to the general form of the laws 
of friction. We arrive here at a most interesting part of 
this course, both for its novelty and importance. The no- 
tion of partial friction is introduced and the author gives a 
detailed study of the laws of friction which result from the 
combination of the laws of partial friction (combinaison 
des liaisons). An important result is obtained when the 
conditions of constraint can be grouped into two parts: one, 
Gi, with friction and the other G,, without. For, in such 
cases it is advantageous not to introduce the reactions 
due to the group Gi; to this purpose it suffices to form La- 
grange's differential equations with regard to the parameters 
which would define the position of the system if only the 
conditions of constraint Gj were taken into consideration. 

After discussing the question of the compatibility of the 
conditions of constraint in general, the author classifies these 
conditions for continuous systems into three groups. To 
the first belong the conditions which are determined by 
a single relation between the parameters defining the posi- 
tion of the system. The author distinguishes nine types in 
this class. To the second group, consisting of five types, 
belong the conditions which are determin^ by two rela- 

* To this class belong inextensible strings and membranes, incompres- 
sible fluids and so on. The position of sach systems cannot be de- 
termined by means of a finite number of parameters. But, although Mr. 
Painlev^ considers in his lectures only systems the position of which can 
be determined by means of a finite number of parameters, the general 
propositions developed by him can be immediately extended to the class 
here mentioned. 
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tions between the parameters defining the system. Finally, 
the conditions determined by three relations form the third 
groap and are all conditions of constraint without friction. 

TMs general theory is followed by numerous applications 
worked out completely, and with the elegance and clearness 
which are characteristic of the two courses of lectures we 
have before us. 

It is only feiir in concluding this review to remark to Mr. 
Hermann's credit that the reading of these two volumes is 
not in the slightest degree trying to the eyes, which unfortu- 
nately could not be said with regard to, for iustance, Mr. 
Klein's lithographed courses. 

Alexandre S. Chessin. 

Johns Hopkins University, 
January 24, 1896. 



A GEOMETRIC PROOF OF A FUNDAMENTAL 
THEOREM CONCERNING UNICURSAL CURVES. 

BY PROFESSOR W. F. OSGOOD. 

1. lF/(x,y)=0 is the equation of an irreducible curve of 
deficiency 0, then, as is well known, the coordinates can be 
expressed as rational functions of a parameter X:* 

where not only to a given value of X corresponds one and 
only one point of the curve, but conversely to a given point 
(xjy) on the curve corresponds in general one and only one 
value of ^.f X can be expressed as a rational function of x 
and y. 

If a multiple-leaved Riemann sur&ce spread out, say, 
over the a?-plane be used to represent geometrically the above 
locus, /(a;,y)=0, the deficiency of this surface will likewise 
be 0, and as is shown in the elements of Riemann's theory 
of functions,! there exist single-valued functions on such a 
surface having but a single pole, and that of the first order, 
and taking on every value once and only once on the 
surface. Call such a function X, Being single-valued on 
the surface it will be a rational function of a; and y: As= jB(a;,y), 

^ALMOK, Higher Plane Curves^ p. 30; Clebsch-Lindbmanx, Qtomebrie 

vol. L, p, 883. 

t Cayley lias given to saoh curves the name unieurnal, 

X Klein^ MmhdfunctUmen^ vol. I., p. 493 et seq. PiCABD, TraiU 

d' arrni^^, vol. IL, Ch. XVI. 
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and hence through this equation the multiple-leaved surface 
is transformed conformally into the single-leaved A-plane. 
Hence a; is a rational function of X. And similarly for y. 

2. Conversely; let the equations 

be given, where n and r, are any rational functions of X 
Then the locus of (a?, y), if regarded as a plane curve, is an 
algebraic irreducible curve of deficiency 0; if represented by 
a multiple-leaved surface spread out over the x-plane, it gives 
rise to an algebraic sur^e consisting of a single piece, like- 
wise of deficiency 0. (In connection with these statements 
see however the last lines of § 5.) But while to every value 
of X there still corresponds one and only one point (x, y) of 
this sur&ce, it is not true conversely that to a point (x, y) 
only one value of X corresponds, as is shown by the exam- 
ple a?=A', y=^X*. It is however always possible to replace X by 
a new parameter /i, which is a certain rational function of X: 

f^^riX) 

such that X and y will be rational functions of ai, while to a 
given point (x, y) only one value of At corresponds.* 

3. The essential thought that underlies these theorems 
finds clear expression in the geometric method of conformal 
representation, and reciprocally the value of this method as 
a means of investigation is set in a strong light. 

It is believed tiiat it will not be without interest to the 
readers of the Bulletin to see this simple example of the 
method worked out, and it is hoped furthermore that this 
example may be suggestive of a desirable form of presenta- 
tion in instruction in the theory of functions. 

4. Consider first the equation 

To each value of X corresponds one and only one value of x 
and the A-surface consists of the single-leaved ^-plane. To 
each value of x correspond m values of X, in general dis- 
tinct, and the x-surface consists of an m-leaved Eiemann 
surface connected through junctions along junction-lines. 
Call this surface T. 

Now consider the second equation(l): 

y will be a single- valued function on the surface T, since to 

* An algebraic proof of this latter theorem was given by Liiroth, Math 
AnruUen, vol. 9, 1875. 
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I 

every point of T corresponds only one value of L But it i 



may happen that for every value of x two or more of the m 
corresponding values of y coincide ; so that the surface T 
would not represent y as a function of x. 

Let us construct the sur^ce that does represent y as 
a function of x. For this purpose first cut the leaves of T 
along the junction lines, thus obtaining m separate leaves, 
each containing one or more slits. Consider the first of 
these leaves. To each of its points corresponds a value of y, 
yi, and it forms the first leaf of the surface to be constructed, 
S. Next let x leave this first leaf and crossing one of the 
slits, pass into a second leaf of T. Call the corresponding 
value of y in this second leaf t/,. Two cases can arise. 
Either y, is, in general, different from yi or ya is identical 
with yi. In the first case this second leaf of T is to be con- 
nected with the first leaf along this slit and thus forms the 
second leaf of S, In the second case the two edges of the 
slit in the first leaf are to be joined with each other and 
this slit thus disappears from 5; * the second leaf of T does 
not belong to 8. The example already cited will serve here 
as illustration : x=X^, y=^^ The surface T consists of 
two leaves with junctions at and oo ; the junction-line may 
be taken as the positive axis of reals. The points of the first 
leaf shall represent those pairs of values (x, A) that flow 
continuously out of the pair x= —1, X={ when x describes 
this leaf; yi is thus equal to x. When x crosses the slit and 
thus passes into the second leaf of T, yi goes over into y,. 
But y2=yi, both being equal to x, and hence in the construc- 
tion of 8 this slit disappears from the first leaf. In this 
example this is the only slit in the first leaf and thus the 
surface that represents y as a function of x is the single- 
leaved x-plane. 

Ketuming now to the general case, we treat the other 
slits in the first leaf, if there be any, in the same way and 
thus finally either all the slits are closed and the first leaf 
forms the whole surface /S, or else this first leaf is connected 
with other leaves along at least one slit. Such leaves will 
surely belong to the surface S. These leaves may be al- 
ready connected along their slits with the first leaf, as in 
the case 

or perhaps it remained merely to join certain pairs of them 



^ It may happen that a slit, beside abutting on the two junctions at its 
ejttremities, pasises through one or more junctions in its course. In that 
case I shall consider each of the segments of the slit as a separate slit. 



I 
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along certain slits, as in the case 

or it may be that one of these leaves contains a slit such 
that when the point(ic, y) crosses this slit, y takes on still 
new values. Then these two leaves are to be joined along 
this slit and another leaf is added, as in the case 
x=X^, y=X. 

Proceeding in this way we finally obtain a closed surface 
S. This surface may or may not be the same as T. If it 
is, then it is of deficiency 0, being conformally related to 
the single-leaved ^-surface. ^ is a single-valued function 
on this surface having no essentially singular points, and 
hence it is a rational function of x and y : * 

X=E(^x,y). 
Thus all the statements made in § 2 are proven. 

5. If, however, only a part of the leaves severed from T 
have been incorporated into 5, then it must be that in the 
construction of /S as described above, a leaf i' was found in 
which the values of y were identical, for the same values of 
Xj with values in another leaf L already belonging to S; 
and hence L' was not joined to Sj the connection along the 
corresponding slit being between the leaves already in S. 

Consider now the leaf L\ The values of y in this leaf are 
the same for the same values of a; as in L, If we proceed 
to construct the Eiemann surface for y as a frinction of Xy 
starting with the leaf L', we shall obviously be led to a sur- 
face S' identical with S; thus S is repeated. If the leaves 
severed from T are not yet exhausted, it will be possible to 
construct from them still a third surface 5", likewise iden- 
tical with S. And so on. Thus finally the leaves of Twill 
have been combined in a set of p surfaces, S, S', S^^—S^p'^^ 
each identical with the first, S, p will divide m. Let m= 
m'p. Then m' is the number of leaves in S, The examples 
already cited illustrate clearly what has just been said. 

So much for the surface T and the surfaces S. Let us 
turn now to the corresponding regions of the ^-plane. To 
each of the m leaves of the surface T corresponds a region 
of the A-plane, regions corresponding to leaves that are 
connected bordering on each other. If we recall the way 
in which the /S-surface was generated by the successive ad- 
dition of new leaves, we see that the counterpart of this 
process in the A-plane consists in starting with the region 

^HABKNESSand Mobley, Theory of Fanciionsy J 174; Klein-Fbicke, 
ModtUfunctionenf vol. I., p. 499. 
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corresponding to the first leaf of 8 and then adding on bor- 
dering regions corresponding to the subsequent leaves of S, 
the final result being a connected region jV, made up of m' 
of the former regions, which corresponds point for point and 
conformally to 8. To 8^ will correspond a second such re- 
gion N'y to 5" a third, i\r",...to S^f^'\ N^'\ and these p re- 
gions will just cover the A- plane. 

Let ^1 be any point lying in the region N. To ^i corre- 
sponds the point (x, y) of each of the surfiu^es 5, S',-S^"*^ 
and to these points correspond in turn values ^Z, A/',--^i^^*^ 
belonging respectively to N', N'\"-N^p~^\ Let us from now 
on, discarding the surfaces 8', 8%'"8^~^\ restrict ourselves 
to iS, so that ^'i, ^i",- •A/p-^> will now be regarded as functions 
of (x, y) on 8. Thus any region of ^^ that does not contain 
any part of one of the slits that has been closed up or along 
whose edges the sheets have been connected differently in 8 
from in T will be transformed conformally on a region of 
each of the domains N, N%'-N^^^\ If the point (x, y), mov- 
ing on 8, cross one of the slits just excepted, then, since this 
slit corresponds to the boundary between N^^ and N^^\ Xi^^ 
will cross this boundary and enter the region i\r^*\ another 
one of the A,'s entering at the same time the region N^*^ just 
vacated by ^/^. And if (a;, y) describe any closed path on 
8j the ^I's will either describe closed paths or be permuted. 
Now form the symmetric product 

f,^X,X,'X,'\„X,<p-'\ (3) 

This function is in general monogenic on 8, since this is true 
of each of the factors (on account of the conformal corre- 
spondence), and furthermore it is single- valued. It has no 
essentially singular point and is therefore a rational func- 
tion of X and y, 

fi^R(x,y). (4) 

The point A= qo will lie in general entirely within one of the 
regions iV, so that only one factor will ever become infinite, 
and this factor will afford a pole of the first order. No 
other factor becoming simultaneously,* /i has but one pole 
and that of the first order, so that it takes on every value 
once and only once on 8, 

It thus appears that the surface 8 is transformed con- 
formally on a single-leaved plane, the /x-plane. Hence we 
infer ( 1 ) that the deficiency of 5 is ; (2) that x is a rational 
fiinction of /i; for, because of the conformal relation between 

* If these conditions^ in a special case, should not happen to bejPol- 
filled, > may be replaced through a suitable linear transformation by A, so 
that they will now be fulfilled. 
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the surface S and the /i-plane, x behaves in every region of 
the Ai-plane like a rational ftinction ; (3) that y is likewise a 
rational function of m ; for the Riemann surface that repre- 
sents a; as a function of ^ is conformally related to S and 
hence to the M-plane, and y behaves therefore in every region 
of the Ai-plane like a rational function ; (4) that /jl is a ra- 
tional function of X ; this can also be inferred easily from the 
conformal representation, but as it follows immediately from 
equations (1) and (4), we will not insist on this method. 
Thus all of the statements of § 2 have been proven. 



Example. 



^ (x'+x-'+uy ^4( /.'~M+ i)' 

^ 108 (X'+X-*^2y 27 (m-1)' 

y='-\-2x-}-^ 

See Klein-Fricke, Modtdfunctionenj vol. I. p. 75, for the divi- 
sion of the ^-plane. The />= 4 regions NjN^ ,N*' , ji^'" appear in 
the figure on p. 80. The notation ^, m is there just the reverse 
of that in this paper. 

Harvard University, 
Cambridge, Mass., December, 1895. 



NOTES ON THE EXPRESSION FOR A VELOCITY- 
POTENTIAL IN TERMS OF FUNCTIONS OF LA- 
PLACE AND BESSEL. 

BY PROFBSSOR JAMES M03fAH0N. 

1. Differential equation for (/'. The partial differential 
equation to be satisfied by a velocity-potential in an elastic 
fluid is, in rectangular coSrdinates,* 

hx' "^ Y "^ bz' "■ a' ~bf' (^^ 

in which a' ^pressure/ density, and ifi (x, y, 2, t) is a func- 
tion whose derivatives ssto x,y, z give the velocity-compo- 
nents of the fluid particle that occupies the position (x, y, z) 
at time t 

2. Particular soltUion in polar coordinates. When (1) is 
transformed to polar codrdinates r, ^, (p, it can, as shown in 

♦Rayleigh, Theory of Sound^ vol. II., p. 15. 
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standard works,* be satisfied by a product-function of the 
form 

^„ = r-« J^,^^, (kr). S^O, 9)>Zhit, (2) 

in which S^ is any surface harmonic of order n, and 
«/*(»+«) is a Bessel function of order it (n+ J). Here v^, 
stands for the part of 4' that involves nth order harmonics, 
and may be written in a more explicit form as the sum of 
the four terms implied in (2); thus 

J-m (M) [S'\ sin ifco^ + S"\ cos ka£], ^"^^ 

where m=tn+\j and the symbols 8^ represent arbitrary nth 
order harmonics. The conditions of a particular problem 
may impose restrictions on these coefficients ; and the chief 
object of this paper is to show how to choose the relations 
between the symbols 8^ in order to adapt equation (3) to 
some of the typical problems in fluid motion to which the 
functions of Laplace and Bessel are applicable.f In all 
cases the complete value of v^ is to be built up by putting 
n=0, 1,2, ..., and determining the arbitraries by the initial 
distribution of condensation and velocity. 

3. Phase angles. It will be sometimes convenient to put 
equation (3) in the form 

r«0«= r«J^(Ar)sin(/:a<+0+y'««'*-M(fo-)8in(/xi^+0, W 
wherein 

r„ cos e„, Tn sin e'^, ThCOs £'«, T^ sin e'^ 

take the place of /Sn, S\^ 5"n, 8'"^ ; the phase angles e^, e'„ 
being thus ftinctions of 0, <p, 

4. Lemma. To find the relations between the phase 
angles e„, e'n, and between the coefficients T^j T\j in order 
that the motion of the medium at a great distonce from the 
origin may be approximately represented by a single wave, 
either diverging from the pole or converging towards it : 

When r is large put 

Jcfcm(^>')=^"^COS(AT— jTrdz^mff), X 

dropping a numerical factor ; substitute in (4), and change 
trigonometric products into sums, then 

♦Gray and Matthews, Bessd Functions^ pp. 213, 215. Theory of 
Sound f Vol. II., pp. 205, 229, 230, in \vhich the J functions are replaced 
by two other particalar solutions of the equation that r-^J satisfies. 

t The advantage of the form of solution in equation (3) is that it gives 
a ''realized " result in terms of known functions and without restriction of 
phase. 

t Bessel Functions, p. 40. 
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+ terms involving erf— r. 

This expresses the superposition of a divergent and a con- 
vergent wave, represented by the terms in cU^r, cU+r, re- 
spectively. In order that the latter wave may be absent, 
the corresponding terms indicated in (5) must cancel each 
other for all values of the variables. This requires that 
!r,= r^, and also that 

(e^+^mjr)— (e^— Jm7r)=an odd multiple of tt, 

say congruent with (2n+l) jt, t. e., with 2 mi:, 

.'. €'„— e^=m JT, or a congruent. (6) 

Similarly the divergent wave is absent when 

Thus the velocity potential of a wave which at a great dis- 
tance fi^m the origin is \ con^^^nt ^^^^^*® ^^ terms of the 
form 

r«^^= !r.[J^(ib-)sin(ifca^+e J + J_^(A;r)sin(ika<+e^ztmr)] . ( 

5. Relations between the symbols S^, for divergence or con- 
vergence. Put, according to Art. 3, 

«.= 2;cose„ >S',= T,sme„ 

iS",= r, cos (e.zbmr), «"',= r, sin (£„±mr), 

whence the required relations are 

. • . iy'n= =f5^ sin mr, S'",= dzS^ sin mn. (8) 

6. Resolution of 4\. The expression in (3) can be ex- 
hibited as the sum of two parts representing divergent and 
convergent waves. For write 

r^v'v=rn[J«(ikr) sin {1cat+t,)+J_^(hr) sin (Jcat+t^+mTz)'] + 
T^\J^(hT) Bin (hat+^'n)+J-^{^) ^^ (^a<+^'»-w7r)], (9) 
the first part representing a divergent wave, and the latter 
a convergent one, by (7) ; compare with (3), equate coeffi- 
cients, and solve ; then T„. T^, e„, e'„ are determined by 

2 2; cos £»=5,+/Sr"„ sin m;r, 2 T^ sin £,=S',— >S"n sin mjr, 
2 r^cose',=5,-;S'",sinm:r, 2 iT.sin e',=S'„+S"nSinm7r.(10) 
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7. Application to spherical vibrator. The surface of a sphere 
of radius e is maintained in vibration with given fi^equency, 
and the normal surface- velocity is a given harmonic func- 
tion of latitude and longitude of the form 

*^«(^ 9j l)=Sn sin hat+Sn cos kat, (11) 

to find the velocity potential at any point (r, ^, tp) of the 
medium at any time t : 

Use (3), find the radial velocity- function W'n/^y aiid put 
r=c, then 

vn = (-^^-") =i^. (kc) IS, sm kat+S', cos kai] + 

F_^ (Jcc) [S'\ sin kat+S''\ cos kaf]^ 

in which F^ (Jcr) = r— . r~^ J^ (^)« 

Identifying (11),(12) gives two equations, and the conditions 
for divergence in (8), furnish two others to determine 51,, 
S'n, S\y S'"n in terms of S,, S'^; thus 

r 8, = aS,+? S\, J'n= - S\ cos nr, 

;^ S\= -/9 S,+ a >S'., «"\ = S. COS nr, Vl^) 

where « = i^« (A;c) , ^ = jP_^ (A:c) cos n7r,Y = a'+/5*; 
and these values of the symbols 8, substituted in (3) give 
the required velocity-potential at an external point.* 

The internal potential is of different form; for the dis- 
turbed region now includes the point r = 0, at which J_. 
(kr) becomes infinite, hence the arbitrary coefficients of this 
function must be zero. Putting 8"^ = 8"\ = 0, and identi- 
fying (11), (12), determines 5„, 8',, and gives 

r«0, = -f-\kc) •'- ^^''^ If'^ Bmkat + S'nooskat^. (14) 

8. Free vibrcUiona inside a fixed spherical envelope. Here, as 
in the latter part of Art. 7, the form is 



r^'v = JmChr) [Sn sin ika< + S'. cos kat] , (15) 

lues of the free periods, which depend on 
from the equation F^(^kc) = 0, t. e. 

^[r-V.(AT)]=0;t (16) 



but the possible values of the free periods, which depend on 
kj are to be found from the equation F^(^kc) = 0, t. e. 



♦This solution differs from that given in Theory of Sonnd, vol. II., p. 
207, by being expressed in '* realized *' form by means of Bessel functions, 
and by not restricting rn to be in the same phase over the suifaoe r=e. 

f Annals of Mathematics , vol. 9, No. 1, p. 27. 
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while the symbols S^ are determined by the harmonic ele- 
ments of the initial distribution of velocity and condensa- 
tion.* 

9. Free vibrations between two concentric spherical surfaces. 
Since the radial velocity at the surface r = r^ is zero, then 

F^(^kr,) f/SL sin ifco^ + S'« cos katl 

+ F_^(krO\S'\ sin hat +S''\coQkai]= 0; 

and there is a similar equation involving r,. 
These must be satisfied for all values of 0, ^, t, 

''.S^F^ikr,)=--J^\F^^{hr,)]S'^F^(hr,)=-S'''nF^(krOy 

with two similar equations in r„ 

^'n _ /S"\ _ F_^(^kr,) _ F_^(hr,) _ 
•'• S. "" S\: - "KiicrO "" "i^.TikrO -^' ^y- ^^^^ 

The possible values of k, and of the wave length 2 n/k, are 
to be found from the third of these equalities ;t and then 
/S"„ /S"^ are known multiples of 8,, 8^. Thus (3) takes the 
form 

r«0, = [J^(fcr) +p JL.(fo-)] (S^ sin kat+S"^ coskat), (18) 

an equation which, extended to the whole of space, gives a 
series of nodal spherical surfaces, of which r = ri, and r = rt 
are a pair. At such surfaces the superposed divergent and 
convergent waves interfere. 



ADDITIONAL NOTE ON DIVERGENT SERIES. 

BY PROFESSOR A. S. CHESSIN. 

In a previous note (pp. 72-75) it has been shown that 
every divergent series oscillating between finite limits can 
by a proper arrangement of its terms be made convergent. 
We will now extend those results to the case when one or 
both limits between which the series oscillates are infinite. 
To this end it suffices to consider, together with regular se- 



237. 



* The work is exemplified for the case n = 1, Theory of Sound, pp. 236, 
i7. 
t Annals of Mathematics^ vol. 9, No. 1, pp. 29, 30. 
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quences of numbers, such sequences as tend to infinity in a 
determinate way. The number Ni then may be + oo or— oo 
and the infinite series 

of Theorem I. (p. 73) then tends to infinity in a determinate 
way. This series is unconditionally dive'rgent. A similar 
change in the considerations of Theorem II. (p. 74) shows 
that the series 

tends to infinity in a determinate way, but it must be re- 
membered that here each expression in parenthesis is to be 
considered as a single term, and that this determinateness 
would be lost at once if the brackets were dropped. 

Example: 1—2+3—4+5 

g = 2; J\r,=+oo=l + (-2+3) + (-4+5) + ... 
iVr,= -oo=(l-2) + (3-4) + ... 

We will say that an infinite series tends to infinity only 
if it does so in a determinate way. It was also in this sense 
that the expression was used in Theorem III. (p. 75) . We 
may now add 

Theorem VL Every oscillating series can by a proper ar- 
rangement of its terms be made convergent or tending to infinity. 

To conclude, a remark must be made with regard to the 
different rearrangements of the terms of an infinite series. 
On p. 75 it was mentioned that by a proper arrangement, 
both commutative and associative, of the terms of a condi- 
tionally divergent series, this series can be made to converge 
to any arbitrarily assigned number. It is important to take 
into consideration whether the associative change precedes 
the commutative or whether the inverse takes place. Of 
course the remark just mentioned applies only to series such 
that lim (u„) = 0, if u«, be the general term of the series, 

this condition being implicitly assumed in the extension 
of Riemann's proposition to conditionally divergent series. 
Consider now a divergent series as given in Theorem II. 
(p. 74) and let again 

iv;=^(u,+...+ti^i,,) + (t^^i,j+i+...+ti^^.j)+... 

Here each t^xpression in parenthesis is to be regarded as a 
mngle term , a nd the series may be either absolutely convergent 
or only semi -convergent. It seems, therefore, that we were 
not justified in saying (Theorem V.) that every conditionally 




Digitized by VjOOQIC 



1896] DIVERGENT SERIES. 179 

divergent series can by a proper arrangement of its terms 
be made semi-convergent; that we should have used the word 
eonvergeni instead. But the character of semi-convergence 
api>ears at once if we reverse the order of our changes in 
the original series, i. e., if we first introduce a commutative 
and then proper associative changes. An oscillating series 
having necessarily an infinite number of positive and nega- 
tive terms, the numbers Ni of Theorem II. will in general 
change their values if the order of terms in the given oscil- 
lating series be changed. Indeed, provided lim (w„)=0, it 

is possible by a proper commutative arrangement to make 
not only the Nt but also their number g quite arbitrary. 
This is why we have used the word semi-convergent, and 
not convergent, in Theorem V. 

As an example, let us take again the series (2) of the 
first note : 

which may be written as follows: 

y^r 211-1 2n 2n 2n+l 1 

^\ 2n 2n+l 2n+l 2n+2 j 

If we now introduce the following communicative change 

^J2n~l 2n 2n+l 2n 1 
^ j 2n 2n+l 27i+2"^2n+l J 

we obtain g ^= S and 

N —X — X •- V»f 2n 2n+l 2n 2n+l ] 
^i — t — t ^|2n+l"^2n+2 2n+l 2n+2j 

TV — - i. — Vl-"1- 2n 2n+l 271 ] 
^1— * — ^1 2n 2n+l 2n+2'*"2n+lJ 

ly— . s^i 2 .?|V'[ ^^ .271+1 2n-h2 2n+3| 
•"" t— 4 « *"^^|27i+l"^2n+2 2n+S 27i+4J 

Thus the particular change here introduced has increased 
the number g by unity. It is easy to apply a number of 
other modifications by following the same process. 
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NOTES. 

At the Liibeck meeting of the German Mathematical So- 
ciety, held in September, 1895, it was decided to combine in 
one volume the official reports of the Vienna and Liibeck 
meetings. This will form vol. IV of the Jahreaberieht 
der Devischen MiUhematiker-Vereinigung (Berlin, Beimer). 
Through the courtesy of the executive committee we have 
received advance sheets of the first twenty pages of this vol- 
ume, containing the general reports of the secretaries, but 
not the abstracts of the papers. 

It appears from the general report of the Vienna meeting 
(September, 1894) that the following papers should be 
added to the partial list given in the Bulletin of the Amer- 
ican Mathematical Society, vol. I. (1894-95), pp. 78-79 : 

GuTZMEB ("Berlin): " A new derivation of Kirchhoff 's ex- 
pression for Huygens's principle." 

KiEPERT (Hannover): '^On the mathematical preparation 
desirable for specialists in assurance." 

Krause (Dresden): "On the theory of the transforma- 
tion of the elliptic functions." 

Landsbero (Heidelberg): "On the theory of algebraic 
numbers." 

Lerch (Prague): " On an integral occurring in Cauchy's 
transformation of the elementary elliptic function of the 
third kind." 

J. Schmidt (Budapest): "Eemarks on Bolyai's Ten- 
tamen." 

Walsch (Prague): " On a method of treating surfaces of 
the third order." 

Wangerin (Halle) : " On the history of the theory of con- 
formal transformation." 

The papers originally announced by Nagy, Peschka, 
Schapira, Schlesinger, and Studnicka (loc. cit.) were not 
read. 

At the Liibeck meeting the following papers were read: 

HiLBERT (Gottingen) and Minkowski (K5nigsberg) : Ac- 
count of their special report on the present state of the 
theory of numbers. 

E. K6tter (Berlin): Account of his special rei)ort on 
the development of synthetic geometry. 

Frege (Jena): " On Prof. Peano's and my own symbolic 
algebra (BegriflFsschrift)." 

Wangerin (Halle): " On Franz Neumann's mathemati- 
cal works." 
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Lampe (Berlin) : " On the compilation of a general biblio- 
graphy." 

Heffteb (Giessen): " On common divisors and common 
multiples of linear differential expressions." 

Voss (Wiirzburg): "On infinitesimal deformations of 
surfaces." 

PoKBOvsKY (Kiev): "On the hyperelliptic functions of 
two arguments." 

SousLov (Kiev) : " On a continuous group of Darboux 
rotations." 

JxjKovsKY (Moscow): "Geometrical interpretation of 
S. Kovalevsky's case of the motion of a heavy rigid body 
about a fixed point." 

Fricke (Braunschweig) : " The regions of discontinuity 
of the groups of real linear substitutions of a complex 
variable." 

Klein (Qottingen) : "On the theory of ordinary con- 
tinued fractions." 

GtoRDAN (Erlangen) : " Pascal's theorem." 

Schubert (Hamburg) : " Correlative correspondence in 
n dimensions." 

GuTZMER (Berlin) : " On certain linear difierential equa- 
tions." 

Gk>DT (Liibeck) : " On the Feuerbach circle and the 
Steiner curve of fourth order and third class." 

KoHN (Vienna): "On the geometric interpretation of 
homogeneous co5rdinates." 

London (Breslau) : " On cubic constructions." 

Meter (Clausthal) : " On L. Schendel's memoir on infi- 
nite series and products." 

GuTZMER (Berlin) : " On Schoute's paper on certain en- 
velopes." 

SchCtz (Gtittingen) : "On an interrelated group of thermo- 
dynamic, electrodynamic and astrophysical facts." 

SoMMERFELD (Gdttingeu): "Difihu^tion problems in exact 
treatment." 

The special report on the present state of the theory of 
numbers, by Hilbert and Minkowski, will probably be pub- 
lished before the end of the present year ; E. Kotter's spe- 
cial report on the development of synthetic geometry is ex- 
pected to follow soon. 

Plans for a number of other reports on special branches 
of mathematics were discussed at both meetings. Thus 
Pringsheim is preparing a report on the theory of infinite 
series, Czuber on the calculus of probabilities, Stackel on 
differential geometry, Walsch on line geometry. It was re- 
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solved at Liibeck that Wirtinger's report on Abelian func- 
tions should be postponed till after the publication of the 
third volume of Weierstrass' collected works and of his lec- 
tures on Abelian functions. At the same time, the theory 
of the functions of a real argument was designated as a sub- 
ject on which a report would be desirable. 

The project of a mathematical dictionary has taken some- 
what more dennite form, the academies at Vienna, Munich 
and GU^ttingen having promised financial assistance ; B. G. 
Teubner will be the publisher. 

The Society expressed its sympathy with the idea of an 
International Congress of Mathematicians, but declined to 
take the initiative in the matter. A communication from 
Prof. Molenbroek (Hague) , concerning the formation of an 
international association for the promotion of the study of 
quaternions and allied subjects, was not received very favor- 
ably, the Society deeming it unwise to form such an asso- 
ciation merely for promoting a very restricted branch of 
mathematical science. 

Both at Vienna and Liibeck the German Mathematical 
Society held its sessions together with the section for math- 
ematics and astronomy of the Society of German Natural- 
ists and Physicians. At Liibeck a combined session with 
the physicists was arranged for. Besides the last two of the 
above-named papers, a report by Prof. Helm (Dresden), 
** On the present state of energetics," was read at this ses- 
sion. It provoked a prolonged and thorough discussion, but 
will not be included in the Jahresberieht. 

A committee, consisting of Professors Brill, Wangerin and 
Gutzmer, was appointed to draft and present an s^dress of 
congratulation to Prof. Weierstrass on his eightieth birth- 
day (3l8t October, 1895). 

The officers of the Society are at present : A. Brill, Pres- 
ident; A. Gutzmer, Secretary and Treasurer; A. Wangerin 
and A. Gutzmer, Publication Committee ; F. Klein and G. 
von Escherich, members of the Council. The membership 
is 273. 

Among the prizes awarded at the annual meeting of the 
French Academy of Sciences were the following: Prix 
Francoeur (1,000 francs) , awarded annually for discoveries or 
works useful to the progress of mathematical science, to J. 
Andrade; Prix Poncelet (2,000 francs) , awarded annually for 
the work, published during the preceding ten years, which, 
in the judgment of the Academy, has been most useftd to 
the progress of mathematical science, to G. Bobin for the 
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whole of hiB work on mathematical physics; Prix Petit 
d^Ormoy (10,000 francs), awarded every second year, for 
works on pure or applied mathematics, to the late Albert 
Eibaacour. 

The subjects set by the Academy for the next mathemati- 
cal prizes are as follows: Grand Prix des Sciences matheina- 
tiqiies (10,000 francs), to advance in some important respect 
the algebraic theory of groups of substitutions of n letters, 
papers to be submitted by October 1, 1896. Prix Bordin 
(3,000 francs) , to advance in some important respect the 
theory of geodesic lines, the case of a linear element with 
any number of variables not being excluded, papers to be 
submitted by October 1, 1896. Prix Damoiseau (1,500 
frames) ; subject in 1896, to connect, by means of the theory of 
perturbations, the different appearances of Halley's comet, 
going back to Toscanelli's observations in 1456 and tak- 
ing into account the attraction of Neptune, and to calcu- 
late with precision the next return of this comet in 1910; 
subject in 1898, to give an exposition of the theory of the 
perturbations of Saturn's satellite Hyperion, discovered in 
1848 simultaneously by Bond and Lassell, taking into ac- 
count principally the action of Titan, to compare the obser- 
vations with the theory, and to deduce therefrom the value 
of the mass of Titan. Papers for the Prix Damoiseau 
must be submitted by June 1. 

The University of Chicago: Summer 1896. The fol- 
lowing mathematical courses will be offered : By Professor 
Moore, Theory of Numbers, Differential Equations (with in- 
troduction to Lie's continuous transformation-groups); by 
Professor Bolza, Theory of Substitutions, Theory of Func- 
tions of a Complex Variable; by Professor Miller, of the 
University of Indiana, Analytic Geometry of Three Dimen- 
sions; by Dr. Young, Conferences on Mathematical Peda- 
gogy, Theory of Equations, College Algebra; by Mr. 
Slaught, Advanced Integral Calculus, Introductory Course 
in Differential and Integral Calculus; and by Mr. Baker, 
Analytic Geometry of the plane. The pedagogical confer- 
ences are two hours weekly for six weeks, and the other 
courses are four or five hours weekly for twelve weeks from 
July 1 , 1896. Those who expect to work in mathematics 
at the University of Chicago during the coming summer, as 
as well as those who desire further information, are re- 
quested to communicate with Professor Moore. 

The 1896 volume of the Annuaire, published by the Bureau 
des Longitudes, has been issued. It contains the usual mass 
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of material devoted to astronomical and other science. 
Among the appendices are two articles by M. Coma, upon 
forces acting at a distance, and upon FresneFs optical work. 
There is also a report by M. Janssen about his third ascent 
of Mont Blanc. The list of members of the Bureau con- 
tains the names of two Americans : Dr. B. A. Gould and Mr. 
G. Davidson. 



NEW PUBLICATIONS. 

I. HIGHER MATHEMATICS. 

Abel (N. H.). Untersaohongen uber die Reihe 1 4- y « 4- *^o^ ** 

-f "^^^-^^Sp-V gaj^ ( 1826. ) Herauagegeben von A. Wangerin. 

(Ostwald's Klaasiker der exakten WisBensdiafteii, No. 71.) Leip- 
zig, Engelmann, 1896. 8vo. 46 pp. Cloth. Mk. 1.00 

CocuLESCO ( N. ) . Sur les expresBions approch^ des termee d*ordre ^ler^ 
dans le d^veloppement de la fonction perturbatrioe. Paris, Gau- 
thier-Villars, 1895. 4to. 90 pp. 

Con ANT (L. L.). The number concept; its origin and development. 
New York, Maomillan, 1896. 12mo. Cloth. $2.00 

Dewey ( J. ). See McLellan ( J. A. ) and Dewey ( J. ). 

Epstein ( P. ) . Znr Lehre von den hyx>erellipti8chen Integralen. [Diss. ] 
Sttaasboig, 1895. 4to. 58 pp. 

Gopel (A.). Entwnrf einer Theorie der AbePsohen Transoendenten 
erster Ordnnng. (1847. ) Heransgegeben von H. Weber. Ans dem 
Lateinischen abersetzt von A. Witting. (Ostwald's Klassiker der 
ezakten Wissenschaften, No. 67. ) Leipzig, Engelmann, 1896. 8vo. 
60 pp. Cloth. Mk. 1.00 

Klein (F. ). Ueber die Arithmetisirung der Mathematik. [Nachrichien 
der K. Oeseltschaft der WisaenscJiaften zu, ObUingen, 1895, Heft 2.] 8to. 
10 pp. 



. Ueber eine geometrisohe Anflassung der gewohnlidieD 

Kettenbraohentwickelnng. INachrichten der K, OeseUMhttft der WU- 
senschaftenzu OotHngenj 1895, Heft 3.] 8vo. 3 pp. 

McLellan (J. A.) and Dewey (J.). The psydiology of number and 
its applications to the methods of teaching ari£metio. ( Interna- 
tional education series, No. 23. ) New York, Appleton, 1895. 8vo. 
12 and 310 pp. Cloth. $1.50. 

MATTHIE88EN (L. ). Grundziige der antiken und modemen Algebra der 
litteralen Gleichungen. (1878.) 2te Ausgabe (unchanged, but re- 
duced in price). Leipzig, Teubner, 1896. 8vo. 16 and 1,002 pp. 

Mk8.00 

MoLK (J.). See Tannery (J.) and Molk (J.). 

Neppi-Modona ( a. ) e Vannini (T. ). Question! e formole di geometria 
analitica ad una e due dimension!. Palermo, 1895. 8vo. 320 pp. 

Fr. 7.50 
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Pascal (£.). Teoria delle fonzionl ellittiche. Milano, Hoepli, 1896. 
16mo. 12 and 228 pp. 

PoiNCABE ( H. ). Calcnl des probabilitds. Leyons profess^es an oonrs de 
physique math^matiqne pendant le 2e semestre 1893-94, r^dig^es 
par A. Qniqnet. Paris, Carr^, 1896. 8vo. 280 pp. 

PUCHBEBOEB (E.). Eine allgemelnere Integration der DifFerentialglei- 
chungen. Heft 3. Wien, Gerold, 1896. 8vo. 6 and 52 pp. 

Mk. 1.60. 

Tankeby ( J. ). et MoLK ( J. ). Elements de la throne des fonotions el- 
liptiqnes. (En 4 volnmes.) VoL II: Calcnl diff^rentiel, partie 
2. Paris, Ganthier-ViUars, 1896. 8vo. 6 and 300 pp. Fr. 9.00 

ToBBES (L.). Memoria sobre las maqninas alg^bricas. Madrid, 
1895. 4to. 108 pp. Fr. 4.00 

Vannini (J. ). See Nkppi-Modona ( A. ) e Vannini (J. ). 

Vblde (a.). Ueber die Cnrven, deren Bogen der Tangente des Licht- 
strahlmnkels propori;ional ist, nnd die damit verwandten Cnrven- 
scbaren. [Diss.] Halle, 1895. 8vo. 42 pp., 2 plates. 

Wangkbin (a. ). See Abel (N. H. ). 

Webeb (H.). See Gopel (A.). 

WiTTiNO (A. ). See G<5pel ( A. ). 



II. ELEMENTARY MATHEMATICS. 

EsMABCH (B. K.). Die Knnst des Stabreohnens. Gemeinfassliohe nnd 
Yollstandige Anleitung zum Gebranohe des Rechenstabes auf alien 
Gebieten des praktiscben Rechnens. Leipzig, Gunther, 1896. 8vo. 
192 pp., 2 plates, aoth. Mk. 4.00 

Gelin(E.). Precis de trigonom^trie reotiligne. Namnr, 1895. 8vo. 
72 pp. Fr. 1.50 

Holman (S. W.). Computation rules and logarithms, with tables of 
other useful functions. New York and London, Macmillan, 1896. 
8vo. 14 and 74 pp. Cloth. $1.00 

Kbooeb (M.). Leit&tden fur den Geometrie-Unterricht. lOte Auflage. 
Hambui^g, Meiasner, 1895. Mk. 1.00 

Lodge (A.). Mensuration for senior students. London and New 
York, Longmans, 1895. 12mo. 14 and 274 pp. $1.50 

Meigen (F.). Lebrbucb der Geometric. (Technische Lehrhefte, Math- 
ematik, Heft 4.) Hildburghausen, Pezoldt, 1895. 8vo. 4 and 
82 pp. Mk. 2.00 

Nell (A. M. ). Funfstellige Logarithmen der Zahlen und der trigo- 
nometrischen Functionen, nebst den Logarithmen fiir Summe und 
Differenz zweier Zahlen, deren Logarithmen gegeben sind, sowie 
einigen anderen Tafeln. 8te Auflage. Darmsts^t, 1895. 8vo. 20 
and 104 pp. Cloth. Mk. 1.50 
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PixcHEBLE (S.)- Algebra elementare. 6a edizione. Milano, Hoepli, 
1896. 16mo. 8 and 210 pp. 

Eseroizt sail' algebra elementare. Milano, Hoepli, 1896. 24mo. 



135 pp. 

ScHULTZ (E.). Leitfaden der Planimetrie fur WerkmeisterBchulen nnd 
gewerbliche FortbildungsBoholen. Teil 2. Essen, Baedeker, 1896. 
8vo. 4 and 66 pp. Cloth. Bik. 0.75 

Sylwan (O. C). Elementen i Algebran. Stockholm, 1895. 8vo. 
108 pp. Mk. 1.80 

Wentwobth (G. a.). Syllabus of geometry. Boston, Ginn, 1896. 
16mo. 2 and 50 pp. 



in. APPLIED MATHEMATICS. 

Alheilig et Roche (C). Traits des machines ^ vapeur, rddig^ oon- 
form^ment au programme du oours de machines ^ yapeur de PEoole 
centrale. (En 2 volumes. ) Vol. II. Paris, Gauthier-Villars, 1896. 
8vo. 12 and 606 pp. Fr. 18.00 

BehseCW. H.). Die darstellende Geometric fiir Real-, Gewerbe- und 
Werkmeistersdiulen, sowie zum Selbstunterricht fiir Bauteohnik^ 
und Mechaniker. Nach dessen Tode bearbeitet von P. Berthold. 
Teil 1: Die Projektionslehre; Konstruktion der Durchsdinittsfiguren; 
windschiefeFlachen; SpirallinienundSpiralflaohen; sohrage Projek- 
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A TWO-FOLD GENERALIZATION OF FERMAT^S 
THEOREM. 

Presented to the American Mathematical Society, February 29, 189G. 

BT PBOFESSOB ELIAKIM HASTINGS MOORE. 

Formulation of the generalized Fermat theorem III [A;+ 1 , n; p] . 
§ § 1-4. 

1. In Gausses congruence notation FermaVs theorem is : 

I, a''— a=0 (mod|>) 

where p is any prime and a is any integer : 
or, otherwise expressed, 

Ij The two rational integral functions of the indeterminate X 
with integral coefficients 

X'-X, 1T'(X+«) 

0=0 

are identically congruent (=) (mod jj): 

X''-X= '^n^X+a) (modp). 

asO 

We write I^ thus: 

Ij The two forms in the two indeterminates X^, Xj, 

Z)[2, 1 ;p](X., x.) = a;x.'-x/x„ 
P[2, 1 ; j>] (X., X,)= X, .IT' (o.X,+ X,), 

00=0 

are identically congruent (mod p) : 

Z)[2,l;rf(X„X,)=P[2,l;p](X„X,) (modp). 

2. We proceed in two steps to a two-fold generalization 
of Fermat's theorem I,. 

II. The two forms in the k+1 indeterminates X^, X,, •••, X^^, 

(1) Dlk+l, l;p] (X., X„ -, X,)= I X/ I «, j.o, 1. •••.*). 

(2) P[*+l,l;rf(X.,X.,",X,)=n* S«A «/=-o.i.-.*,. 
— where the product H* embraces the (|>*+ ^ — ^)/(P — ^) l^^^^^ 

/orms 2 %^g '^hose coefficients a^ (l7=0, 1, •••, A;) are integers 
selected from the series 0, 1, •••,jj — 'i, in all possible ways, only 
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BO that for every particular form ^ firsts the coefficients a^ are not all 
0, andy aecondy of the coefficients a^ not the one with largest index 

gis 1 are identically congruent (mod p): 

D[k+l,n;p](X„,X„;X\) = P[_k+l,n;p](^X„X\,;X,). 

When we collect into a class the totality of integers con- 
gruent to one another (mod;>), and denote the p incon- 
gruent classes hyp marks, we have in this system ofp marks 
Si field i^ [jj] of order p and rank 1, The marks of the field 
F [p] may be combined by the four fundamental operations 
of algebra— addition, subtraction, multiplication, division, 
— ^the operations being subject to the ordinary abstract 
operational laws of algebra, the results of these operations 
being in every case uniquely determined and belonging to 
the field. Congruences (=) (mod p) are in the field equal- 
ities (=),and identical congruencies {=) are identities (=). 
The restatement of II in the terminology of the field F [p] 
is given by setting n=l in its generalization III (§3). 

3. The second step of generalization of I, rests upon 
Galois^ 8 generalization of the field F [p] to the Galois-field 
GF [p"] of order p", modxdus p, and rank n. This field of ;>" 
marks a is uniquely defined for every |}= prime, n= positive 
integer. (I have elsewhere proved that every field of finite 
order s is a Galois-field of order «=p".) 

A form, that is, a rational integral function of certain in- 
determinates, Xo,A"p--,X^, is said to belong to the Gi^[p"] if 
its coefficients belong to (are marks a of) the (?F[jj"] . A 

linear homogeneous form V a^X^ belonging to the Gi^[|>"] is 

called primitive if not all its coefficients a^ are 0, and if of 
the coefficients a^ not the one with largest index (7 is 1. 

We have then : 

III. The two forms in the k+1 indeterminates, A'^,, A",, •••, A'^, 

(3) Dlk+l,n;p](X,, A'„ •., A;)= A7" u.^-o, 1. •,^). 

(4) P[^+l,n;p](A;,X„...,A;)=n*2«,X^ (^=0,1......). 

9 
— where the product n* embraces the (jp*'^*^*^— 1 ) / (p" — 1) dis- 

tinct primitive linear homogeneous forms ^ ^g^g belonging to the 

Gi^[p"] — are identical: 
Z)[^+l,n;p](X„Ap-,Xj=P[/:+l,n;p](X,X„...,A;). 

The forms D, P whose identity theorem III affirms have 
the three characteristic positive integers or characters A: -f 1, 
71, p. It is convenient to attach these characters to the no- 
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tation III for the theorem, and thus to speak of the theorem 
III [k + l,n: p]. This theorem requires proof only for A; ^ 1 , 
since for ^ = 0, D = X^, /^ = X^, 

4. For the proof of III [k+lyn;p] we need Galois^s one- 
fold generalizations of the FemuU theorems I: 

11/ Every mark a of the (?i^[p"] satisfies the equation 

whence, 

11/ The two forms in the indeterminate X 

a|p*» 

belonging to the GF [p"] are identical : 

alp** 

(where, as always, the subscript-remark a \ p" means that 
the mark « is to run over the p" marks of the Gi^[p**]), 
and further, 

IIj' Ilie two forms in the two indeterminatesX^ a,, 

D[2, n; p] (Z., Z,)= X, Z'" - Xj" X„ 
p [2, n; p\ ( a;, X,)= n* («. Z.+«, X,), 

— where the product JI* embraces the jf+\ distinct primitive 
linear homogeneous forms a^ X^+a^ X, belonging to the GF [p**] — 
are identical : 

D [2, n ; p\ (X„ X,) = P [2, n;j,] (X., X,). 

A (known) corollary to 11/ is also needed. We denote 
by A* the substitution on the |>* marks a of the Gi^[jj'*] 
which replaces every mark a by o^; obviously AcAd=Ac+rf 
whilebyll/, A„= Ao=l- We denote by i';(X„X„-,XJ 
the result obtained by applying the substitution ^1^ to 
the mark -coefficients of a form F(X, Xp -^Xj^) belong- 
ing to the GFlp] , so that F^{X,, X,,-., x;)= F,{X,. X,r, XJ 
= i^(Xo, X,,--, XJ. Since in the involution of a multi- 
nomial to the !>'* power the say intermediate multinomial 
coefficients are all divisible by |>, we have in the Gi^[p'*] 
of modulus Pj 

F,{X,, x„ ..., x,y= F,^, (Xf, Xf, ..., xo, 

whence 

11/ Cor. fXX„ X„ ..., Xy~F{X{, Xr, ••., Xf ), 
where F{X^, X,,-, XJ is any form of the GF[p"]. 



Digitized by VjOOQIC 



192 GENERALIZATION OF FEBMAT^S THEOREM. [April 

The theorem III[A:+1, n; p] bears the same relation to 
Gralois's Fermat's theorem II' : II,' =111 [2, n;p]: that the 
theorem 11= III[A;+1, 1 ; p] bears to Fermat's theorem I : 
Ij = III [2, 1 ; p] . I am communicating then one-fold genera- 
lizations II, III of the known theorems I, II'; of these II 
may be looked at as a theorem in the ordinary Gauss- con- 
gruence theory, while its generalization III is a theorem in 
the Galois-field theory. 

I give three proofs A, B, C of the general theorem 
III [A:+ 1, n; p] . The proof A depends upon considerations 
involving the G-F[p"] of rank n alone, and accordingly for 
n=l this proof A of III[A:-f 1, 1; p]=II may be exhibited 
in the terminology of the ordinary Gauss-congruence 
theory. The proofs B and C however depend upon consid- 
erations involving the wider 6rF[p'"**] of rank win 
(m> 2 A;'); they throw a sharper light upon the essential 
meaning of the theorem III[A;-f 1, n ; p] for every n. 

Proof A of the theorem III [A;-f 1, n; jj] . § 5. 

Proof by tiob-hased induction. We know that III[1, n ; p] 
and III [2, n; p] = 11,' are true. On the supposition that 
III[i— 1, n;p] and III[/, n\ p'] {l> 1) are true we prove 
that III[/+1, n; p] is true. 

6. In the determinant C7=| My | (i,J=0, 1 ,1) we de- 
note by U^ the minoi^ complementary to tiy, and have * 



(5) (-iy+» 

We set now 
so that we have 



TT IT 



=u.\u,\ Cc;;',;:.:!-') 

u^=Xf (*j-o, 1,-, 0, 



D[l+1, n; p] (A-,, X„- -, X)=+ U, 

D[i-i, n; p](xr, Ar.-.Yf) = i «, i c=5Js^•), 

g. DU, n; p] (A'„ X,,-, X,) = (-1)'+' U„, 
^^' D[l, n; p] (X., X„- , X) =(-!)' U„, 
D[l, n; p-] (Xf, Xfy; Xf) = - CI.,, 
D[l, n; p-] {Xf, Xfy, Xf) = + U„. 

Then by substituting the values (6) in the identity (5) and 
remembering II,' Cor. and the definition (3) of D[2, n; p] 
( Fo> F,), we have the fundamental identity 

*See, for instance, Scott's Determinantt, p. 57, No. 6. 
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(7) Z)[2, n; p] (D[l,n;p] (jr,,X„...,X,),Z)p,n;i>] (A^X^.-X,;) 

=Z)[i+l,n;rf(X„X„-.,XO .D^-l,!*;' p](X,,X„.-.X,K. 

Now, using always the n* in the sense defined in the 
enunciation of III, we have by hypothesis : 

(8.) III[2,n; p]: 2)[2,n;p](r., Y,)=P[2, n;;,](r., Y,)= 

n%% n+ '5, r,) = F. . n (/* r.+ r.) , 

/Sll''* 

(8,) m[l-l,n;p]: D[l-l,n;p](Y„ F., •■^, F. _ ,) = 

Pp-l,n;/>](F., F„-, F,_,) =n*^>»F„ 
(8.) IIip,n;|,]: D[l,n;p]ir„ F„ •, l'.-.)^" 

P[i, «; />] ( F., F., -, r^o= n* *! /I F». 

» = 

By (8,) the left side of the identity (7) is 

(9) Z)p,n;p](X„X,,...,XO-n is D[l, n; p](iX„ X,, -,Xd 

+ /)p,n;p](X„X„-,X,)), 

which, using 11/ and 11/ Cor. in the addition of the determi- 
nants, is 

(10) Z)p,n;rf(X„X„ .,X,). 

n i>p, n^pyjx.+x,, X,, ..., X,), 

which by (8,) is 

(11) n*a^o+^a^a+-+ '^/^/)- n n* ( r,C5x,+x,) 

We compare the product (11) with the product (12), 
(12) Pp+1, n; p-](X^, X„..., X,) = 

n*(«o^o+«i ^i+«« X,+ ...+a,X,). 

The factors of (12) are the primitive linear homogeneous 
forms 2 ^g ^9 with no omissions and no repetitions. Every 
factor of (11) is likewise such a form. And in (11) every 

9=1 9=i 

such form 2 «y X, occurs at least once; any such form 2 «„ X 

y=0 g=0 
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with «! 4" ^ occurs (since Z> 1) once and only once, viz., 
under that n* o^ the second set in (11) whose forms have 

/5 = tt^ I tfj ; any such form v a^ X, with «, = 0, «o4" ^> occurs 

once and only once, viz. , under the single n * of the first set 

in (11); any such form v a^ X^ with a^ = 0, a^ == 0, occurs in 

all 1 + j»" times, viz., once and of course only once under 
every JI * of (11). Thus the product (11) is : 

(13) Pp+1, n; |,](A;, X„ ..., X.)- (n *|[«, X,)p". 

When we substitute (13) for the left side of the identity 
(7) and divide out* the second factors, which are identical 
by the hypothesis (82), we have the desired identity 

(14) III[i+l,n;;>]: 
P[^+l,n;i>](X„AV-,XO = ^[Hl,n;|>](A;,X,,...,XO. 

Prooj B of the theorem III [ik + 1 , n ; ;?] . §§6-11. 

Direct proof of the identity III ^[k+1, n; p] 
III N. D [fc+1, n; ;,] (X„ X„ -, X.) = 

i)[*,n;rf(A;,A'„-,x^,).n (T-a+a; \. 

{r=0,-,»-l) 

6. From the identity 111 ^ [1+ 1, n ; p"] for l^ I, 2j",fky and 
in view of the definition (3) Z)[l, n; j^] (X^) = X^, toe have 

(15) /)[^+l,n;p](X,,A>.,XJ=X,.n H (v^X+xl 

(r=0. ,••,1-1) 

viz., the identity called for by tJie theorem III[A;+1, n; j^]. 

7. We introduce the GP[ /)"*"] of modulus p and rank mn 
where m is any integer ml2k^lk+\. The Gi*'[/)""*] con- 
tains the GF[j3"]. The forms entering the theorems 
III [ifc+ 1 , n; p'] , III tq [A;+ 1 , n ; p] belong to the GP[;>"] , and 
the theorems then to the GP[|)"] -theory , but the forms 
belong also to the wider (tF[/)"*"] , and the proofs B, C of 
III^ and III make use of this fact. 

*A3 U» the fact that the qaotient-forms so obtained are identical, see, for 
meiiitK't, the theorem (3) \ 3 of the memoir by Wkbeb : Die allgemeinen 
Grundhufen^ der Qaloisschen Glcichungstheorie {Malhemalische Annalen, vol. 
43, pih .V21-549, 1893.) 
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8. The small Greek letters «, ^, r, •> ^ heretofore desig- 
nate marks of the GFlp'"] , and the large Greek letters A, H, 
r, •••, marks of the GF[p'^'']. 

Any t marks A^ (r=l, 2, -, of the GF[jj'^] determine 
in the GF[;)'""] an additive-group [^„ ^„ •-, A, \ GF[p''']'] 
with the basiS'System A^^ A^^ -, ^^^and jieU of reference G-F[/>*J 
containing all possible marks A expressible in the form 

(16) A = V a J, 

where the a^{r=^\,2^ ...,i) are marks of the field of refer- 
ence GjP[ j^"] . 

The p^ marks ^^(16) are distinct if the particular mark 
J = occurs only once, viz., with the coefficients a^ all 0. 
In this case, when of course t ^ m, the additive-group has 
the order p^ and rank f, and the t marks A^ are linearly inde- 
pendent with respect to * the GF [/>"], and obviously any f of 
the t marks are likewise linearly independent. If <<m, not 
all the marks of the GF [/>'"'*] are in this additive-group of 
rank <, and any external mark .4,^, forms with the t marks 
A^ a system of < + 1 linearly independent marks, and thus 
extends the additive-group of rank t to one of rank t+1. We 
take as a start any mark A^J^O , and by the preceding re- 
marks may affirm : (a) There exist systems of I marks 
^1, A^, •••, Ai of the (rFf^""*] linearly independent with respect 
to the GF[/)''] for every /, Z = 1, 2, •••, m ; (6) every additive- 
group [/I,, A^'", Af I GF [i>"]] may be exhibited as an ad- 
ditive-group of some rank l^ t based upon such a system 
of I linearly independent marks chosen from amongst the 
original t basal marks A^, 

9. We take now any system of A;+ 1 (not necessarily 
distinct) marks Hg (g=0, 1, .., k) of the Gi''[p'"'*] and con- 
sider the two marks 

(17) A = 2>[A: + 1, n; p] (//„ //„ ...//,) = \fif\ 

(l,J=0, "-yljk), 

(18) n=Plk + 1, n; ;,](//„ //„ ..., /?,) = n*2«, 'f, 

07= 0,1,..., A:). 

Clearly n=0 if and only if the marks l^g are linearly de- 
pendent. And further, since from an equation. 



*In the sequel the GF[p'* ] is always the field of reference. 
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we have, by 11/ Cor., the k+1 equations, 

fj=k Vp»' /=» 



j=o F J=^ 



(i=o, i...jk). 



we see that if the marks B, are linearly dependent, then 
A=0. 

(In passing we notice that the remark just made concern- 
ing n and the theorem III[A;+1, n ; p] yield the theorem : 

A necessary and suffiderU condition that k+1 marks B^ 
((7=0, lj",k) of a GF[p'"'*] (many integer) shall he linearly de- 
pendent with respect to the G-Ffp"] is the vanishing of the determi- 
nant A = |/^'*'| (t, i=0, 1-, k). (If m < ik+1, then A 
vanishes for every system of k+1 marks B,). This yields 
its still more important corollary : 

The rank of the additive- group [/?o, ^^— > ^M G^^Cp*]] « *^« 
same as the rank of the matrix {Uf ) (i, ^=0, l,--, A;), where 
a matrix (i*^) ( j=S; {;;:;; f ) is said to have the rank r if its every 
sub- determinant of order r'^r vanishes while at least one 
sub- determinant of order r^^r does not vanish. 

It would not be diflBcult to establish this theorem and its 
corollary independently of the theorem III[A;+1, n; p'] .) 

10. Next we consider a system of k{k+l^ m) linearly 
independent marks A^ (»*==0, l,-, ^—1), and select from 
thep*" marks A of the additive-group [_A^, A^-^A^ \ Cri^jj)"]] 
any ifc+1 marks Hg (sr=0, 1, •••, k). These marks /^^ are 
linearly dependent, for otherwise the additive-group based 
on them would have the order p^*+*^**, whereas it is con- 
tained in the additive-group of order p^ based on the k 
marks A^, For these marks /^^ then (§9)A=0, n=Oj 
and so 

(19)Z)[/:.fl,n;rf(//o,/V-,^) = P[A:-fl,n;i>](/?o, V-,^'*)- 

11. We take now any system of 2k^(2k^<m) linearly 
independent marks KX^lVzil^) and split it up at once 
into k systems of 2 A; linearly independent (§8) marks. 

The system £^„(s=l, 2,-2 k) determines the addi- 
tive-group [E^^y E^j -, ^^j I GF[i>"]] containing besides 
the mark j?"**— 1 marks A^ of the form A^ =2 e„ £„, where 

the Sr, are marks of the (?jP[p'*] not all 0. We select from 
each additive-group any mark A^ (,4,=|-0) (r=0, 1,"',A;— 1). 
These k marks A^ are linearly independent, and determine 
the additive-group [^o, ^i,**, A^^ \ GF[|)'*]] containing 
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r=»-l 



|)*" marks A of the form A=^s a^ A^. By §10 we have for 
every such mark A 

(20) D[A:+1, n;pK^o, ^„ -, ^^p ^)=0. 
Hence th^ equation for X^^ 

(21) D\h+\, n;;>](Jo, ^», -, ^^„ X*)=0. 

which is of degree p*" in the unknown X^ with the leading 
coefficient Z)[A?, n; j>](Jot ^i> •> ^a-i) has as roots the p^ 

r=»-l 

marks i4 of the form ^=v a^ A^, Since the marks i4 are 

r=*-l 

given equally well in the form A^ — 2 ^r Ar, we have th^ 
identity in the indeterminate X^^ : 

(22) D[A:+1, n;p](^o, ^„ -, ^^„ A;)= 

(r=0. I. .... *-l. 

Now consider the two forms in theA;+l indeterminates 

(23) D[A+1, n; j>](X„ X„ -, X^,. XJ, 

D[A;, n ; p\ (X., X„ -, X^,). n 'of' «r X+X,). 

(r=0 *-l) 

We affirm their identity: this is the theorem III ^ [^+1, 
n;p\. Denoting by C(Xo,X,,",X^,)» ^(^o^ X,,--, X^,) the 
coefficients of any certain same power of X^ in the respective 
forms (23), we prove the identity in the h indeterminates 

(24) C(X„ X„ ..., X^,) = C(X„ X„ ..., X»_,). 

In the first place these forms are of degree 1 p^ in each 
indeterminate. Further by (22) 

(25) C(A^, A^, ..., Vi)= C^C^o. ^r -. Vi) 

where for r=0,l,..,ifc— 1 .4,, is any of the j?""— ll^""— l>p*") 
marks ^4^-4-0 of the additive-group[^^i, /^'r2*-, ^'^ I G-F[p"]]- 
The desired identity (24) follows then by the identUy-theoreni 
(which is proved in the Galois-field theory just as is the cor- 
responding theorem in the theory of the ordinary general 
algebraic field): 

Identity-theorem, If the twofmnns of the GF[p""*] 

C(^Y,,Y„-,Yd, C(r„F„..., r,) 
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contain tlie I indeterminates Fj, F,, .., F, to degrees respectively less 
than the numbers y,, y,, ..., y,, and if to eaJch indeterminate Y^ 
(^=1, 2, ••*, Z) a certain system of y^ distinct marks A^ may be as- 
soeiated in such a way that the two marks obtained from the two 
formes by «id)stituting for each indeterminate F* any mark ^* of its 
associated set are equal : 

then the two forms are identical : 

Proof C of the theorem III [it+1, n; p]. §§ 12-14. 

Proof by one-based induction. We know that III [2,n; p] =11/ 
is true. On the supposition that III [I, n; p'\ (/>1) is true 
we prove that III[Z+1, n ; ;>] is true. 

12. By interchanging two adjacent columns of the deter- 
minant I Xf"^ I (i,y=0, l,-,0 we have: 

(26) Z)p+l,n;;>](...,X„A;^„...)= 
-Z)P+l,n;i>](-.,X,^„X,,-)- 

13. To prove the corresponding property for the product 
P[l+lyn; p] (X^,X^,"^,X^) we need the G^lois-field general- 
ization of Wilson^s theorem : 

11/ Cor. 1 n' «=-! («+0), 

whence 

11/ Cor. 2 n' «'*"= — 1 (a + 0) (A any integer) j 

even for ;)=2, since in a Galois- field of modulus p=2 the 
marks + 1,-1 are equal. 

In view of the definition (4) the two products 

(27) P[i+l,n;ri(-,X„X,^„-), 

obviously differ only in the factors 2 ^a^aJ ^ '^„ ^„ contain- 

ing both X^ and X^4, and no X^ with g'>h+l, that is, in 
the products 

(28) n' n ('T«,x,+ax,+x,., ) 

(u^O) {g=0 *— 1) 

n' n f^2~'.^^,+ -*Av,+ A'.). 

(fi^O) (ff=0 A-I) 
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S€tting,for any a-|-0,/5=l/a,y9j^=«j,/a {g=0, 1, "jh — 1), we 
find eaaily that the first product (28) is the second product 

(28) multiplied by n' «"*>+ 0), i. e., (11/ Cor. 2) by — 1. 
Hence indeed : 

(29) P[Z+l,n;;;](-., A;,A;^„ .•) = 
-PP+J,n;;)]( .,X,^^,A;,...). 

We have from (26) (29): 

(30) D[l + 1, n ;i>](A;, •••, X,.„ A;, X,^„ ••, X,) = 
(-iy-*Z)[Z+l,n;i>](X,,..-,AVHX,^„.-.,X„ XJ, 

(31) P[l +l,n; ;>] rX„ ••, A\ _„ X„ A;^„ •., A^) = 
(_iy-*pp+l,H;;>](X„-..,X,_„X,,., .,A'„XJ. 
14. Now the two forms 

(32) D [Z+1, n; p] (X^X,,-, X,) , Pp+1, n.p] (X,.X\, ..,X,) 
are of degree p'"* in each of the l+l indetermiuates X^^ 
(A=0, 1, ••,^); the respective coefficients of X/*^ are ob- 
viously 

(33) Z)[Z,n;p](X„X„ •,X,.,),Pp,n;|,](X,,Xp-,X^,),and 
hence by (30, 31, 33) the respective coeflicients of Xj*** 
(A=0, 1, '",1) are 

(34) (-l)-*Z)[;,n;;>] (X„ ... X,_„ X,^„ ...,X,), 
(-1)-*P[^ n; ;>] fX„ ., X,.„ X,^„ ..., X,). 

From (34) and our hypothesis that III [A; -f 1 , n ; ;>] is 
true for A; + l=nt follows that the form 

(35)Z)[Z^l,n;rf(X„X„...,X,)-Pp + l,n;rf(X„X,,..,X,) 

is of degree less than p^ in each of the I -f 1 indeterminates 
X^(A= 0, 1, ..-, I). We take in the Gf^jp-^] (m>ik>0 any 
system of I marks i4^(r = 0, l*,/— 1) linearly independ- 
ent with respect to the GF[p*''] , and associate with each 
indeterminate X^ (A=0, 1, •., I) the p'" marks ^^^/^^ of 
• the additive-group based on the marks A^. Then, since by 
§ 10 (19) for every such system of Z + 1 (linearly depend- 
ent) marks /^^ (^=0, 1, .•, ^ we have 

(36) D[Z+l,n ;;>](//,, V-,/?0-P[^+l,n;rf(//„/V../g=O, 
by the identity-theorem (§ 11) we have the desired iden- 
tity III p-f-1, n; py. 

Dp-fl,n;|,](X„X„...,XO-P[^-fl,n;;>](A;,X„ .,X0=O. 

The University of Chicago, 
January 30, 1896. 
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ON THE RUFFINI-ABELIAN THEOREM. 

BY PROFESSOR J. PIKRPONT. 

Gauss having rigorously established in 1799 the funda- 
mental theorem of algebra that every equation of degree n 
possesses n roots real or imaginary,* it was natural to in- 
quire more closely into the nature of these quantities. 
When n was less than five, it had long been known that 
these roots could in every case be expressed as explicit alge- 
braic functions of the coefficients; further it was known that 
for every degree equations existed of more or less special 
nature for which this was still true. The unsuccessful at- 
tempts of the foremost mathematicians of the century which 
was just closing to find such expressions for the equation of 
degree five, when the coefficients were left indeterminate, 
had rendered it very doubtful if the roots of the general 
equation of degree greater than four possessed this prop- 
erty. Between the years 1799 and 1813 an Italian 
mathematician, Ruffini,t made several attempts to establish 
the justice of these doubts ; but his reasoning although 
highly interesting and valuable is not conclusive, and the 
question remained open until the publication of Abel's X 
celebrated argument in 1826, where he proved that it was 
impossible to express the roots of an equation of degree 
greater than four, as explicit algebraic functions of the coeffi- 
cients when these last were left indeterminate. 

Abel's demonstration, however, is not all that could be 
desired. In the first place, as he was ignorant of Ruffini's 
beautiful researches, the substitution-theoretical part of his 
paper is unnecessarily roundabout ; secondly, in the alge- 
braical part Abel unnecessarily complicates his proof with 
a classification of functions according to order and degree. 
Here he commits an error which caused as acute a mind as 
Hamilton to declare that " it renders it difficult to judge of • 
the validity of his subsequent reasoning." In this, how- 
ever, Hamilton was misled, the classification in question 
being entirely superfluous here, however important in other 

* Gauss, Werke, vol. III. Compare also the interesting paper by 
BAcher, Bulletin, May, 1895. 

tCf. BuBKHABDT. Supplement of the Zeiischrift fur MatKemaiik u. 
Physiky vol. 37. 

t Oeuvres ComplHes, 2d edition, vol. I., p. 66. It is interesting to 
compare this with Abel's first attempt which fonus the third paper of 
the new edition. 
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algebraical investigations. In any case it was highly de- 
sirable that a theorem of snch far-reaching importance and 
which stands as it were at the very gateway of any alge- 
braical theory of the roots of higher equations, should be 
demonstrated in a simple, direct and rigorous manner. 
Such a demonstration was published by Kronecker in the 
Monatsberichte* of the Berlin Academy for 1879. This 
paper has not received the attention of writers of treatises 
on algebra which it deserves ; such standard modern treat- 
isesf as Serret, Petersen, Carnoy, all contain demonstra- 
tions of the theorem which are imperfect. Serret 's demon- 
stration is in its algebraical part almost a word for word 
reproduction of Abel's memoir and thus contains the un- 
fortunate error noted by Hamilton; the demonstration 
given by Petersen and Carnoy is vitiated by the same tacit 
postulate made by Euffini in the Modena treatise of 1813. 
Since the publication of Kronecker's paper in 1879, no 
other proof has appeared, and yet it seems to me that Kro- 
necker in following Abel too closely in the substitution- 
theoretical part of his demonstration has not given the 
simplest proof possible; on the other hand, in the algebraical 
part, in condensing to the utmost the demonstration, he pre- 
supposes that his readers are familiar with the form of 
proof given by Abel. I propose then in the following lines 
to give a demonstration of the Euffini-Abelian Theorem 
which shall be as direct and self-contained as possible ; in 
doing this I hope to render a service to a large class of 
readers whose studies have led them away from algebraical 
theories, but who would be glad to see this cdebrated 
theorem demonstrated without implying more or less famili- 
arity with the higher parts of algebra. To aid in this I 
give at the end of this paper § 8 an illustrative example 
worked out in detail. In addition to this demonstration I 
give two others: one, a modification of RuflBni's form; the 
second, Kronecker 's modification of AbePs form. As will 
be observed, the three forms of demonstration have their 
algebraical part, essentially due to Abel, in common, while 
the substitution-theoretical part increases in complexity. 

§1 

We begin by giving a few definitions and establishing one 
or two elementary theorems. 

* p. 205 Vereinfachung des AheVschen Beweises, etc. 
t Skbret : Alg^e supSrieure 5th ed. PETERSEN : Theorie der algebra- 
ischen Gleichungen, Carnoy : Cours d^Alg^re eup^rieure. 
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We say /(^/^t, >•••) is an integral function of the quanti- 
ties ^, IJ.J v," when its calculation requires only the operations 
of addition, subtraction and multiplication in regard to these 
quantities ; every such function is of the type JC^"/i*v'... 
where the coeflBcients Cdo not involve A,/i, v... and the ex- 
ponents a, 6, c-.. are positive integers. The function / (^, /i, v 
...) is said to be a rational function of A, /z, v.. -when its cal- 
culation requires only the operations of addition, subtrac- 
tion, multiplication and division in regard to them ; every 
such function is the quotient of two integral functions of 
^, At, V... and is thus of the type 

Svfv beiiig integral. A function /(a, 6, c,-; A,/i,v...) maybe 
an integral function in regard to certain quantities A,//, v... 
and rational in regard to certain others, a, 6, c-; if/ involves 
only the quantities a, 6, c-. A,//, v... and certain rational num- 
bers, we say /(a, 6, c-A, /i, v..) is an integral function of A, /i, v 
• •whose coefficients are rational functions of a, 6, c^- with 
rational-number coefficients, or more shortly /is an integral 
function of A, //, v... with coefficients rational in a, 6, c ••. 

Let if (c, a, 6, c •) be an integral function of c whose co- 
efficients are rational in a, 6, c-; if $,, c,, c, ••• be the values 
of f for which ^^=0, 

similarly if ij, r^^ r^^ be the zeros of v'' ('j, a', h\ c'- •) 

If some of the ry'« are equal to some of the Vs as 
then ^ and 4' have a common divisor 

As ^ can be obtained by the process of finding the greatest 
common divisor, and as this process never requires other 
than rational operations on the coefficients of s^, v'' which are 
rational in the quantities a, 6, c-a\ h\ c\ it follows that S is 
an integral function of ^ with coefficients rational in a, 6, c- 
a,' 6/ c' ••. The function /( ^, a, 6, c-) is said to be irre- 
ducible in regard to certain quantities >, /i, >••• when it is not 
the product of factors whose coefficients are rational in 
A, fi, V,--; in the same way the equation / (^)=0 is said to 
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be irreducible under the same circumstances. From this 
definition it follows that if /(^, a, 6, c- •) be irreducible in 
r^ard to a, 6, c- -and certain quantities A, m, v-and have 
a divisor 9 in common with ^ (c, a, 6, c--^, /u, v) then tp is 
divisible by /. For ^ as we saw is of the form 9 (^, a, 6, c- • 
^, /£, y •); which being a faictor common to /and ^ , requires 
that /possess a factor whose coeflBcients are rational in a, 
fc, c- -^, At, V -which is impossible unless /=^, that is unless 
SP is divisible by /. Hence : 

Theorem I: If 

/(^a,6,c-)=r + J,c— f -+^.=0 

be irreducible in regard to a, 6, c- X, ,u, v •••, and if at the 
same time ? satisfy the equation of less degree 

where the B are rational in a, 6, c-A, /i, v-then 
R =0 ^ =0 5 =0 

I i It, 

We turn now to the substitution theory. 
The number of permutations of n things 

1,2,3 II 

is n!; let 

/. h h /„ 

denote one of these permutations ; the operation which re- 
places 1 by ?i , 2 by /,-• n by /^ is called a substitution 
and is denoted by the symbol 



^ ', h h-L I 



where the order of the top row is indifferent if only the 
Z, is under 1, l^ under 2 etc., in each case. As to each of 
the n ! permutations corresponds a substitution, there are 
n! substitutions affecting the n things 1, 2— n. I shall 
speak of them as the substitutions of the symmetric group 
G or as the substitutions of G. One of these substitutions 
is 



/ 1 2 3-^i \ 
\ 1 2 3 ••• n / 



which leaving each element unchanged is called the iden- 
tical substitution and denoted briefly by 1. Let s, t. w,- 
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be certain substitutions, tbe operation arising from opera- 
ting first with », then with t is denoted by s,t and is called 
the product of «, t ; similarly « < w is the resulting operation 
arising from operating first with b^ then with t finally with u, 
A substitution which replaces each element of the top row 
by the following, finally the last by the first is called a cycle 
or a circular substitution ; thus 

/1234\ /42163\ 
\2341/, \21534/ 

are such. Every substitution is the product of cycles, thus 

/I 234567\ /I 3 7 2\ /456\ 
\3 176642/ \3 72l/\564/ 

/ 1234567891011\_/110\ /289\ /3\ /4657\ /11\ 
\10836754921 ll/^yiOl/ \892/ \3/ \6574/ \ll/ 

A circular substitution of two elements as (12) is a trans- 
position. To every substitution « corresponds one substitu- 
tion t such that «^=1 ; thus if 



the substitution t is 



/I 234\ 
^=(4312) 

\1 234/ 



for « converts 

1234 
into 4 3 12 

respectively but each element of this last row is converted by 
t into 

1234 

respectively, so the joint effect of s and <, or «. f is to 
leave each element unchanged .*. «<=1. The substitution t 
is called the inverse of « and denoted by «"*, so that ««-"*=!. 
For brevity also we put «.«=«*, «.«.«=«', etc. 

Let ajj x^"X^ be the roots of x^'-k-a^x*^^ ^ ha^=0, and 

let 9 {x^^x.--x^] ^1 !h'") be a rational function of x^x^-x^ 
and certain quantities ^, y^,*-; if 9 remain invariant inform, 
however we permute the indices 1, 2, 3'n, or what is the 
same thing, for all the substitutions of the symmetric group 
Oj ip is said to be a rational symmetric function of x^ x^-'X^. 
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An elementary theorem of algebra is the following : 

Theorem II. Every rational symmetric function 
if (x, ^j,"^n J ^> t*", J') of the roots ar, ^^''^n ^^ ^^ equation 
a;" + ttj x*"* H h o =0, is a rational ftinction of the coeffi- 
cients a„ a^'-a^ and the quantities A, ai, v-. 

The function f {X^fi,^".) is said to be an explicit alge- 
braical function of >, /x, v- -when its calculation requires in 
addition to the rational operations only the extraction of 
roots in regard to the quantities A, /le, v-. 

We shall call the equation 

(o) /(a;)=a:" + a^x"-»4-+a„=0 

general when its coefficients are independent variables, and it 
shall possess an algebraic solution when their exists an ex- 
plicit algebraic function of the coefficients which satisfies it. 
We propose to prove that when n is greater than four, no 
such function exists by showing that the admission of its ex- 
istence leads to a contradiction. 

§2 

In fact let us seek the most general form of an explicit 
algebraical function of the coefficients a, a^-a^. It may be 
obtained as Ruffini remarked as follows : 

Taking a rational function of the a^s as /iCajO^ -a^) we 
extract a p^^ root ; calling this radical i?, we form a rational 
function of the a'« and of B^ as fi(<ti"a^, B^) and extract a 
^2** root ; calling this radical E^ we form a rational function 
of the a'« and of B^ and i?, as/^^a, a^-a^ ; B^ B^), and extract 
a j},** root which we call /?, ; proceeding in this way every 
•explicit algebraical function x^ will be defined by the suite 
of equations: 

(A^ ^i''=/i («i «r-0, ^^=/, («r"«. ; ^i)r' 

the functions /being all rational in regard to the quantities 
within the parentheses. 

We proceed now to show how the mite may be simplified 
without losing its generality. In the first place the ex- 
ponents p^ may be taken to be primes, since the extraction 
of an mn'^ root may be eff*ected by the extraction of an m'*, 
and from that an n** root. Another simplification arises by 
observing that no loss of generality is incurred by consider- 
ing /^ to be an integral function of the radicals B^ B^-B^^^ 
with coefficients rational in a,,a-,-a . 
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For let for example /(a,- -a^, t*) be a rational function of 
u with coefficients rational in a^-a^j and 

(1) u'^g (a,-aj 

then / is of the form 

b, + b,u + b, u' +•••+ b^,t^' jp (ti) 



(2) 



/=- 



c^ + Cj w 4- c, 'v^ H h c^iti' 



,p-i 



the coefficients 6, c being rational in the a^«. It is to be 
noticed that neither tp nor v'' contains powers of u higher 
than;)— 1, since all higher powers may be reduced by observ- 
ing that 

and ^ is rational in the a '«. 

The expression (2) may be made integral in regard to u 
as follows : let the p roots of (1) be 

where w w* •• are the roots of the equation 



(3) 

The product 



x-l 



= ar-* + »''-' 4- 



a:-hl=0 



p=v''OOv''K)-vHti^,) 



is a symniatric function of the roots of (1) and is thus a ra- 
tional function Pia^ ••• a^) of ttj-a^; further the product 

oonsidered as a function of w is symmetric in the roots of 
(3) and m thus an integral function y(«i, -a,; u) oft* 
with coeflicients rational in a, ••• a^. We have thus, multi- 
plying uiimerator and denominator by Q, 

^ ^'Q^ P' 

and the ri^ht hand member is now an integral function of 
ti with coeificients rational in a^ ••• a^. Thus every rational 
function / (a, •• a^, u) can be expressed as an integral func- 
tion of u, with coefficients rational in aj a, ••• a^. 

Preeisely the same reasoning applies to a rational func- 
tion f(a^ o, -' a^, w, v) where 
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(4) v'=A (a,- a^, u) 

the function h being an integral function of u with coeffici- 
ents rational in a^a^'-a^. In fact arranging according to 
ascending power of v 

where the coefficients l^ m, as rational functions of ttj-a^, u 
may be taken as integral functions of u with coefficients 
rational in flj •«„. Making the denominator fi(v) symmetric 
in respect to the roots 

of (4) by multiplying numerator and denominator by 
/i (v,)*- Ai (v,_,) we see that 

is an integral function of u, v, with coefficients rational in 
Cj • • a^. These considerations being applicable to rational 
functions of any number of radicals, we see that without 
loss of generality we may assume that the functions /in 
{A) are integral functions in regard to i?, i?, ••• with 
coefficients rational in respect to a, a, • • a^. 

Finally we observe that we can assume that the equations 

(5) i?/*=/, /:=1,2...A 
are irreducible in respect to 

For if (5) be reducible let 

(7) {X-R^X-Rn - {X-R^i^-^^) 

be a factor rational in resi)ect to the quantities (6) , i?^, i?/ •• 
Rii^'i) being roots of (5) ; then the absolute term of (7) or 

is rational in (6), or if X satisfy A /:z = 1 mod p^, *t>^ R^ is 
rational in (6); that is i?^ is rational in to and the quantities 
(6). But as the determination of ^c^, as is well known, de- 
pends upon the solution of a mite of binomial equations 
whose degrees are the prime factors of p^—l^ the assump- 
tion that the equations of the *ui<e {A) are irreducible in 
the above sense, involves no loss of generality. 
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Thus to sum up : every explicit algebraical function of 
a, a^'" a^ is represented by the mite (A) where /^ is an in- 
tegral function of the radicals i?,, B^ ••• B^_^ whose coefficients 
are rational in a, a^-- a^ ; the equations Ri.^^f^ are irre- 
ducible in respect to a^-- a^ ; i?,-- i?*_, ; the exponents p^ 
are primes , finally 

(b) x,=IA,Rt h=0,l-p,-l 

where J^ is an integral function of i?j •• i?A-i, with co- 
efficients rational in a^" a^. 

§3 

We impose now the condition that the explicit algebraical 
function z^ shall satisfy the equation (a) ; this will give us 
a relation between the roots x^z^-" and the radical B^^ which 
will indicate a method of simplifying the suite (A) still 
further. Raising x^ to the various powers, and substituting 
these values of Zqj xl, xj, "- Xq in (a), we have the equation. 

(1) 0=5, -f 5, i?A + B, Bl + ... + B,^_, i?>-i 
and making use of 

(2) i?^A=/A 

to reduce powers of i?A higher than jpA~r, the coefficients B 
are rational in 

^9 ®i ** ^n> ^v ^t ••*> ^A-l 
and hence by theorem I., the coefficients B all vanish.* 
Thus ( 1 ) is satisfied when we replace Bx by a Bx where 0^= 1 . 
Hence the expressions obtained from (6) when we replace 
there Bx by a*i?A, that is 

(3) X,= IA,a^Ji', k=0,l-p,-l 

satisfy (1) and are thus roots of (a). Here all the coeffici- 
ents A cannot vanish, let A^ be one of these ; if we multi- 
ply both sides of the px equations (3) respectively by a"*^ 
a~^* • • o~^A *^*, and add, we get, remembering that 

iP- !)»• 

1 -f aM a*' + . .+ a ^ =0 

the equation 

(4) Ia-^x,^p,A,Bl 
which gives us the relation in question. 



* We have assamed the mite to embrace only irredaoible equations; in 
practice it is convenient to defer the elimination of reducible elements till 
this stage where we have the means of deciding concerning redncibility. 
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This relation shows us how we may express x^ as an in- 
tegral function of certain radicals 



PvP. 



where these radicals enjoy the peculiar property of being 

integral functions otx^x^ x^x and certain roots of unity 

a, /5 ••• ai with rational-number coefficients. In fact putf 

(5) P.=;>,^,1?I; 

this equation together with (2) shows that i^^ is a rational 
function of Pk and the quantities i?i, — i?x_i, since the 
assumption that (2) is irreducible in respect to i?,- • 
Rx-x Pk is, on account of (3) inadmissible. (Theorem I). 
As Rj^ is rational in respect to these quantities so is x^. That 
Pa satisfies a binomial equation of the type 

is evident ; for 

PlK = pJiK AiK i? JA*= pjA A IX // 

which is a rational function of a^ ... a^ i?j ... i?A_i which we 
denote by gx» 

The radical Rk being replaced by Pa, we proceed now to 
show how we may replace Pa-i by Pa_i. Put 

and let $^S^ c, ••• be the n ! functions (different or not) aris- 
ing from applying the n ! substitutions of the symmetric 
group to Cq. Form now the equation 

#(c)=(?-c.) (?-f,) =0, 

its coefficients being symmetric in x^, x^, ••• x^ are rational in 
the coefficients Oj ... a^. 

Now a moment's reflection shows that the reasoning ap- 
plied to the equations 

/(x)=0, ;r,=/A(a,...a,;P,...PA) 



flhis step oould obviously be omitted if forA = l, il^isa rational 
number. 
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can be applied word for word to the equations 

In fact referring to the reasoning just made in regard to 
Xq, Rx we see that we may write 

(b') .%^ia;r,^, r=0, 1 . .p-.^l. 

which is the equation analogous to (b). 
This value of c^ substituted in *=0 gives 

(r ) 0=^; + ^I'^A-i + -^'^1 BT-^ 

A— I ^~* 

which is analagous to (1). This shows that the quantities 

(3') f =v a; ,r' R «=o, i-p-i, /5^A-i =1 

A-1 A-1 

also satisfy *=0. These equations now give as before the 
relation 

(4') V ,^ x =|) a; R 

A-1 A-l 

analogous to (4). It follows thus, if we put 

PA-,=;>A-iX'i?;-i 

that i?A-i is a rational function of i?,, i?,,-i?A-a and Pa-i while 
on the one hand Pa-i satisfies a binomial equation of the 
type 

i^ir = !7A-i(ar«.; P„P„i?A-0 

and on the other is an integral function of ^^ c^-and S^, But 
^^^,- -are integral functions of x^ a?, -and a, hence Pa_i is 
an integral function of x^x^"'X^_^ and the roots of unity a, 
/? ; the coefficients of these functions being rational numbers. 
Keturning now to the expression for x^^ namely : 

^0 = ^(«r •«,» i?i-^A-i, ^^a)) 

we see that we are in the position to replace the radicals 
Pa-i» i?A t>y the radicals Pa-i, P^. The same reasoning being 
applicable to the remaining radicals we have the following : 
Theorem III. If an equation is algebraically solvable, we 
can always give the explicit algebraic expression for a root 
such a form that all the radicals entering it are integral func- 
tions of the roots x^ Xy^-x^..^ and certain roots of unity a, /3,-tt', 
the coefficients of these functions being rational numbers; 
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the radicals themselves are determined by a suite of be 
nomlal equations 

(B) P.'. =<?,(o.-«.)^," =?,(«.-«.; -P.) -Pa'* = 

while a:, is given by 

(C) :r,=<7 («,...«,; P,P,...PO, 

the functions g being integral functions of P, Pa with 

coefficients rational in a^"'%. 

§4. 
The theorem just proved affords us a sure foundation to 
construct the substitution-theoretical part of the demonstra- 
tion ; we give first a form due to Ruffini.* Consider the 
rational integral function of the rootsf 

defined by the first equation of(^); let ^p. ^.« be the 

values of ^ after application of « «'••• where 



^^/ 12346 \ 
\ 23451 /, 



then since g^ (a, -a^) is a symmetric function of the roots 
it remains unchanged for s. Applying then s to the identity 

it becomes fji=5fi whence 

(1) f.=/^ ^ where /S'l = 1 

Applying s to the identity (1) it becomes 

similarly ipz =i^fp, ^/ = /^V ai^d ^,5 =/5*^; but as «•= 1 , ^^s = ^^ 

and/5*=l. 

In the same way, if 

\ 2 3 1 / 

*C£. my paper in ManaisJtefte fiir Mathematik vnd Pkysik^ vol. 6, 
for fuller information oonoeminff this form of proof used by Ruffini in 
the Modena work already referred to. 

t We designate these now by the indices 1, 2...iif as more convenient. 
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tp„^Y<p where, as <t*=1, r*=l 

Hence the application of <r to the identity (1) gives 

whence we conclude as above that (^7')^=! since («(r)*=l. 
Similarly if 



/ 3 4 5 \ 
^=(453) 



then ^p=^pi=^; but since /><r=«, ^p^=^^=^; hence /5=1 
since v>,=/5^. That is <p remains not only unaltered for tr 
and jO, but also for «. Consider now the rational function of 
the roots 

defined by the second equation of the suite B. The right 
hand side of the identity 

^'^« = 9i («i-an; 9) 

remaining unaltered for the substitutions a, ^y p we can 
reason in regard to v'' precisely as we did concerning ^ : 
hence ^ is unchanged for these substitutions. Proceeding 
in this way we see that all the radicals P, P,- -Pa remain 
unaltered for s; but applying s to the identical relation (C) 
viz: 

we observe that the right hand side remains unaltered 
whereas the left hand side does not which is an absurdity. 
The assumption that there exist an explicit algebraical 
function of the coefficients a^ a,-a^ which satisfies (J.), 
leads thus to a contradiction. 

§5 

An interresting modification of Ruffini's proof is the fol- 
lowing : We just saw that P„ (''=1, 2) remain unaltered by 

(1 2 3 \ 
I ; as the indices 1,2, 3, 4, 5 

employed in showing this were any five of the n indices, it 
follows that Py remain unaltered for every circular substi- 
tution of three indices. These substitutions we shall call 
the substitutions of the alternate group which we denote 
shortly by P. We propose to show that A remain unaltered 
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for no other substitutions of the symmetric group O ; hav- 
ing established this it follows that the radical P, is rational 
in Pj which violates the hypothesis made in regard to the 
smte B, In the first place Pj must change its value for 
every transposition r=(^, /i) for if it remain unaltered for 
any transposition we show that it remains unaltered for 
every transposition ; as every substitution is the product of 

cycles and as i V ^ I ^s the product of transpositions(l 2) 

(13)- -(Im), Pj would remain unaltered for every substi- 
tution, and then being symmetric functions of the roots, it 
would be rational in a^a^-a^. 

Suppose then Pj remain unaltered for t, let A be any sub- 
stitution of (?, then P, remains unaltered for ^=A"* t A ; for 
since Pa-1t=Pa-i we have P;^-i^;^=P;^-i;^=Pj 

Now, by properly choosing A, p can represent any trans- 
position (IxIil)] for let 



i=/^ ^ 3-n \ 



then X-^ converts 

(1) I, I, i,-h-i,-i, 

respectively into 

1 2 3 ••A,.-7x-n 
which T converts respectively into 

1 2 S"fi-X"'n 
which finally X converts into 

(2) I, U k-l^-h-l, ; 

that is the substitution p=X-^ r X converts (1 ) into (2) so that 
P leaving every index except h, 1,^ unaltered and merely 
transposing these 

Thus every transposition alters Pj ; but every pair of 
transpositions leaves it unchanged, since every such pair 
is of the tyi)e 

(12) (3 4) or (12) (2 3), 

but the first being equal to I II I and the second 

(1 3 2 \ 
I , both are substitutions of T. From this we 
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oonclude that if any substitation 8 be the product of m trans- 
positions, it will alter or leave unaltered the radical P, ac- 
cording as m is odd or even. This shows that however s 
be decomposed into a product of transpositions, their number 
is always odd or always even, and we say « is an odd or 
even substitution according as m is. As /' contains all the 
even substitutions of G, P, and hence P^ also is altered for 
every substitation not in F. The number of substitutions 
y in G is ^ n I ; for let 

(1) «,=1, «„ v«, 
be the even substitution, and 

be the odd ; then, 

(2) t,,s,t„ B^t, 

are distinct and odd, hence pitm; also 

are distinct and even, hence ml fi ,-. m=jtt=^ n I This 
shows that P^ acquire but two values for the substitutions of 
G; for they remain unchanged for (1) while they both 
change for the substitutions (2) into P/, and there are no 
other substitutions in G. 

We now conclude easily that P^ is rational in P,. As P, 
is root of a binominal equation, it follows that P/^ — P, ; 
also the coefficients of 

* (x) = (P. + P,') x + F, (P,-P,') 

being unaltered for the substitutions of G, are rational in 
ttj a, -a^; denotingthem by -4, B, we have 

But <P (P,) ^A Px + P=2 P, P„ 

hence i^^^^fC" 

' 2P, 

and P, is rational in P, and the coefficients ai-a«. 

§6.* 

We turn now to Kronecker's form of Abel's proof. From 
the preceding paragraph we take as proven that P^ is un- 

* In anticipation of questions of priority, I remark that this paragraph 
formed part of a paper I had the honor to read hefore the Yale Mathe- 
matical Clnbf December 4, 1894. Ko changes except of the most insig- 
nificant nature have been made in the text. 
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altered for the Bubfititation of /\ and that every rational 
fanction of the roots unaltered for F is rational in Pj. 
Consider the rational function of the roots v'' ( «, a:, ••• x^^P^ 
defined by the second equation of the mite (B) 

The I n! functions (different or not) 
(2) ^v'',v\ 

which arise from ^'' on applying to it the |n! substitution of 
r must all be of the form 

since the right hand side of (1) remains unaltered for these 
substitutions. Thus if <!* remain unaltered for one substitu- 
tion 



/l,2,3...n\ 



of r besides the identical substitution, all the conjugate 
functions (2) must also remain unaltered for <r. But such 
a substitution must exist since \n\>p2\ in fttct the coeffi- 
cients of the equation 

(3) * W = (a:-v'') (x-v\) {x^4\)'" 

being symmetric in (2) are unchanged for the substitutions 
of r and are thus rational in P,. 

But *=0 having the root x=^ip in common with the ir- 
reducible equation 

is satisfied by all the roots of (4) and hence ^ n l^p^; as|>, 
is prime inl^ p^. 

We now show that the conjugate functions (2) remain- 
ing unaltered by <r a substitution different from the iden- 
tical substitution, remain unaltered for every substitution 

8=1] ^ -n \ ^f p ^^^ p^^^, jg ^i^^g rational in P^ which 

is contrary to hypothesis. To do this Kronecker remarks 
that v^ remains unaltered for every substitution p of F which 
changes 

l^^ into hij^ ik=l,2-n 
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In fiujt ^=<r~* 8~^ <T 8 J for <r""* changes l^^ into h^ which r' 
changes into k which is changed by *t into l^ which finally 
s changes into A|^. But that vV = <!' is manifest since by 
hypothesis v'v =v'' and hence v'V-i=v'' also, but then 
v'' <r-» .-1 = v\-i and v'' <r-» .-» <r = vV» <r = vVi , hence finally 
^<r-» •-!». = 0,->'= v''- Thus if v'' remain unaltered for a it 
also remains unaltered for p ; which enables us to show 
that ^ is unchanged for at least one circular substitution of 
three elements. For whatever cr may be it is of one of the 
five following types : 

1® *T contains at least one cycle of more than three 
letters and is of the form 



/I 23 -mi 
'»=(2 3 4..l)^^^» 



where c, c, -denote other cycles of ff^ 
2^ it contains two or more cycles of three elements, 
but no cycle of more elements, and 



^_/123\ /456\ ^ 
'^--\23i;\564;'^'«* 



it contains only one cycle of three elements and 
one or more transpositions 

1 23\ /45 



"(231 ) (5 4 )"•*'« 



4° it contains only transpositions, but of these at least 
three 

<r,= (12) (34) (56)c,c.-- 

5" it contains only two transpositions 
^.= (12) (34) (5)-- 



then 



^_/123\ , /145\ , /124\ . /135\ . 
'■=(231) "'=(541) ^'=(241) ''•=(351^ 

/,=/^24\ _/14526\ _/12534\ 

'^' \24 1/ '^'"145 2 6 1/ '''~\2 5 34 1/ 

/135W264\ ^/13542\ 

'^* \36l/\642/, ''» \3542 1/ 
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which shows that all the cases may be reduced to l*. Hence 
^ remains unaltered for some circular substitution of three 
elements 

\23l/ 

But if 4> remain ancbanged for r it will also remain inva- 
riant for 

,,-. /123\ /124\ /125\ /12n\ 

(^^ (231), I241), I251), •••L21; 

(1 2 v\ 
2 I I then v'' being invariant for t is for 

t- V r* = u and hence for w ; but u = I ^ I and hence 



\3v2/ 



Every substitution of Tis the product of the substitutions 
of (5), for every substitution of T is the product of a certain 
number of pairs of transi>08itions 

(12) (13) ...(In). 

Let (lA) (V) be such a pair, then as 

4' remains unaltered for every substitution of A 

This demonstration, while longer than either of the two 
preceding ones, is interesting from a historical view, as the 
lemma on the conjugate functions v^ contains as a corollary 
Cauchy's theorem, which is fundamental in Abel's proof. In 
fact let 

9i f, ••• f« 

be the m distinct values which a rational function <p of 
X, x, ... a:^ assumes for the substitutions of T; as no substitu- 
tion of r leaves all the ^'« unchanged every substitution of 
/' will give rise to a permutation of the above m indices; as 
there are only m! permutation of m things this number must 
be certainly as great as | n! and 

ml > ^nl 
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Now if m < n then not only is m! < n! but also m! < ^ nl 
which is impossible. Thus every rational function ip of 
«j x^ ... x^ which takes on more than two values, takes on at 
least n values; which is Cauchy's theorem. 

§7. 

It being demonstrated that the general equation of degree 
n > 4 possesses no algebraic solution when the coefficients 
are regarded as independent variables, it lies very near to 
inquire whether there are equations with constant coeffi- 
cients, say with rational-number coefficients, which do not 
possess an algebraic solution. To this very important ques- 
tion the Ruffini- Abelian theorem gives no reply ; however 
in looking over the reasoning employed in the last three 
paragraphs we observe that its correctness depends upon the 
obvious fact that every rational equation 

(1) </>(a:^a:,-a:,«, ^••0 = 

between the roots and certain roots of unity «, /9 •••, the co- 
efficients being rational numbers, remains true on applying 
to it any substitution of the alternate group l\ The ques- 
tion is thus reduced to this : do there exist equations of every 
degree, whose coefficients are rational numbers such that 
every relation (1) still subsists on applying any substitution 
of r? That this is so has been shown by Hilbert.* Hence not 
only has the general equation of degree > 4 no algebraic so- 
lution, but there exists an infinity of equations of every de- 
gree with integral coefficients which possess this property. 

We close by giving an illustration of §§ 2, 3 applied to 
the explicit algebraic function 

root of the cubic 

(1) x'+j9x + 9 = 

Here 

m ^f.(P, ?) - J + i? ; ^ =UP' 9, i?.)= - 2 + ^. 

(2)_ a^.= /?.+3 

♦Cbklle, vol. 110, p. 104. 
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We proceed to replace the mite (a) by a suite (<5) of the 
type (B) of §3. Eaising (2) to the 2nd and 3rd powers 
and snbstitating in (1) we get 

iP, + 3i?,i« + (SBl + p) i?, + dB^+pR, + 7) = 
or reducing by aid of 

we get 

3 B,,Bl 4- (3 Bl-^-p) B,+p /?, = 

As the coefficients of this equation are not zero, the last 
equation of (a) cannot be reducible and B^ must be rational 
in the preceding radicals. In fact we know that 

^»-~3i/. 
Equation (2) becomes thus 

(3) ..= i?.-^^i?; 

The denominator here is —i?,— J g whose conjugate value 
is — i?i— i?; hence multiplying numerator and denominator 
of the second term of the right member of (3) by this last, 

(3) becomes 

(4) ^o=^-|,(^i + i9)/^^. 

which is an integral function of i?p B^ with coefficients ra- 
tional inp, q. The value of x^ given by (4) substituted in 
(1) gives 

O^B^^B,B,^B,m. 
where 

which are all identically equal to zero. Hence not only is 
(4) a root of (1) but so also are the quantities which we 
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deduce from it in replacing B^ by w i?, and «** i?, (<«* =1). 
Denoting these roots respectively by x^ x^ x^ we have 

As the coefficient of B^ is here 1 we do not need to re- 
place i?j by a new radical. Solving we get 

^, = J2«>-*^* ik = 0,1,2 

~ 3 
The suite (a) is now replaced by 

and the first step has been accomplished. 

We have now to reason in the same way in regard to the 
remaining radical By To this end we form the equation 
^ ($) = whose roots are the values of 



^%=i??=(- 



'^0 + *^* ^lH-"'^2\' 



As ^^ acquires only two distinct values, * will be the cube 
of an integral function of c with coefficients rational in j), q; 
this is easily found to be 

Substituting here the value of c given in {?) , ^ (*) = be- 
comes 



or 
where 



B,+B, if, = 
B, = q-q 
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vanish identically ; whence not only 

bat also 

is a root of ^ = 0. 
Whence 

"2.9 

where ^^(x^ — x^y (x^ — x^y (a:,— x,)* is the discriminant 
of (1). Thus the suite (/?) has the character (B). 

Tale UiavBBsrrY, 

New Haven, Conn. 



ON CERTAIN SUB-GROUPS OF THE GENERAL 
PROJECTIVE GROUP. 

BT PBOFESSOB HENBY TABEB. 

[Read at the January meeting of the Society, 1896.] 

§1 

In what follows a linear transformation homogeneous in 
n variables as 



will be denoted by the single letter A. If a;,, x^, etc., are 
the Cartesian coordinates of a point in n-fold space, the 
transformation J. is a homogeneous strain ; and the totality 
of transformations A constitutes the group of homogeneous 
strains in n-fold space. If we consider only transformations 
A of non-zero determinant, we obtain Lie's general linear 
homogeneous group. The group of transformations A of de- 
terminant + 1 is termed by Lie the special linear homo- 
geneous group. 



Digitized by VjOOQIC 



222 SUB-GROUPS OP THE GENERAL PROJECTIVE GROUP. [April 

If B denotes the transformation 

< = K. ^/ + K ^.' + '- + K < (^=1, 2, ... n), 

the transformation resulting from the successive application 
to n-fold space of A and B (in the order named), defined by 
the system of equations 

(r=l, 2, ... n), 

will be denoted by B A. 

If the transformation B is identical with A, this may be 
indicated by writing B=A ; and in this case the transforma- 
tion BA^BB may be denoted by JB". Similarly the trans- 
formation resulting from the repetition m— 1 times of the 
transformation B (that is, the transformation resulting 
from m successive applications of B) may be denoted by 
-B", which may be termed the m** power of B. 

If for r, « = 1, 2, — n, 

B is the identical transformation. The letter / will be em- 
ployed to denote the identical transformation. We have 
I A =s AI^ A. We may denote the transformation for 
which 

*^=A',6.= 0(r + 0, 

by pi; and the transformation pL A, defined by the equa- 
tions x/=p o^, x^+pa^x^-i \'P a^x^ (r = 1, 2, ... n) may 

be denoted simply by jO ^1. In particular, the transformation 
defined by the equations 

a:r'=— o,ri ^1 ~" ^,^ ^2 "" •• "" ^m ^« (^ — 1> 2, •. ii) wlll bc de- 
noted by— k. 

The transformation B is infinitesimal if 

6^=l+c^^<, b^=c^dt (r+«), 

where c^ and c^ are constants, and ^ ^ is an infinitesimal 
quantity. 

Following Sylvester, I shall say that the nullity of jB is m 
if the minor determinants of order n^m 4- 1 of the matrix 
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fc 



I 1 Kv ^nV ^ 

are all zero, bat not all the minors of order n-m. 
If we denote by Ak the transformation 

ar/ = (oii-^) X, + a,, X, + ... a,„ x„, 
< =(h^ x,+ (a^,-/) X, + ... H- a,„ x„, 

^«' = ««i ^1 H- «.. -^2 H- - + (^nn-'^) ^.» 

where A is a root of multiplicity fi of the characteristic equation 
of A 






a,. 



• a — z 



=0, 



the nullity of A), is at least one, and cannot exceed m. If the 
nullity of -4a is equal to jtt, the nullity of -4 J, -4' , etc., is also m. 
On the other hand, if the nullity of -4 a is less than a*, the 
nullity of ^J is greater by one, at least, than the nullity of 
-4a ; and the nullity of successive powers of -^a increases 
until a power of exponent v is attained whose nullity is At. 
The nufiity of the (v+1)** and higher powers of Ja is then 
also A*. If we denote by 

Ail, A*2, - A^r-1, l^v =/*, 

respectively, the nullities of 



A A^ '" yl""*/!" 



we have 



/^i = /^, — /h = /^s — /^ = ••• = '\ — /^i-J = 1- 

I shall term the numbers fi^, pl^— a^v, the numbers belonging 
to the root ^ of the characteristic equation A. We can al- 
ways find a transformation A which shall have any com- 
plex number A as a root of its characteristic equation, and 
any set of numbers, subject only to the above conditions, as 
the numbers belonging to that root. To subject the num- 
bers belonging to any root of the characteristic equation of 
A to any condition other than those given above, is of 
course, equivalent to imposing certain conditions upon the 
coefficients of il. 



Digitized by VjOOQIC 



224 SUB-GROUPS OF THE GENERAL PROJECTIVE GROUP. [April 

The real linear homogeneous group O, for n variables, and 
the group ffi of real projective transformations in (n— 1)- 
fold space are connected as follows. If the variables Xi, x„ 
etc., are regarded as the homogeneous codrdinates of a 
point in (n— l)-fold space, the real linear transformation 
A homogeneous in the x^s determines a corresponding real 
projective transformation a in (n— l)-fold space. In the 
determination of this projective transformation, we are con- 
cerned only with the ratios of the coefficients of A ; conse- 
quently, the transformations A and pA of group O (where 
P is any real number) correspond to the same projective 
transformation a. The identical transformation land the 
transformation pi of group G correspond to the same pro- 
jective transformation f , the identical transformation of 
group ffi. Let ^ be a transformation of group G corres- 
ponding to the real projective transformation 18: if A = li^, 
then a = 18"*; and, if a= 18"*, then pA = B^ for some real 
quantity p. Consequently, if either A or pA is the m** 
power of a transformation of group G, the corresponding 
projective transformation 3L of group © is the m** power of 
some transformation of this group, and not otiierwise. 
Further, if B is infinitesimal, the corresponding projective 
transformation 18 differs infinitely little from the identical 
transformation of group ffi. Therefore, if either A or pA 
can be generated by the repetition of an infinitesimal trans- 
formation of group G, the corresponding projective transfor- 
mation of group © can be generated by the repetition of 
an infinitesimal transformation of this group and not 
otherwise. 

If G denotes the group of real linear transformations of 
determinant + 1 homogeneous in n variables (the real 
special linear homogeneous group), every transformation 
A of group G determines a (corresponding) transformation 
of group iffif . If n the number of variables is odd, there is 
a one to one correspondence between the transformations of 
group G and the transformations of the real projective 
group. For in this case (that is, if n is odd), if ^ is a real 
linear transformation homogeneous in the variables corres- 
ponding to the real projective transformation a, the trans- 
formation A = ~ Aj where a denotes the real n** root of 
a ' 

the determinant of J., is a transformation of group G and 
the only transformation of this group the ratios of whose 
coefficients are the same as the ratios of the coefficients of 
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A. Consequently, when n is odd, if il is the m** power of a 
transformation of group (?, the corresponding real projec- 
tive transformation 9, is the m*^ power of a transformation 
of group ffi and conversely ; also if A can be generated by 
the repetition of an infinitesimal transformation of group O, 
3 can be generated by the repetition of an infinitesimal 
transformation of group ffi, and conversely. On the other 
hand, if n is even, and if the determinant of A (the real 
linear transformation homogeneous in the variables, deter- 
mining the real projective transformation ft) is positive, 
there are corresponding to ft two transformations of group 
G obtained by dividing each coefficient of A by either the 
positive or by the negative real n** root of the determinant 
of A ; but if the determinant of -4. is negative there is no 
transformation of group O corresponding to ft. 

§2.* 

In the Comptes Rendus, volume 94, Sylvester showed that 
every transformation A of non-zero determinant is the m** 
power for any positive integer m of some transformation B. 
That is, if A is any transformation of non-zero determinant, 
a transformation B can always be found, for any positive 
int^er w, such that A = B^. In his paper, Sylvester also 
gave a formula expressing the coefficients of £ as algeb/aic 
functions of the coefficients of A. From a subsequent the- 
orem of Sylvester's,! it follows that, if m is sufficiently 
great, we may take B to differ as little as we please from 
the identical transformation. 

For real linear transformations homogeneous in n varia- 
bles we have the following theorems. 

Theorem I. If the transformation A is real and of non-zero 
determinant {or of determinant -f 1), o real transformation B of 
non-zero determinant {or of determinant +1) can always he 
found of which Aisthe (2m'\- \)*^ power for any odd number 
2 m -f- 1. But in order thai A may he any even power of a real 
transformation B of non-zero determinant (or of determinant + 1) , 
it is necessary and sufficient that all the numhers helonging to each 
negative root of the characteristic equation of A shall he even. 
Therefore^ in order thai the real transformation A of non-zero de- 
terminant {or of determinant + 1) may he any even power of a 
real transformaJbion B of non-zero determinant (or of determinant 

* Thronghoat fhis section, by transformation is meant a linear trans- 
fonnation homogeneous in n yariables. 
t Johns Hopkins University (Xreuiars, 
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+ 1) it is necessary and sufficient that A shall be the second power 
of a real transjormation of non-zero determinant (or of deter^ 
minant +1). 

Theorem II. If A is the second power of a real transformation 
of non-zero determinant (or of determinant +1), a real transfor- 
mation B of non-zero determinant (or of determinant^ 1) can al- 
ways be found which shall be as nearly as we please equal to the iden- 
tical transformation^ and such thai for some positive integer m suf- 
ficiently great B'^ shall be equal to A, Consequently , any trans- 
formation thai is the second power of a real transformation of non- 
zero determinant can be generated by the repetition of a real infin- 
itesimal transformation; and, in particular, a transformation that 
is the second power of a real transformation of determinant + 1 
can be generated by the repetition of an infinitesimal transforma- 
tion of determinant H- 1 . 

Theorem III. If the real transformation A of non-zero deter- 
minant (or of determinant +\) is not the second power of a real 
transformation of non-zero determinant (or of determinant +1), 
nevertheless, a real transformation B of non-zero determinant (or 
of determinant + 1 ) can be found whose coefficients are algebraic 
functions of a parameter t such thai A shall be the limit towards 
which the transformation JB* approaches as t approa^ihes zero, pro- 
vided the multiplicity of each negative root of the chxiracteristic 
equation of A is even. 

If X is any root of the characteristic equation of the real 
transformation B, and if, for r, «=1, 2, •• n, 

where e is any positive quantity, then provided e is suf- 
ciently small, the absolute value of 1— A may be made as 
small as we please ; and consequently no root of the char- 
acteristic equation of B will be negative or equal to zero. 
Therefore, by Theorem I, if t is sufficiently small, B is 
the second power of a real transformation ^i of non-zero de- 
terminant ; and, in particular, if B is of determinant -f 1, 
B^ may be so chosen that its determinant shall be equal 
to-f 1. For any positive integer m, B^ is equivalent to the 
second power of ^i*; that is, B'^=^(B\Y=z(Br)\ Whence 
we have the following theorem. 

Theorem IV. The repetition of a real infinitesimal transforma- 
tion results in a transformation which is the second power of a real 
transformation. In particular, the repetitian of a real infinites- 
imal transformation of determinant + 1 resxdts in a transforma- 
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Hon which is the second power of a real transformation of deter- 
minant + 1. 

From Theorem III follows: 

Theorem V. By the repetition of a real infiniiesiinal trans- 
formation, we may approach as near cw we please to any real trans- 
formation A of non-zero determinant, provided the multiplicity oj 
each negative root of the characteristic equation of A is even. In 
particular if these conditions are satisfied, and if the determinant 
of A is + 1, we may approach as near as we please to A by the 
repetition of a real infinitesimal transformation of determinant + 1 . 

If the transformation A is not the second power of a real 
transformation, it may be that — A is the second power of a 
real transformation. The roots of the characteristic equa- 
tion of — A are the negatives of the roots of the character- 
istic equation of A. Whence follows from Theorem I : 

Theorem VI. In order that the real transformation — A oj 
non-zero determinant shall he the second power of a real transfor- 
mation, it is necessary and sufficient that the numbers belonging to 
each positive root of the characteristic equation of A shall aU 
be even. 

§3. 

In the Bulletin for July, 1894, 1 pointed out that not every 
orthogonal substitution can be generated by the repetition 
of an infinitesimal orthogonal substitution, and if O is the 
group of proper orthogonal substitutions I showed that 

Theorem VII. If we designate a transformation of the group 
as of the first or second kind according as it is or is not the second 
power of a transformation of the group, then every transformation 
of the first hind is the m** power of a transformation of the group 
for any positive integer m, and can be generated by the repetition 
of an infinitesimal transformation of the group. By definition no 
transformation of the second hind is any even power of a transfor- 
mation of the group. Nor can any transformation of the second 
hind be generated by the repetition of an infinitesimal transforma- 
tion of the group. But every transformation of the second hind is 
the (2 m + 1)*^ pou}er of a transformation of the group for any 
odd exponent 2 m + 1. 

In a note at the end of this paper, I mentioned that 
Theorem VII was true of the group of linear transformations 
homogeneous in n variables that transform into itself a bi- 
linear form (of non-zero determinant understood) with co- 
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grediant variables. This was afterwards demonstrated for 
an alternate bilinear form in a paper published in volume 
46 of the Mathematische Annalen. 

In a paper presented to the American Academy of Arts and 
Sciences, April, 1895, 1 have shown that Theorem VII holds 
for the doss of linear transformations homogeneous in n 
variables that transform a bilinear form (of non-zero de- 
terminant) with contragrediant variables into itself. The 
transformations of this class that are commutative form a 
a group for which also Theorem VII holds. 

My attention has recently been called to a note in the 
Bvlletin for November, 1893,* stating that Professors Engel 
and Study have found that not eveiy transformation of the 
sx>ecial linear homogeneous group for two variables can be 
generated by the repetition of an infinitesimal transforma- 
tion of that group. There is nothing in the note to show 
that the real special linear homogeneous group is referred 
to.t 

I learn from Prof. H. B. Newson that he has found that 
not every transformation of the real projective group can be 
generated by the repetition of an infinitesimal transforma- 
tion of that group. This discovery suggested the extension 
of Theorem VII to other sub-groups of the projective group. 
It follows at once from Newson's discovery that not every 
transformation of the real linear homogeneous group can be 
generated by the repetition of an infinitesimal transformation 
of this group ; and further that not every transformation of 
the real special linear homogeneous group for an odd num- 
ber of variables can be generated by the repetition of an in- 
finitesimal transformation of this group. For could every 
transformation of either of these groups be generated by the 
repetition of an infinitesimal transformation of that group, 
then, as pointed out in § 1, every transformation of the real 
projective group could be generated by the repetition of an 
infi[nitesimal transformation of this group, which is not the 
case. 

It follows from Theorems I, II and IV, that Theorem VII is 
true for the real linear homogeneous group for n variables, 

♦ Page QQ. 

t Tl^arem VII holds for the special linear homogeneous ^np in two 
variables; and the transformation a/ = — x -\- y^ y= — yw not the sec- 
ond power of a transformation of this group, and therefore cannot be gen- 
erated by the repetition of an infinitesimal transformation of this group. 
From the note it would appear that the identical transformation 
a/ = ar, y' = y, and the involutional transformation a/ ^ — a:, y' ■— — y 
can not be generated by the repetition of an infinitesimal transformation 
of the group, whidi is erroneous. 
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and also for the group of real linear transformations of de- 
derminant +1 homogeneous in n variables (the real special 
linear homogeneous group) ; and, from what is stated in the 
latter part of §1, that Theorem VII holds for the real pro- 
jective group. 

In volume 26, page 364 of the troceedings of the London 
Mathematical Society , I have sh own hat in order that an or- 
thogonal substitution may be of the first kind (that is, in 
order that a transformation of the orthogonal group may be 
generated by the repetition of an infinitesimal orthogonal 
transformation), it is necessary and sufficient that either 
—1 shall not be a root of the characteristic equation of the 
substitution or that the numbers belonging to the root — 1 
shall all be even. In a paper read at the Summer Meeting, 
1895, of the American Mathematical Society (to appear in the 
Quarterly Journal of Mathematics) I showed that a transfor- 
mation of the group of linear transformations homogeneous 
in the variables that transform an alternate bilinear form 
with cogrediant variables into itself will be of the first kind 
under the same conditions.* 

By Theorem I, in order that a transformation of the real 
linear homogeneous group (or of the real special linear 
homogeneous group) shall be of the first kind it is necessary 
and sufficient that the numbers belonging to each negative 
root of the characteristic equation of the transformation 
shall all be even. 

Therefore, by § 1, in order that a transformation of the 
real projective group shall be of the first kind, it is neces- 
sary and sufficient, either that the numbers belonging to 
each positive root of the characteristic equation of the trans- 
formation shall all be even, or else that the numbers belong- 
ing to each negative root of the characteristic equation shall 
all be even ; provided there are both positive and negative 
real roots. Otherwise no condition is necessary. 

In the article in the Bulletin on orthogonal substitution 
above mentioned I showed that by the repetition of an in- 
finitesimal orthogonal substitution we can approximate as 
nearly as please to any proper orthogonal substitution of 
the second kind. In the above mentioned paper in the 
Mathemaiische Annalen I showed that by the repetition of an 

* In the paper I also showed that every orthogonal transformation of 
this group is of the first kind. Also, if ^ denotes a bilinear form of non- 
zero determinant with cogrediant variables, and ^^ its conjugate ; and if 
neither the determinant of ^ -j- ,4f ' nor of <^ — ^' is zero, that then every 
linear transformation homogeneous in the variables that transforms <# 
into itself is the m'* power of such a transformation for any exponent m. 
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infinitesimal transformation of the group of linear transfor- 
mations homogeneous in the variables that transform an al- 
ternate bilinear form into itself we can approximate as 
nearly as we please to any transformation of the second 
kind belonging to this group. 

From TheoremY it follows that by the repetition of an in- 
finitesimal transformation of the real linear homogeneous 
group (or of the real special linear homogeneous group) we 
may approximate as nearly as we please to any transforma- 
tion of the second kind belonging to this group, provided the 
multiplicity of each negative root of the characteristic equa- 
tion of this transformation is even. 

Therefore by the repetition of an infinitesimal transforma- 
tion of the real projective group we may approximate as 
nearly as we please to any transformation of the second kind 
belonging to this group, provided that either the multiplicity 
of each positive root of the characteristic equation of this 
transformation is even or else that the multiplicity of each 
negative root of the characteristic equation is even. 

Worcester, Mass, 

POSTSCRIPT. 

Hie general real linear group and the special real linear group. 
The totality of linear transformations 

yr=^riyi+SL^,y,+-"+^.n-iyn-i+ a^.^ (r=i, 2,-n-i) 

for which the determinant 2^a„aj2- -a^i „_i is not zero 
form a group termed by Lie the general linear group. The 
sub-group of transformations for which the determinant 
vdbanay/-a„_i. n_i is+1, Lie terms the special linear group. 
These two groups are obviously identical with the two 
groups of linear transformations A that are respectively of 
non-zero determinant and of determinant + 1, homogene- 
ous in n variables and defined by the equations 

<=a,ia-i + a^a-,+-+a^x„ (r=l, 2,-n-l), 

For the general real linear group, and for the special real 
linear group, Theorem VII holds.* The conditions neces- 

* Every transformation of the general linear group is the m** power of 
a transformation of this group for any exponent m, and can be generated 
by the repetition of an infinitesimal transformation of this gronp, if we 
consider transformation of this gi-oap both imaginary and real. The same 
is true of the special linear group. 
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sary and safficient that a transformation A of the general 
real linear group (or of the special real linear group) may 
be of the first kind are that the numbers belonging to each 
negative root of the characteristic equation of ^ shall all be 
even. By the repetition of an infinitesimal transfoimation 
of the real linear group we may approximate as nearly as 
we please to any transformation A of the second kind be- 
longing to this group, provided the multiplicity of each 
negative root of the characteristic equation of is -4 even, 
but not otherwise. In particular, if these conditions are 
satisfied (but not otherwise), and if A is of determinant 
+ 1, we may approximate as nearly as we please to J by 
the repetition of an infinitesimal transformation of the 
special real linear group. 

i^ecial linear homogeneous group. Let A be any linear 
transformation (real or imaginary) of determinant +1 ho- 
mogeneous in n variables, that is, let A be any transforma- 
tion of the special linear homogeneous group. Let 

A'=rie , /"=r^e , etc., 

(where ^i, 0,^, etc., are the smallest positive arguments of 
A', /", etc.,) be the roots of the characteristic equation of A 
of respectively multiplicity m',m", etc. Since the deter- 
minant of ^ is + 1, we have 

^'"^a'" = 1, 

m' O^+m"0^+ =2ikT, 

for some positive integer k. 

If k—0, the transformation A can be generated by the 
repetition of an infinitesimal transformation of the special 
linear homogeneous group. The conditions in general 
necessary and suf&cient in order that A may be generated 
by the repetition of an infinitesimal transformation of this 
group are somewhat complicated ; they depend upon ky and 
upon the numbers belonging to the roots A of the character- 
istic equation of A. The conditions may be exhibited as 
follows. 

Let the numbers belonging to /' be 

m/, m/, m'„'-i,m\'= m'; 

let the numbers belonging to A" be 

^i"> ^2"? w'V' 1, m'V'= wi"; 
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etc., etc. Form a diagram corresponding to A' by arrang- 
ing m' dots in rows and columns so that there shall be v' 
rows respectively of 

triri J Wlj —nil J Wl yf m ,,'_1 y 

dots. The number of columns will then be m\. In one 
column there will be v' dots. Let the number of dots in 
these nil' columns be respectively 

Pi\Pt> i> - ,.* 

* It the numbers belonging to X' are 5, 9, 13, 16, the diagram oorres- 
ponding to A^ is 

» « « « « 

» « « « 

* « « « 

* « « 

and p/=p/=|)5' = 4, i)/ = 3, Pi' = l, 

Next form a diagram corresponding to A" by arranging m" 
dots in rows and columns so that there shall be v" rows re- 
spectively of 

Wl", m^^'—nii", m'V'/— m'V'-i, 

dots ; and let the number of dots in these in/' columns be 
respectively 

K,i>;', i>v. 

Proceed in the same way to form diagrams corresponding 
to the other roots of the characteristic equation of A. 

Let now d be the greatest common divisor of the p's. 
Then if k contain ^, A can be generated by the repetition of an 
infinitesimal transformaiion of the special linear homogeneotis group 
and not otherwise. In particular, if m', m", etc., have no com- 
mon factor, A can be generated by the repetition of an in- 
finitesimal transformation of the special linear homogeneous 
group. 

K the transformation A can be generated by the repeti- 
tion of an infinitesimal transformation of the special linear 
homogeneous group, A is the m^ power of a transformation 
of this group for any exponent m. 

If ^1 is the greatest common divisor of h and <5, then A is 
the m** power of a transformation of the special linear homo- 
geneous group for any exponent m that contains no factor 
of <J except a factor of ^i; but for no other exponent is A 
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the m** power of a transformation of the special linear ho- 
mogeneous group. In particular if m is relatively prime to 
n, the number of variables, A is the m** power of a trans- 
formation of the special linear homogeneous group. 

If A cannot be generated by the repetition of an infinitesi- 
mal transformation of the special linear homogeneous group, 
the m** power of A can be generated thus, provided m con- 
tains Y«^ (the quotient of <J by the greatest common divisor 
of ^ and A;), but not otherwise. 

Marth. 4, 1896. 



NOTES. 



A REGULAR meeting of the American Mathematical Society 
was held in New York on Saturday afternoon, February 29, 
at three o'clock, the President Dr.* Hill, in the chair. 
There were eleven members present. On the recommenda- 
tion of the Council, Mr. Harry Brown Evans, University 
of Pennsylvania, Philadelphia, Pa., was elected to member- 
ship. The following papers were read : 

(1) Professor M. I. Pupin: "On the integral of the dif- 
ferential equation 

dv at dor 

under certain boundary conditions occurring in the theory 
of long electrical waves." 

(2) Professor E. H. M^ore: "A two-fold generalization 
of Fermat's theorem.'' 

In the absence of Professor Moore his paper was read by 
the Secretary. 

Among the courses for the summer semester at Berlin are 
the following — ^Professor Fuchs: Introduction to the theory 
of differential equations; Introduction to the theory of 
functions;— Professor Frobenius: Theory of numbers (second 
course); Theory of determinants; — Professor Schwarz: Ana- 
lytical geometry; Applications of the theory of the elliptic 
functions; Hyper- geometric series; Mathematical collo- 
quium; — Professor Knoblauch, Theory of the elliptic func- 
tions; Theory of curved surfaces; Theory of space curves; 
— Professor Hettner : Introduction to the theory of infinite 
series, products, and continued fractions; — ProfessorHensel: 
Concerning the transcendentalism of ^ and;r; Higher alge- 
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bra (group and substitution theories); — ^Dr. Schlesinger: 
Geometry of three dimensions (synthetic and analytic); 
Differential calculus and introduction to analysis; Exer- 
cises in the differential calculus; — Dr. Kotter: Integral cal- 
culus; Focal properties of surfaces of the second order; 
Exercises in the integral calculus; — Dr. Hoppe: Integral 
calculus; Analytical mechanics; — Dr. Arons: Application of 
the differential and integral calculus to physical and chem- 
ical problems; — Dr. Glan : Quaternions. 

Among the courses for the summer semester at Grottingen 
are the following: — Professor Schering: Mechanics; — Profes- 
sor Klein : Special topics in the theory of numbers ; Con- 
cerning problems in applied mechanics ; — Professor Schur: 
Numerical calculation and applications to the method of 
least squares; — Professor Burkhardt; Elliptic functions ; — 
Professor Hilbert; Theory of ordinary differential equations; 
Concerning the squaring of the circle ; — Professor Schonflies: 
Analytical geometry ; Special topics in the theory of func- 
tions; — Dr. Sommerfeld: Theory of surfaces, Exercises in the 
theory of surfaces; — Dr. Bohlmann: Differential calculus. 

The French Association for the Advancement of Science 
holds its annual meeting this year at Tunis, April 1-4; E. 
Collignon is Chairman of Sections I and II (mathematics, 
mechanics, and astronomy). 

A WORK of more than ordinary interest and originality 
has just been issued from the press of B. G. Teubner. It is 
the first volume of the Gemnetrie der Bemhrungstrafisfomia- 
tioneyi, dargestellt von Soph us Lie und G. Scheffers. The 
authors give the following synopsis of the subjects treated 
in this volume: 

"During the years 1869-71, Lie developed a geometrical 
theory of contact transformations and explained by means 
of it the mutual connection and interrelation between pro- 
jective and metrical geometry. At the same time he 
showed the fertility of this theory by numerous applications 
to partial dilVerential equations of the first and second 
orders. The present work is intended to give a full pre- 
sentation of the^e theories. 

It has been attempted to present the subject in such a form 
as to make it intelligible not only to the professional math- 
ematician but even to students who are acquainted merely 
with the more elementary branches of higher mathematics. 

The first \olume is divided into three parts. In the 
first part it Ls shown how, in the course of time, the idea of 
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point transformatioi^s was introduced and applied in geom- 
etry. Particular attention is here given to the first contact 
transformation ever introduced into mathematics, viz., dila- 
tation, which really lies at the basis of Huygens's theory of 
waves. Next the transformations by means of pedals and 
reciprocal polars are treated. Atter these and other exam- 
ples, the general idea of the contact transformation in the plane 
is defined both analytically and geometrically and its theory 
is fully developed. 

The importance of the theory of infinitesimal contact trans- 
formations is finally illustrated by an elegant and difficult 
problem : to determine the form of the element of arc for all 
those surfaces on which the system (Schaar) of geodesic 
circles admits a continuous system of contact transforma- 
tions or a discrete number of point transformations. 

While the first part contains a theory of the transforma- 
tions of line elements in the plane, the second part is in- 
tended to give a geo^netry of line elements in space. This 
geometry comprises the Pfaffian equations and expressions 
closely connected with the null-systems, and the Mongian equa- 
tions ii(x, y, a; dx, dy, dz) = to which Pliicker's line com- 
plexes are intimately related. All these theories appear here 
from a new point of view, as parts of the same whole. To 
illustrate the wide applicability of these views a theory of 
the tetrahedral complexes is given and a number of important 
categories of partial differential equations of the second order 
are integrated. 

The central point of the discussions of the second part 
will again be found in its last chapter where an important 
polar relation between two spaces is investigated, each 
space containing a certain line complex whose lines corres- 
pond to the points of the other space. This establishes a 
correspondence between the surface elements of the two 
spaces which is really a contaM transformation in space trans- 
forming straight lines into spheres and asymptotic curves into 
lines of curvature. This at once trttnsforms Pliicker's line 
geometry into a sphere geometry. 

The third part introduces the geometry of surface elements. 
First, Lagrange's theory oi partial differential equations of the 
first order is developed geometrically, according to Monge. 
It is then shown how much this theory gains in simplicity 
through the introduction of the surface element as a funda- 
mental idea. Then follows the consideration of partial dif- 
ferential equations of the first order admitting infinitesimal 
X>oint transformations ; finally, a series of categories of such 
equations, of special interest in geometry, is investigated." 
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NEW PUBLICATIONS. 

HIGHER MATHEMATICS. 

BoLYAi ( J. ). The science absolute of space, independent of the troth or 
falsity of Euclid's axiom XI (which can never be decided a prion). 
Translated from the Latin by G. B. Halsted. 4th edition. Austin, 
Halsted, 1896. 12mo. 30 and 72 pp. Cloth. $1.00 

BoNETTi (E.). Alcune questioni sui contatti sferici, precedute da una 
esposizione sui centri, assi e piani di similitudine. Messina, 1895. 
8vo. 12 pp. 

Cayley (A.). Collected mathematical papers. (In 13 volumes.) VoL 
9. Cambridge University Press (Macmillan). 4to. 16 and 621 pp. 

$6.50. 

Daitge (F.). Cours de m^thodologie math^matique. 2e Edition, revue 
et augmentde. Gand, 1896. 8vo. 10 and 525 pp., 12 plates. 

Ft. 13.00 

DUBEGE (H. ). Elements of the theory of functions of a complex vari- 
able with especial reference to the methods of Riemann. Authorized 
translation from the fourth German edition by G. E. Fisher and I. 
J. Schwatt. Philadelphia, Fisher & Schwatt, 1896. 8vo. $2.50. 

Gambardella (F. ). Elementi di caloolo infinitesimale. 2a edizione. 
Livomo, Giusti, 1895. 8vo. 8 and 517 pp. Fr. 9.00 

Gerxbt (M.). Ueber Reduktion hyperelliptischer Integrale. [Diss.] 
Heidelberg, 1895. 8vo. 40 pp. 

Grane ( N. ). Ueber Kurven mit gleichartigen successiven Developpoiden. 
Lund, 1894. 8vo. 71 pp. Mk. 2.50 

Griess (J.). See Klein (F.). 

Hack ( F. ). Beitrage zur Anwendung der Gruppentheorie auf kubisohe 
und biquadratische Gleichungen. [Diss.] Tubingen, 1895. 8vo. 
36 pp. 

Halloren (E.). Om Berakningen af Abelska Integralers Omvand- 
ning. Goteborg, 1894. 8vo. 78 pp., 7 plates. Mk. 3.00 

Halsted (G. B.). See Bolyai (J.). 

Hansen (P.C.V.). Et Brudstykke af den analytiske Plangeometri. 
Kjobenhavn, 1895. 4to. 48 pp. (Lithographed.) Mk. 1.80 

Klein (F.). Lemons sur oertaines questions de g^m^trie ^l^mentaire. 
(Possibility des constructions g^om^triques; les polygones r^guliers; 
transcendanoe des nombres e et n-). R<5daction fran^aise par J. Griess. 
Paris, Nony, 1895. 8vo. 

KoNioSBERGER (L. ). Hermann von Helmholtz's Untersuchungen uber 
die Grundlagen der Mathematik und Mechanik. Heidelberg, 1895. 
4to. 70 pp. 

KUMMELL (C. H. ). To express the roots of the solvable quantics as 
symmetrical functions of homologues. (American Journal of Mathe- 
matics^ Vol. 18, pp. 74-94. ) 4to. 
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LiEBMANX (H.). Die einzweideutigen Pnnktverwandtechaften der 
Ebene. [Diss.] Jena, 1695. 8vo. 52 pp. 

MiLDNEB ( R. ). Ueber einige allgemeinere, dnroh einfaohe und Doppel- 
int^grale ausdruckbare anendliohe Reihen and Produkte. [Progr.] 
Znaim, 1895. 8to. 18 pp. 

MoBAWBTZ (J.). Zar analytischen Geometriedea Punktes and der Gera- 
den. [Progr.] Salzburg, 1895. 8vo. 24pp. 

NUssLEiN (T.). Ueber die ebenen Configurationen Cj. Leipzig, 1895. 
8vo. 36 pp., 2 plates. Mk. 1.80 

Rath (E.). Die Gmndformeln der allgemeinen Kurven-und Flachen- 
theorie im nichtenklidisohen Raum. [Diss.] Tiibingen, 1894. 8vo. 
42 pp. 

ScHLEQEL (V.). Die Graasmann 'sche Ansdehnungslehre. Ein Beitrag 
zar Geschichte der Mathematik in den letzten fiinfzig Jahren. 
{Ztii9chHfi fiir Maiheinaiik und Phyaik, Vol. 41 (1896), historisch- 
literarisciie Abteilang, pp. 1-21. ) 8vo. 

Sar an syst^me de coordonn^es t^tra^driqaes. ( Nouvelles 
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THE ABITHMETIZING OF MATHEMATICS * 

An Address delivered at the public meeting of the Royal Acad' 
emy of Sciences of GoUingen, November 2nd, 1895. 

BY PROFESSOR FELIX KLEIN. 

Though the details of mathematical science, by their very 
nature, elude the comprehension of the layman, and there- 
fore fail to arouse his interest, yet the mathematician may 
profitably indicate certain general points of view from 
which he surveys his science, especially if these points of 
view determine his attitude to kindred subjects. I propose 
therefore on the present occasion to explain my position 
in regard to an important mathematical tendency which has 
as its chief exponent Weierstrass, whose eightieth birth- 
day we have lately celebrated. I refer to the arithm^Hzing 
of mathematics. Some account of this tendency and its 
origin may be given by way of preface. 

The popular conception of mathematics is that of a 
strictly logically coordinated system, complete in itself, such 
as we meet with, for instance, in Euclid's geometry ; but as 
a matter of fact, modern mathematics in its origin was of a 
totally different character. With the contemplation of na- 
ture as starting point, and its interpretation as object, a 
philosophical principle, the principle of continuity, was 
made fundamental; and the use of this principle character- 
izes the work of the great pioneers, Newton and Leibnitz, 
and the mathematicians of the whole of the eighteenth cen- 
tury—a century of discoveries in the evolution of mathemat- 
ics. Gradually, however, a more critical spirit asserted itself 
and demanded a logical justification for the innovations 
made with such assurance, the establishment, as it were, 
of law and order after the long and victorious campaign. 
This was the time of Gauss and Abel, of Cauchy and Dirich- 
let. But this was not the end of the matter. Gauss, taking 
for granted the continuity of space, unhesitatingly used 
space intuition as a basis for his proofs ; but closer investi- 
gation showed not only that many special points still needed 
proof, but also that space intuition had led to the too hasty 
assumption of the generality of certain theorems which are 
by no means general. Hence arose the demand for ex- 
clusively arithmetical methods of proof; nothing shall be 

* Translated by Isabel Maddison, Bryn Mawr College. 
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accepted as a part of the science unless its rigorous truth 
can be clearly demonstrated by the ordinary operations of 
analysis. A glance at the more modem text-books of the 
differential and integral calculus suffices to show the great 
change in method ; where formerly a diagram served as 
proof, we now find continual discussions of quantities which 
become smaller than, or which can be taken smaller than, 
any given small quantity. The continuity of a variable, 
and what it implies, or does not imply, are discussed, and a 
question is brought forward whether we can, properly speak- 
ing, differentiate or integrate a function at all. This is 
the Weierstrassian method in mathematics, the "Weier- 
strass'sche Strenge," as it is called. 

Of course even this assigns no absolute standard of ex- 
actness ; we can introduce further refinements if still stricter 
limitations are placed on the association of the quantities. 
This is exemplified in Kronecker's refusal to employ irra- 
tional numbers, and consequent reduction of mathematics 
to relations between whole numbers only ; and in another 
way in the efforts made to introduce symbols for the differ- 
ent logical processes, in order to get rid of the association of 
ideas, and the lack of accuracy which creeps in unnoticed, 
and therefore not allowed for, when ordinary language is 
used. In this connection special mention must be made of 
an Italian mathematician, Peano, of Turin, to whom we 
are indebted for various interesting notes on other points. 

Summing up all these developments in the phrase, the 
arithmetizing of mathematicSj I pass on to consider the influ- 
ence of the tendency here described on parts of the science 
outside the range of analysis proper. Thus, as you see, while 
voluntarily acknowledging the exceptional importance of the 
tendency, I do not grant that the arithmetized science is the 
essence of mathematics ; and my remarks have therefore the 
two-fold character of positive approbation, and negative dis- 
approval. For since I consider that the essential point is not 
the mere putting of the argument into the arithmetical form, 
but the more rigid logic obtained by means of this form, it 
seems to me desirable — and this is the positive side of my 
thesis — to subject the remaining divisions of mathematics to 
a fresh investigation based on the arithmetical foundation 
of analysis. On the other hand I have to point out most 
emphatically — and this is the negative part of my task- 
that it is not possible to treat mathematics exhaustively by 
the method of logical deduction alone, but that, even at the 
present time, intuition has its special province. For the 
sake of completeness I ought also to deal with the algorith- 
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mic side of mathematics, discussing the importance of sym- 
bolic methods, but as this subject does not appeal to me 
personally, I shall not enter upon it. It must be under- 
stood that I have not much that is new to say on special 
points ; my object is rather to collect and arrange material 
already familiar, justifying its existence where necessary. 
In the short time at my disposal I must content myself 
with presenting the most important points ; I begin there- 
fore by tracing the relation of the positive part of my thesis 
to the domain of geometry. The arithmetizing of mathe- 
matics began originally, as I pointed out, by ousting space 
intuition ; the first problem that confronts us as we turn to 
geometry is therefore that of reconciling the results obtained 
by arithmetical methods with our conception of space. By 
this I mean that we accept the ordinary principles of ana- 
lytical geometry, and try to find from these the geometrical 
interpretation of the more modern analytical developments. 
This problem, while presenting no special difficulty, has 
yet many ramifications, as I have had the opportunity of 
showing during the past year in a seminar devoted to this 
subject. The net result is, on the one hand, a refinement of 
the process of space intuition ; and on the other, an advantage 
due to the clearer view that is hereby obtained of the analy- 
tical results considered, with the consequent elimination of 
the paradoxical character that is otherwise apt to attach it- 
self to them . What is the most general idea of a curve, of a 
surface? What is meant by saying of a curve, etc., that 
it 18 "analytic'' or "non-analytic?" These and similar 
questions must be thoroughly sifbed and clearly explained. 
The next point is that we must subject the fundamental 
principles of geometry to a fresh investigation. As far as 
the theory of the matter is concerned, this might very well 
be done, as it was originally, on purely geometrical lines ; 
but in practice on account of the overwhelming compli- 
cations that present themselves, recourse must be had to 
the processes of analysis, that is to the methods of analytical 
geometry. The investigation of the formulae by means of 
which we represent the difierent forms in space (that is, 
the so-called non-Euclidian geometry, and all that is con- 
nected with it) disposes of only one side, and that the more 
obvious one, of the inquiry ; there still remains the more 
important question : What justification have we for regard- 
ing the totality of points in space as a number- manifold- 
ness in which we interpolate the irrational numbers in the 
usual manner between the rational numbers arranged in 
three directions ? We ultimately perceive that space intui- 
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tion is an inexact conception, and that in order that we 
may subject it to mathematical treatment, we idealize it by 
means of the so-called axioms, which actually serve as pos- 
tulates. Kerry, who died at an early age, dealt with the 
philosophical side of these questions, and I agree with his 
results in the main and especially as regards his criticism 
of DuBois Reymond. Conversely this fresh determination 
of our conception of space has in its turn given rise to new 
• refinements of our analytical ideas. We picture before us 
in space an infinite number of points and forms composed of 
them ; from this idea have sprung the fundamental investi- 
gations on masses of points and transfinite numbers with 
which G. Cantor has opened up new spheres of thought to 
arithmetical science. Finally it is much to be desired that 
full use should be made of the new point of view in the 
further exposition of geometry, especially infinitesimal 
geometry ; this result will be most easily attained by 
treating the subject analytically. Of course, I do not 
mean by this a blind calculation with z^ y and z, 
but merely a subsidiary use of these quantities when the 
question concerns the precise determination of boundary 
conditions. 

From this outline of the new geometrical programme 
you see that it difiers greatly from any that was accepted 
during the first half of this century, when the prevaUing 
tendencies led to the development of projective geometry, 
which has long been established as a permanent constituent 
of our subject. Projective geometry has opened up for us with 
the greatest ease many new tracts of country in our science^ 
and has been rightly called a royal road to its own particu- 
lar branch of learning; our new road is on the contrary 
arduous and thorny, and unremitting care is needed to 
clear a way through the obstacles. It leads us back to 
what is more nearly the geometry of the ancients, and in the 
light of our modern ideas we learn to understand precisely 
the true nature of the. latter, as Zeuthen has lately shown 
in the most brilliant manner. 

Moreover we must introduce the same process of reasoning 
into mechanics and mathematical physics. To avoid going 
too much into detail I will merely explain this by two ex- 
amples. Throughout applied mathematics, as in the case of 
space intuition, we must idealize natural objects before we 
can use them for purposes of mathematical argument; but we 
find continually that in one and the same subject we may 
idealize objects in different ways, according to the purpose 
that we have in view. To mention only a single instance^ 
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we treat matter either as continuous throughout space, or 
as made up of separate molecules, which we may consider 
to be either at rest or in rapid motion. How and to what 
degree are these different hypotheses equivalent in regard 
to the mathematical consequences that can be deduced from 
them ? The earlier expositions of Poisson and others, as 
also the developments of the Kinetic Theory of Gases, are 
not sufficiently thorough in this respect for the modern 
mathematician ; the problem requires to be investigated 
afresh ab initio. I expect that a publication by Boltzmann, 
which will shortly appear, will contain some interesting 
conclusions on this subject. 

Another question is this: Practical physics provides us 
plentifully with experimental results, which we uncon- 
sciously generalize and adopt as theorems about the idealized 
objects. The existence of the so-called Green's function on 
any closed surface with an arbitrarily chosen pole, corre- 
sponding to the fact in electricity that a conductor under the 
influence of a charged point is in a state of electrical equilib- 
rium, belongs to this category ; as also the theorem that 
every finite elastic body is capable of an infinite series of 
harmonic oscillations, and my deduction of the fundamental 
propositions of Riemann's Theory of Abelian Functions 
from our knowledge of the electric currents started on any 
conductor when the poles of a galvanic battery are applied 
to it. Are these indeed, taken in the abstract, exact mathe- 
matical theorems, or how must they be limited and defined in 
order that they may become so ? Mathematicians have suc- 
cessfully sought to investigate this ; first, C. Neumann and 
Schwarz with their theory of Potential, and later the 
French school, following on the lines of the German, with 
the result that the theorems taken from physics have been 
shown to hold good to a very considerable extent. You see 
here what is the precise object of these renewed investiga- 
tions; not any new physical insight, but abstract mathemat- 
ical argument in itself, on account of the clearness and 
precision which will thereby be added to our view of the 
experimental facts. If I may use an expression of Jacobins 
in a somewhat modified sense, it is merely a question of in- 
tellectual integrity, " die Ehre des menschlichen Geistes.'' 

After expressing myself thus it is not easy, without run- 
ning counter to the foregoing conclusions, to secure to in- 
tuition her due share in our science ; and yet it is exactly 
on this antithesis that the point of my present statements de- 
pends. I am now thinking not so much of the cultivated 
intuition just discussed, which has been developed under 
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the influence of logical deduction and might almost be 
called a form of memory ; but rather of the naive intui- 
tion, largely a natural gift, which is unconsciously in- 
creased by minute study of one branch or other of the 
science. The word intuition (Anschauung) is perhaps 
not well chosen ; I mean it to include that instinctive feel- 
ing for the proportion of the moving parts with which the 
engineer criticises the distribution of power in any piece 
of mechanism he has constructed ; and even that indefinite 
conviction the practiced calculator possesses as to the con- 
vergence of any infinite process that lies before him. I main- 
tain that mathematical intuition— so understood —is always 
far in advance of logical reasoning and covers a wider field. 
I might now introduce a historical excursus, showing 
that in the development of most of the branches of our 
science, intuition was the starting point, while logical treat- 
ment followed. This holds in fact, not only of the origin 
of the infinitesimal calculus as a whole, but also of many 
subjects that have come into existence only in the present 
century. For example, I may remind you of Eiemann's 
Theory of the Functions of a Complex Variable ; and I am 
glad to add also that the Theory of Numbers, a subject which 
for a long time seemed to be most unsuited for intuitive 
methods of treatment, appears to have received a fresh im- 
petus from the application of intuition in the hands of 
Minkowski and others. After this it would be a matter of 
great interest to trace from the present standpoint the de- 
velopment, not of particular mathematical subjects, but of 
the individual mathematician ; but in regard to this it must 
suffice to mention that the two most active mathematical 
investigators of the present day. Lie in Leipzig, and Poin- 
car6 in Paris, both originally made use of intuitive 
methods. But all this, if I pursued it further, would lead 
us too much into detail, and finally bring us only to par- 
ticular cases. I prefer to sketch the every day results of 
this somewhat refined intuition, as regards the quantitative, 
rather than the merely arithmetical or constructive, treat- 
ment of physical or technical problems. Let me refer 
again to the two examples from the theory of electricity 
already adduced ; any physicist would be able to trace, 
without further difficulty, and with tolerable accuracy, the 
form of the surface of Green's function, or, in the second 
experiment, the shape of the lines of force in a given case. 
Again, consider any given difierential equation, I will say, 
to take the most simple instance, a differential equation of 
the first order in two variables. Most probably the analyti- 
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cal method of solatlon fails ; nevertheless we can at once 
find graphically the general form of the integral curves, 
as has recently been done for the renowned differential equa- 
tion of the Problem of Three Bodies by Lord Kelvin, a 
master in the art of mathematical intuition. The question 
in all such cases, to use the language of analysis, is one of 
interpolation, in which less stress is laid on exactness in 
particular details than on a consideration of the general 
conditions. I will once more emphasize the fact that in 
stating all our laws of nature, or in trying to formulate 
mathematically any actual occurrence, the art lies in mak- 
ing a similar use of interpolation ; for we have to con- 
sider the simple laws connecting the essential quantities, 
apart from the multitude of fortuitous disturbances. This, 
is ultimately what I have termed above the process of 
idealization. Logical investigation is not in place until in- 
tuition has completed the task of idealization. 

I beg that you will consider these remarks as a description, 
not as an explanation, of what actually occurs. The mathe- 
matician can do no more than state the character of each 
particular psychical operation from observations of his own 
mental process. Perhaps some day physiology and experi- 
mental psychology will enable us to draw more accurate 
conclusions as to the relation between the processes of in- 
tuition and those of logical thought. The great differences 
shown by observations of different individuals confirm the 
supposition that it is indeed a question pf distinct, that is, 
not necessarily connected, mental activities. Modern psy- 
chologists distinguish between visual, motor and auditory 
endowments ; mathematical intuition, as above defined, ap- 
pears to belong more closely to the first two classes, and the 
logical method to the third class. In common with many of 
my fellow mathematicians I gladly welcome these investiga- 
tions which psychologists have only just undertaken, for it is 
to be hoped that with the increase of accurate information 
about the psychological conditions of mathematical thought 
and their particular varieties, many of the differences of 
opinion which necessarily remain unsettled at present will 
disappear. 

I must add a few words on mathematics from the point of 
view of pedagogy. We observe in Germany at the present day 
a very remarkable condition of affairs in this respect ; two 
opposing currents run side by side without affecting one an- 
other appreciably. Among the teachers in our Gymnasia 
the need of mathematical instruction based on intuitive 
methods has now been so strongly and universally empha- 
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sized that one is compelled to enter a protest, and vigor- 
ously insist on the necessity for strict logical treatment. 
This is the central thought of a small pamphlet on ele- 
mentary geometrical problems which I published last sum- 
mer. Among the university professors of our subject ex- 
actly the reverse is the case; intuition is frequently not 
only undervalued, but as much as possible ignored. This 
is doubtless a consequence of the intrinsic importance of 
the arithmetizing tendency in modem mathematics. But 
the result reaches far beyond the mark. It is high time 
to assert openly once for all that this implies, not only 
a false pedagogy, but also a distorted view of the science. 
I gladly yield the utmost freedom to the preferences of 
individual academic teachers, and have always discour- 
aged the laying-down of general rules for higher mathe- 
matical teaching, but this shall not prevent me from saying 
that two classes at least of mathematical lectures must be 
based on intuition ; the elementary lectures which actu- 
ally introduce the beginner to higher mathematics — for 
the scholar must naturally follow the same course of 
development on a smaller scale, that the science itself has 
taken on a larger — and the lectures which are intended for 
those whose work is largely done by intuitive methods, 
namely, natural scientists and engineers. Through this one- 
sided adherence to logical form we have lost among these 
classes of men much of the prestige properly belonging to 
mathematics, and it is a pressing and urgent duty to regain 
this prestige by judicious treatment. 

To return to theoretical considerations, the general 
views which I uphold in regard to the present problems of 
mathematical science need scarcely be specially formulated. 
While I desire in every case the fullest logical working out 
of the material, yet I demand at the same time an intuitive 
grasp and investigation of the subject from all sides. 
Mathematical developments originating in intuition must 
not be considered actual constituents of the science till 
they have been brought into a strictly logical form. Con- 
versely, the mere abstract statement of logical relations 
cannot satisfy us until the extent of their application to 
every branch of intuition is vividly set forth, and we re- 
cognize the manifold connections of the logical scheme, 
depending on the branch which we have chosen, to the 
other divisions of our knowledge. The science of mathe- 
matics may be compared to a tree thrusting its roots deeper 
and deeper into the earth and freely spreading out its shady 
branches to the air. Are we to consider the roots or the 
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branches as its essential part? Botanists tell us that the 
question is badly framed, and that the life of the organism 
depends on the mutual action of its different parts. 



DAEBOUX'S MEMOIR ON CYCLIQUES. 

Sur une Classe Remarquahle de Courbes et de Surfaces Algebriques 
et sur la theorie des Imaginaires, par Gaston Darboux, 
Doyen de la Faculty des Sciences de Paris. Second 
tirage. Paris, A. Hermann, 1896. 
It is a pity that M. Darboux did not make some addi- 
tions to this work since its first publication in 1873. He is 
80 full of ideas in a number of mathematical directions 
that it is a cause for regret that he has not devoted some 
more time to a subject which offered him once such a fruit- 
ful field for original investigation. However, those who 
know the work will be glad to make acquaintance with it 
again, and others who are tired of conic sections and quad- 
rics may be gratified by finding in it a somewhat similar 
but still novel field of investigation. 

Darboux calls the curves and surfaces which he treats of 
cycliques and cyclides, respectively. The latter word has 
been generally adopted in English as a name for the sur- 
faces, but the former has been replaced by bicircular quar- 
tics and sphero-quartics, which two designations conveni- 
ently distinguish between the plane and spherical curves. 
The name cyclide had already been used for a particular 
form of the surface by Dupin, and soon came to be adopted 
generally in its present sense, while the different names of 
the curves arose from their being studied independently in 
Great Britain and France. At one time, from about 1865 
until early in the seventies, these curves and surfaces were 
studied enthusiastically in France by Darboux, Laguerre, 
de la Gournerie, Moutard, Mannheim and others, while 
they received attention in England at the hands of Crofton 
and Clifford, and in Ireland secured very full and adequate 
treatment from Casey. All these mathematicians worked 
at the same time and nearly entirely independently of each 
other. Thus Darboux's book contains much that has been 
more fully worked out elsewhere, and, besides, of course, 
it has no references to many striking results that have been 
arrived at in this branch of geometry, as, for instance, 
Casey's ingenious method of rectification of the bicircular 
quartics and sphero-quartics. But these wants are made up 
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for by Darboux's methods of investigation and by his curi- 
ous paths of inquiry, from which new views and sidelights 
on the subject are continually obtained. It is this, as well 
as the incidental solutions of many problems not directly 
connected with the subject, that gives a charm to the work, 
and only those who have a preference for formal and logi- 
cally oMered treatises will be displeased with its discursive 
character. 

M. Darboux begins by considering the transformation of 
inversion, and in addition to the ordinary properties of this 
process shows that foci and focal curves, when inverted, 
possess the same relation to the inverted curve. Then he 
shows that every cydique is transformed into a similar curve 
by inversion. Thus for an origin outside of its plane, the 
bicircular quartic, or plane quartic with the two circular 
points at infinity as nodes, is transformed into a sphero- 
quartic, or curve of intersection of a sphere and a quadric. 
In this way he is enabled to select the most suitable curves 
for his first investigation. Choosing the sphero-quartic he 
makes use of the known result that fbur cones of the second 
order can be described passing through the curve. Since 
the tangent planes of the cones intersect the sphere in circles 
having double contact with the curve, he thus deduces the 
four-fold generation of the sphero-quartic as the envelope 
of small circles orthogonal to a given circle J and having 
their centres on a sphero-conic F. Then by geometrical 
considerations the four circles such as J are shown to be 
mutually orthogonal and the four sphero-conics such as H 
to be confocal, and further the focal curves are shown to lie 
on four mutually orthogonal spheres having their centres at 
the vertices of the cones. In this way M. Darboux es- 
tablishes these and many other properties of the curves by 
means of previously known results. M. Darboux obtains a 
number of properties of the bicircular quartics, sphero- 
quartics and allied curves of higher orders by the use of 
imaginaries. In particular we may mention the diflferential 
equation of the system of confocal bicircular quartics, viz : 

du dv 

where 

/(w) = il(w— aj)(M— a,) (u—a^) (u—a^) 

Uv)^B(v-b,) (V -6,) (v-ft,) (v-bj, 

u^x+xy, v^x — It/, 
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and the anharmonic ratios of 

/(M) = 0, /.(«) = 

are equal. 

This equation gives the complete theory of the arrange- 
ment of the 16 foci of the curve, for by the definition of a 
focus these points are found from du^O, dt;=0. Thus we 
get/(w)=0,/i(t;)=0, which determine 16 points ; and these 
from the equality of the anharmonic ratios must lie by 
fours on four circles. 

By the use of imaginaries M. Darboux also obtains prop- 
erties of curves comprised in the equation 

where i?,, i?,, — , r„ r, •-, are the distances from fixed points, 
and he shows that such curves can be written in this form 
in an infinite number of ways. Similar results are ob- 
tained for the sphere, and theorems concerning closed poly- 
gons formed by the imaginary generators of the sphere are 
proved. He thus gives a new demonstration of Poncelet's 
theorems for polygons of an even number of sides and ar- 
rives at an important theorem concerning polyhedra formed 
by generators of a quadric, viz : that if they form a poly- 
gon having its vertices on the curve of intersection with 
another quadric, then there exist an infinite number of 
polygons formed in the same way. M. Darboux observes 
that this result was given by Moutard in the Nouvellea An- 
nales de Mathematiques in 1864. I think, however, that 
Steiner and Hart were acquainted with it previously. In 
1846 Steiner gave in Crelle's Journal a theorem concerning 
polygons inscribed in a binodal quartic. This is to the ef- 
fect that, if a certain condition is satisfied, an infinite num- 
ber of polygons can be described, such that one set of alter- 
nate sides all pass through one node, while the other set of al- 
ternate sides pass through the other node. Now let the 
nodes be the circular points, then if we invert from a point 
outside the plane, the lines through the nodes become the 
imaginary generators of a sphere, and the curve becomes a 
sphero-quartic. Thus we see the identity of Steiner's 
theorem with that just mentioned. I may notice that 
Professor A. R. Forsyth, who has treated this problem from 
an analytical point of view, makes no mention of those who 
had gone before him. (Proceedings of the London Mathemati' 
ccd Society, vol. 14, p. 35.) 

M. Darboux further notices that the same property exists 
when we substitute for the circumscribing quadric quadrics 
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inscribed in the developable formed by the inscribed quadric 
and one of the circnmscribing qaadrics, or which is the 
same thing, if we suppose the vertices to lie on confocal 
quadrics ; and he observes that this proposition seems new. 
Hart, however, was previously aware of the fact that 
there could be an infinite number of geodesic polygons cir- 
cumscribed about a line of curvature of a quadric so that 
these vertices lie on other lines of curvature. Now, if we 
suppose the quadric passing through the inscribed line of 
curvature to coincide with the given one, the geodesies be- 
come simply the generators. Thus Darboux's result is 
comprised in Hart's theorem. (Cambridge and Dublin 
Mathematical Journal^ vol. 4, p. 192.) 

Proceeding to consider the surface M. Darboux makes 
use of analysis. With the help of the inscribed quadrics, 
viz.: quadrics such as V when the equation of the surface 
takes the form S^=^ F, where Sis a sphere, he deduces the 
generation of the cyclide as the envelope of a sphere orthog- 
onal to a given sphere J and having its centre on a quadric 
F. Further he shows that this generation is fivefold, the 
five spheres such as J being mutually orthogonal, and the 
five quadrics such as F being confocal, while the five sphero- 
quartics FJ are the focal curves. This mode of treatment, 
it may be observed, has been adopted by Dr. Salmon in his 
geometry of three dimensions. The remarkable form as- 
sumed by the equation of confocal cyclides in terms of the 
five spheres is worth noticing. If X, F, Z, f/, F represent 
the squares of the tangents drawn from a point to the 
spheres divided by the radius of each sphere, then X*+ F*+Z* 
+ ir+ F'=0 identically ; and the equations 

represent confocal cyclides. The remarkable fact that 
spheres such as l^X+m^ Y+n^Z+p^ U+q^ F=0, cut orthog- 
onally if -rZjZ,=0, shows at once that the three confocal 
cyclides drawn through a point cut orthogonally. There is 
in these equations an analogy to linear expressions passing 
through a point and cones, if we may call them so, in four 
dimensions. In fact just as biciroular quartics are the in- 
verses of sphero-conics, so cyclides may be regarded as the 
inverses of the sphero-quadrics of four dimensions. This 
system of coordinates enables us to express the coordinates 
of a point on a cyclide in terms of two parameters. For 
solving for X in terms of the parameters of three surfaces 
of the system we get 
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/(;) = (^-a.)(^-a,)(-l-a.)(^-a.)(;-a,), 

and similar valnes for Y, Z, U, V. Hence if we sappose i^ 
to be a constant for a given surface we obtain, from 

T 

and similar equations, x, y, z expressed linearly in terms of 
the hve radicals x/ { (a,— A^) (a^ — A J } . Thus by the theory of 
hyperelliptic integwils if we write 

we have the coordinates expressed linearly in terms of the 
inverse hyperelliptic functions of t4,v, called aZ(Wj,Wj)j, 
aZ(tt„ w,)„ etc., by Weierstrass, just as the coordinates of a 
point on a quadriquadric curve can be expressed linearly 
in terms of snu, cnu, dnu. 

In the notes and additions, which comprise a considerable 
portion of the work, M. Darboux gives a number of miscel- 
laneous theorems concerning curves and surfaces. In par- 
ticular he studies the system of coordinates obtained by tak- 
ing as variables the parameters of the tangents which can 
be drawn from a point to a given conic. Thus if the conic 
is /5*— 4 a r=0, a tangent may be written 

so that if />!, />, are the parameters of the tangents drawn 
from a, i5, ^, we have 

Pi+Pi P1P2 

By means of these coordinates he obtains several inter- 
esting results regarding polygons. For instance, if a curve 
of the n^ degree pass through the intersection of the n tan- 
gents, Jj, -4, — -4, with the n tangents J5j, £^, ••• J5^, its equa- 
tion is 

Since 

this equation takes the form 

^ (Pi) 9 (P, )^i. 
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But this form can be assumed in a singly infinite number 
of other ways, as we see by writing it 

{ «p,)+W(rr) \ 1 v''(/>,)+^.v''(^)J_ 1 

Hence if a curve pass through the n* points where n tan- 
gents to a conic meet other n tangents, it must pass through 
an infinity of such systems of n* points. Further, if a 
curve of the n"* degree pass through all the points of inter- 
section of n+1 tangents to the conic, it may be written 



which becomes 




-(«.-/'.) ( 


«— /'J 


or, if we multiply by /',— A', 




a. 
K ! 


a 
-V '- — 


that is 




. /(/>.) - 


J(^) 


fC/-.) 


?(/'a) 


which may also be written 




/(/'.) . 


_ /(^) 



which is of the same form as the preceding with indetermi- 
nate k. Hence the curve will pass through all the vertices 
of an infinite number of polygons of n+1 sides circum- 
scribed to the conic. 

In this way M. Darboux proves the theorem originally 
obtained by Liiroth (Math. Annaleri vol. 1.) viz: that if a 
quartic curve pass through all the points of intersection 
of five lines it cannot be the general curve of that degree, 
but must satisfy an invariant relation. M. Darboux might 
have noticed also that a general quartic curve cannot pass 
through the 16 points where four tangents of a conic meet 
four other tangents.* The invariant condition satisfied in 
this case is a problem suggested here for solution. Again 
by the use of these coordinates M. Darboux gives a very 
simple proof of Poncelet's theorem concerning polygons. 

* It may be observed that this result can also be put in the form : the 
twelve vertices and eight points of contact of two quadrilaterals cironm- 
scribed about a conic lie on a quartic curv e which is not a general one. 
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It may be noticed that W. K. Clifford arrived at these re- 
sults in precisely the same way (Proceedings of the London 
MatheTnatical Society, vol. 7, p. 29), and when he found that 
he had been anticipated by Darboux, expressed his opinion 
that this, viz: the work of Darboux that we are now con- 
sidering, is a book which it is almost inexcusable in a 
geometer not to have read, marked, learned and inwardly 
digested. 

There are many other interesting investigations in the 
book, especially a study at considerable length of the inter- 
section of a sphere with a cyclide ; an extension also of 
Ivory's theorem to confocal cy elides is worthy of notice. 
1{ A, B, C are three points on the cyclide and A\ B\ C are 
three corresponding points on a confocal cyclide, M. Dar- 
boux shows that the relation 

AB\ BC. CB'^BA\ CB'. BC 

connects the distances between the points. 

R. A. EOBERTS. 



BESSEL FUNCTIONS. 

A Treatise on Bessel Functions and their Applications to Physics. 

By Andrew Gray and G. B. Mathews. Macmillan & 

Co. 1895. 8vo, x+292 pp. 
The transcendental functions to which Bessel's name has 
been attached are not only of the highest importance in 
mathematical physics, second perhaps only to the trigono- 
metric and exponential functions, they are also of great in- 
terest to the student of pure mathematics both from the 
formal side and from the point of view of the theory of func- 
tions. There has, however, up to this time been no con- 
nected treatment of these functions in the Englieh language, 
with the exception of the utterly inadequate treatment con- 
tained in the last sixty-five pages of Todhunter's book. 
The Functions of Laplace, Lame and Bessel, published twenty 
years ago. The German monographs by C. Neumann and 
Lommel make no attempt to cover more than small por- 
tions of the subject, and the same is true to an even greater 
extent of the sections devoted to BessePs functions in Heine's 
Kugdfunctionen, Basset's Hydrodynamics, Kayleigh's Sound 
and elsewhere. Messrs. Gray and Mathews have therefore 
filled a real gap in mathematical literature. 

The authors make it clear in their preface that their own 
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interest is chiefly for the applications to mathematical 
physics. They have, however, none of the intolerance for 
and dislike of pure mathematics which is unfortunately too 
often manifested. The authors' position may, perhaps, 
be best explained in their own words : ** Some readers may 
be inclined to think that the earlier chapters contain a 

needless amount of tedious analysis As a matter of 

fact it will be found that little, if any, of the analytical 
theory included in the present work has &iled to be of some 
use or other in the later chapters ; and we are so &r from 
thinking that anything superfluous has been inserted that 
we could almost wish that space would have allowed of a 
more extended treatment, especially in the chapters on the 
complex theory and on definite integrals." 

The book consists of fifteen chapters, followed by a few 
pages of miscellaneous matter and tables. Of the fifteen 
chapters, eight (87 pages) are devoted to the theory, while 
the remaining seven (135 pages) treat of the applications. 
This separation of theory and application is by no means 
complete, much analysis which might easily have been in- 
cluded in the earlier chapters being left until needed, while 
a few physical problems are introduced for the sake of il- 
lustration into the chapters on the theory of BessePs func- 
tions. We think there can be no doubt that the authors 
have been wise in carrying this separation at least as far as 
they have done, as it conduces greatly to the clearness of 
the book, and makes it, what is very important, a con- 
venient book of reference. The book might have been made 
even more useful in this respect than it is now by a some- 
what extended collection of formulae, including in particular 
a table of definite integrals involving Bessel's functions, 
which could have been placed with the numerical tables at 
the end of the book. 

Chapter I: Introductory shows how BessePs functions nat- 
urally present themselves in two simple physical and in 
one astronomical problem. The problems chosen (vibra- 
tion of a heavy chain hanging from one end, cooling of a 
cylinder, Kepler's equation) are not only interesting in 
themselves; they have also a decided historic interest as be- 
ing among the first problems in which BessePs functions 
were used.* 

* There is a slight historical slip on p. 2, in the statement that after 
tlie I problem of the heavy chain "the next appearance of a Bessel func- 
tion m in Fourier's Theorie analytique de la chaleur.^* The problem of the 
viJiratioa of a circular membrane had been treated by Euler in 1764 (Cf. 
nuthtin, February, 1893, p. 108). A reference to Bessel's paper of 1818 
might also well have been made. 
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Chapter II : Solution of the Differential Equation. The 
title of this chapter indicates the starting point chosen by 
the anthors for the systematic study of Bessel's functions. 
The differential equation is solved by means of power series 
and a few simple relations between the BessePs functions 
thus obtained are established. On p. 8 it is pointed out 
that the series for J_^ (x) ceases to exist (" becomes unintel- 
ligible " is the unfortunate expression used) when n is a 
positive integer, and on p. 12 the function is defined in this 
case by the formula : /_« (a;) = (— 1)" /„ (x), even the mere 
statement of the reason for this definition (viz.: to preserve 
the continuity with regard to n) being relegated to a foot- 
note. The treatment of such a fundamental point as this, 
which would not have covered half a page, ought surely to 
have been given. We are glad to find the BessePs function 
of the second kind * Y^ (x) introduced here by means of 
power series ; the interesting, but for the beginner artificial, 
form in terms of Bessel's functions of the first kind is given 
later (pp. 21-23). 

Chapter III : Functions of Integral Order. Expansions in 
series of Bessel Functions, — This chapter opens with Schlo- 
milch's elegant definition of Bessel's functions of the first 
kind of integral orders as the coefficients in the expansion 

of c'*^^""^/^^ according to ascending and descending pow- 
ers of t. Here as elsewhere in the book the authors have 
adopted a half-way course with regard to mathematical 
rigor which can perhaps be justified when we consider the 
class of readers for which the book is written. Thus they 
usually establish the convergency of the series or integrals 
with which they deal, but leave the question as to whether 
the series or integrals converge to the right value, and also 
questions as to rearranging the terms of a series, differen- 
tiating a series, etc., almost, if not quite, unconsidered. It 
should, however, be added that the authors sometimes re- 
gard this method of obtaining results as merely heuristic 
and establish their results when once found by other 
methods. 

Chapter IV : Semiconvergent Expansions might well have 
been postponed until later, as at this point only Bessel's 
functions of the first kind can be treated at all, and that in 
a very imperfect way. The term semiconvergent is here used 
in its proper sense, a series of this sort being divergent, 
but such that for certain values of the argument and of n 

* The authors have seen fit to attach Neumann's name to this f onotiony 
although in the case ?i=0 the function had been used by Euler. 
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the sum of its first n terms gives an approximation to the 
function we wish to represent. The use of the word in 
this sense is more than forty years old, and it is greatly to 
be regretted that of late years the term has been used in 
English in a totally different sense, viz.: non-absolutely or 
conditionaUy convergent. After the general solution u^ of 
BessePs equation has been developed into a semiconvergent 
series the statement is made (p. 37): " It is to be observed 

that it is not to be inferred that the expression 

above given for u^ reflects in any adequate way the func* 
tional properties of an exact solution These consid- 
erations, however, do not debar us from employing the ex- 
pressions w^ up to a certain point for approximate numerical 

calculation " The distinction here made between 

the numerical values of a function and its 'Afunctional 
properties " is one which would, we think, be found in the 
minds of a very large number of people. There exists, 
however, no such distinction in reality, as a function is 
nothing more nor less than what might be called an ideal 
table of numerical values, and any properties of a function 
are merely propositions concerning these numerical values. 
The peculiarity of a semiconvergent series is that it does 
not permit us, like the ordinary representations of func- 
tions, to compute these numerical values to any required 
degree of accuracy, but merely to a certain limited d^ree 
of accuracy. The subject of semiconvergent series together 
with the allied subject of the asymptotic values of functions 
is one with which most readers of this Treatise are sure to 
be so unfamiliar, and it is at the same time a subject of 
such importance both practically and theoretically, tliat we 
think a more extended and more accurate treatment might 
well have been given of it. 

Chapter V : The Zeros of the Bessel Functions gives far too 
brief a treatment (a little over six pages) of one of the 
most important and fascinating questions connected with 
BessePs functions. The chapter opens with Bessel's orig- 
inal proof that J^ (x) has an infinite number of real roots, 
this proof being reproduced '^ on account not only of its 
historical interest, but of its directness and simplicity." 
The fact that the considerations here given not only estab- 
lish the existence of an infinite number of real roots, but 
also serve to completely separate them, is not, however, 
touched upon. Stokes's method of computing the large 
xoots oi J^(x) by means of semiconvergent series is also 
treated in this chapter, but no discussion is given of the 
degree of accuracy which it enables us to attain. Another 
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matter which might well have found a place, is the appli- 
cation of the method developed by Sturm,* or of some suit- 
able modification of it t to BessePs equation. At least a 
reference should have been made to Hurwitz's paper in 
Math. Ann., vol. 33. 

Chaptbb VI : Fourier-Bessel Expansions. Certain defi- 
nite integral formulse are first deduced by means of Green's 
theorem. Then follows a simple problem in the flow of heat 
which leads up to the development of an arbitrary function 

in the form: v A^J^{Xj') where the quantities \ are the 

roots of the equation ^k J^' {X) +h J^(a,)=0. Other develop- 
ments of a similar nature follow. The work in this chapter is 
merely formal, no questions of convergency being discussed. 

Chapter VII : Complex Theory. We agree with the au- 
thors in r^;retting that they did not feel able to devote 
more space to this interesting subject. BesseVs functions 
are treated in this chapter by means of their definition as 
definite int^rals taken along paths in the complex plane. 
The functions with pure imaginary argument are here in- 
troduced, and the chapter closes with Lipschitz's strict 
treatment of the semiconvergent expansions already given. 

Chapter VIII : Definite IntegraU Involving Besael Func- 
tions. The first half of this chapter is devoted to a clear and 
well-arranged exposition of the most fundamental parts of 
this side of the subject which seems to have appealed 
strongly to the authors. The last half of the chapter deals 
with the expression of an arbitrary function by means of 
a remarkable double integral involving BessePs functions. 
This integral, which was in substance discovered by C. 
Neumann, belongs to an extended class of integrals of which 
Fourier's int^ral may serve as a type. In fact this in- 
tegral bears precisely the same relation to the expansion in 
terms of Bessel's functions considered in Chapter VI. that 
Fourier's integral bears to Fourier's series-J This fact is 
unfortunately not brought out by the authors although the 
similarity to Fourier's integral is mentioned. 

Chapter IX: The Relation of the Besael Functions to 

* LiouYille's Journal, vol. I. 

t See, for instance, Riemann-Hattendorf *8 Pariielle Differentialgleivhun^ 
gen, p. 266-269, where, however, only the simplest case is considered 
and Uie presentation is somewhat (anlty. 

X This analogy seems the most natural, at least for a treatise on BessePs 
functions. It is, however, also true, as has been pointed out by C. Neu- 
mann and Mehler, that one may regard this integral as having the same 
relation to the ordinary development in spherical harmonics, that Fourier's 
integral bears to Fourier's series. 
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Spherical Harmonics. In view of the physical tendencies of 
the book it might perhaps have been well, instead of giving 
a purely analytical treatment of this subject, to develop it 
in connection with the fact that cylinder coordinates may 
be regarded aa a limiting case of polar coordinates in space. 
The treatment given, however, brings out clearly the analy- 
tic relations. 

Before going on to the portion of the book in which the 
applications of Bessel's functions are taken up let us look 
back at the theoretical chapters we have just been consider- 
ing in a somewhat more comprehensive way than we have 
yet done. While the treatment is too incomplete and even 
at times inaccurate to satisfy the pure mathematician, it is 
well adapted to the object the authors had in view of giv- 
ing to the physicist a working knowledge of the more im- 
portant properties of Bessers functions. Even to the stu- 
dent of pure mathematics these chapters give, on account of 
the numerous sides of the subject on which they touch, an 
introduction to the theory of BesseFs functions which may 
fairly be considered satisfactory when supplemented by a 
certain amount of collateral reading. The presentation is 
clear and interesting and the references to the original 
memoirs useful. 

The writers have avoided giving undue prominence to 
one side of the theory at the expense of other sides. There 
is, however, one matter of no little importance as it seems 
to us which the authors have hardly touched upon, namely, 
the differential equation which Bessel's functions satisfy. 
This equation to be sure is the starting point in Chapter II, 
but, when once its solutions have been expanded into series, 
these series, or the definite integrals which are proved 
equal to them, are made use of whenever any property of 
the functions is to be established.* Many of the properties 
of Bessel's functions may, however, be derived with ease 
and elegance directly from the differential equation. For 
this purpose one of the binomial forms (line 4, Chapter II, 
and (81) p. 35) is usually most convenient. The formulae 
on pages 16 and 53 might well have been obtained in this 
way, while perhaps the most important matter which could 
best be so treated is the subject of the roots of Bessel's 
functions and allied questions. It should be borne in 
mind in introducing a student to the study of Bessel's func- 
tions that these are only an example of fiinctions which occur 
frequently in mathematical physics, and which satisfy linear 

^Slight exceptions to this statement will be found in Chapters IV, 
and VI. 
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differential equations of the second order. With the excep- 
tion of a few simple cases, which like BessePs functions can 
be represented by definite inte.grals and simple series, no 
other means is usually available for discussing the proper- 
ties of these functions, than the differential equation which 
they satisfy. It seems therefore advisable that in the case 
of BessePs functions, although other methods are more or 
less applicable, the differential equation should not be al- 
together neglected. 

Another matter, a brief treatment of which might well 
have been included in this treatise, is the expression for the 
ratio of BessePs functions of orders n and 71 +1 as a con- 
tinued fraction. 

Passing now to the chapters in which the applications to 
physical problems are considered, we are struck throughout 
by the very substantial knowledge of mathematical physics 
assumed on the part of the reader. This contrasts with the 
small amount of pure mathematics assumed in the earlier 
chapters. The simpler problems involving Bessel's func- 
tions, such for instance as are taken up in Byerly's text 
book on Fourier^s Series, are usually omitted on the ground 
that the method of treatment is obvious. Here, as in the 
case of the earlier part of the book, the great diversity of 
subjects treated, borrowed from German as well as English 
writers, is an excellent feature. 

Chapter X : Vibrations of Membranes, The free vibrations 
of circular membranes are here very briefly treated. Many 
interesting questions connected more or less closely with 
this subject and involving the use of BessePs functions are 
not even mentioned, owing doubtless to the excellent treat- 
ment in Lord Kayleigh's Theory of Sound. It may be men- 
tioned that formula (21) at the close of the chapter reduces 
at once by means of the relation 

to the form : 

Chapter XI: Hydrodynamics, opens with a tripos prob- 
lem concerning vortex motion in which the lines of flow 
lie in planes passing through an axis. It does not look as 
though the authors had noticed that the transcendental 
equation (10) for determining n has no real roots. In 
order to avoid imaginaries, the functions J^, Fj, and cosh 
should have been used instead of Jj, iT, and cos. There fol- 
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lows a sketch of an investigation by Lord Kelvin on the 
small oscillations of a cylindrical vortex abont a state of 
steady motion, and on waves in a cylindrical tank. The 
chapter closes with a treatment of the two dimensional mo- 
tion of a viscons liquid which is of peculiar interest as in- 
troducing for the first time in the book Bessel functions 
whose arguments are neither real nor pure imaginary, but 
of the form ay/ i where a is real. 

Chapter XII: Steady Flow of Electricity or of Heat in Uni- 
form Isotropic Media. While the problems considered in the 
preceding chapter led to developments in series of the sort 
consider^ in chapter VI, those considered in the present 
chapter lead to developments not in series, but in definite 
integrals. The first problem taken up, while simple, is 
typical of the kind of question treated in this chapter, and 
it will be worth while for us to consider it in some detail. 
The problem is, to find the electrostatic potential due to a 
circular conducting disk charged with electricity. The 
origin is taken at the centre of the disk and cylinder coor- 
dinates Zy r, ip are used, the axis of z being perpendicular to 
the plane of the disk. As the potential is symmetrical 
with regard to the plane of the disk we need consider only 
that half of space in which z is positive. The method pur- 
sued by the authors is to write down the expression : 



c being the potential on the disk and r^ the radius of the 
disk, and then to verify that this is the desired potential.* 
This method, while perfectly conclusive, is not satisfactory 
to the reader as it does not put him in a position to solve a 
similar problem for himself. We may, however, proceed 
as follows : From the known values of the surface density 
at points of the plate we have when 2= + and r<ir^ : 

0V^_2c_ 1 

dV 
When 2=0 and r^r^, we have from symmetry : ^—=0. We 

need then merely to find a solution of Laplace's equation 
which satisfies these conditions and vanishes in the proper 
way at infinity. Since we have circular symmetry about 
the axis of z we shall try to build up our potential from so- 

*Thi8 verification is unnecessarily lonj? ; formula (13) p. 126 and the 
corresponding formula when r^r^ being all that is necessary. 
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lutions of the form : e~^ J^ (Ar). Since there is no reason 
to restrict the value of k here we shall naturally form from 
these particular solutions not a series but an integral : 

a (A) e J, {Xr) dk. 



From this we get : 

fiV r^ —^2 

— =- \Xa{X)e JAXr)dX. 

We have then merely to determine the coeflScient a{X) in 
such a way that : 

(2c 1 
J'fa{X)J^{Xr)dX^} T.^^r_^ ^^^nr<r,, 
j^ when r>r^. 

This can be done at once by means of formula (166) p. 80, 
which gives : 

^^ 'i^'r 

This definite integral can be evaluated (cf. Sonine, Math. 
Ann. Bd. 16 p. 36 bottom) and gives: 

Thus we are led to the value of F given above. 

Further problems of a similar, though more complicated 
nature are treated in the remainder of this chapter which 
follows closely a paper by H. Weber. Many readers will 
doubtless wish that the authors had seen fit to devote a lit- 
tle more space to Riemann's treatment of Nobili's rings, as 
the original is far from easy reading. 

Chapter XIII : Propagation of Electromagnetic Waves along 
Wires, — As a starting point for this recently developed 
and already very important subject the equations of the 
electromagnetic field are first given in general form, and 
then so specialized as to fit the case in which the waves are 
guided by a straight wire, x being the distance measured 
along the wire, p the distance from the wire, and t the time, 
the cases considered are those in which the forces are the 
real parts of expressions of the form : 

{mt — nt) i 

n being real, but m, in general, complex. The BessePs func- 



Digitized by VjOOQIC 



264 BESSEL FUNCTIONS. [May 

tions which are thus introduced have complex arguments. 
The methods of work are in the main, those of J. J. Thom- 
son and Hertz. No questions involving developments in 
series are taken up. 

Chapter XIV : Diffraction of Light contains rather elabo- 
rate investigations, chiefly due to Lommel, of the dif- 
fraction produced by a small circular opening in a screen, in 
the course of which interesting numerical results accom- 
panied by diagrams are given. Bessel's functions are here 
introduced in a way different from anything that has gone 
before (except the treatment of Kepler's equation), oc- 
curring directly as definite integrals and not as elsewhere as 
the solution of a differential equation. Some extensive 
analytical investigations find place in this chapter which 
might better, we think, have been placed in the earlier 
theoretical part of the book. 

Chapter XV : Miscellaneous Applications, though short, 
is of decided interest. We choose for special mention from 
among the half dozen questions here considered the follow- 
ing beautiful problem due to Greenhill : a circular elastic 
cylinder of small cross section, (e. ^., a knitting needle) is 
held in a vertical position with its lower end clamped and 
upper end free ; to find the greatest length consistent with 
stability. 

There follow two notes, one on Bessel's functions of the 
second kind, and one on the formula due to J. McMahon 
for the calculation of the roots of Bessel's functions. The 
next fifteen pages are devoted to examples to be worked 
out by the reader. Among these pure mathematics pre- 
dominates but physical problems also occur in consider- 
able number. 

Last but not least come the numerical tables. Of these 
the first three are due in their present form to Meissel, while 
the other three are taken from the reports of the British 
Association. Table I is a twelve place table of the values 
of Jq {x) and Jj (x) from x^O to a:=15.5 at intervals of 0.01. 
This is merely an enlargement of Bessel's original table. 
Table II which is here published for the first time gives for 
positive integral values of n and x the values of Jn(^) from 
x=l to a;=24 to eighteen decimal places. Table III gives 
to sixteen decimal places the first fifty roots of J^ (x)=0 
with the corresponding values of J^ (x). Table IV gives 
the complex values of J^ (x^/ i ) for real values of x from 
to 6 at intervals of 0.2. The values are given to nine deci- 
mal places. Table V gives the values of /, (a;) = --t Jj (ix) 
from a;=0 to a;=5.1, at intervals of 0.01 to nine decimal 
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places. Table VI gives, chiefly to twelve significant figures, 
the values of 7„ (z) for integral values of n from to 11 
and for values of x at intervals of 0.2 from to 6. This 
collection of tables will be highly appreciated by all who 
have to use Bessel's functions in numerical work. A table 
similar to table III but giving the roots of the equation 
J^ (a;)=0 and the corresponding values of J^ (x) would be a 
welcome addition in a ^ture edition. Such a table would 
be useful in the numerous problems involving the develop- 
ment of unity in the interval from zero to a in a series of 

the form 2 -4, J^ (V) where ^, is the «*" root of the equa- 

tion Jo(Aa)=0. 

A short bibliography which though confessedly incom- 
plete will be found useful, and a drawing of the curves 
y=Jo(x) and y=J^(x) close the volume. 

Serious misprints seem to be rare. On page 14, however, 
there is one which deserves mention as it occurs in an im- 
portant formula. The last term in formula (31) reads 

* 1 
— So"* Th© minus sign should be changed to plus. 

1 ^8 

Maxime B6cher. 
Habvabd University, 

March, 1896. 



MODERN METHODS OF ANALYTICAL GEOMETRY. 

An Introductory Account of Certain Modem Ideas and Methods 
in Plane Analytical Geometry, By Charlotte Angas 
Scott, D. Sc., Girton College, Cambridge; Professor 
of Mathematics in Bryn Mawr College, Pennsylvania. 
xn+288 pp., octavo. London and New York, Mac- 
miUan and Co. 62.50. 
A minor excellence of this book, for which many readers 
will feel truly grateful, is the fact that it is written in the 
English of English speaking and writing people. Private 
abbreviations, cabalistic marks necessitating constant ref- 
erence to an elusive "list of signs," Teutonisms, and Greek 
logomachy in the way of " tetrastigms," etc., are agreeably 
al^nt. The parvenu "join " is flattered with recognition, 
but this term is now in such general use that to protest 
further against it will be of little avail. It is in a measure 
a consolation that no one is as yet permitted to " enthuse " 
over this acquisition to the language. " Joining line " is a 
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letter and a syllable shorter than " intersection," the correla- 
tive term. If we say "join " shall we not say " meet " or 
" cross " ? " Double point " also might better be written in 
full. But these are trivial afbirs. 

The book modestly designated by the author as an " in- 
troduction," and certainly well adapted to the needs of the 
learner, is in fact a compact scholarly work cm the more 
accessible principles and methods of modem analytical 
geometry. It exhibits to a marked degree that genial 
breadth of treatment and conciseness which are associated 
only with mature scholarship and extensive and accurate 
information. Everything fits naturally in place, nothing is 
cramped or forced out of its natund relations. In the 
limited space of less than three hundred pages the great 
ideas of geometry, including the doctrine of coordinates, 
projection and dualism, correspondence, and the absolute, 
are clearly and skillfully developed, and illustrated by 
application to an ample list of well-chosen examples, a suf- 
ficient number of the latter being reserved as an exercise for 
the reader. We notice with pleasure that the book is en- 
tirely free from the criticism, so often and so properly urged 
against many English mathematical works, that their 
authors exhibit no adequate conception of the distinction 
between a general principle and a particular example. 
Miss Scott is not only keenly alive to this distinction ; she 
is also perfectly aware of the importance of choosing 
methods adapted to the subject, which is here primarily 
geometry, not algebra. 

Historical and other references are only rarely given, on 
the assigned ground of the introductory character of the 
book. Some years ago a prominent French mathematician 
offered a different excuse for the same omission, viz., that 
he could not by giving references enhance the fame of the 
illustrious geometers who had preceded him. We appre- 
hend that neither plea will be good in court. The beginner 
as well as the scholar should have every facility for ac- 
quainting himself with the history and classical works of 
his subject. And, as we have pointed out, in the present 
case "introductory" is not by any means synonymous 
with "elementary." 

The author's mode of presentation, usually good, be- 
comes occasionally very felicitous. At the beginning the. 
justification of the line as an element, co-important with 
the point, of the plane is well stated. The infinite and im- 
aginary elements — line at infinity, circular points, isotropic 
lines, etc., are skillfully managed. The chapter on the Ab- 
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solute is an admirably lucid and elementary exposition. 
The author aims throughout at generality and elasticity of 
treatment. Her success in this respect is very pronounced, 
and is in fact one of the most acceptable features of the book. 

The book covers of course to a large extent the same 
field as the treatises of Salmon to which the author very 
appreciatively refers, and to which the reader is directed 
for the study of many aspects of the subject. Ko mention 
is however made of the German editions of Salmon's works, 
which are in some cases greatly superior to the originals. 
There is ample room for new and modem books in various 
departments of geometry, and we will trust that Miss 
Scott's very successful present venture into this field will 
not be her last. 

Pure geometry travels flying light, without baggage, and 
lives on the country. The ansSytical arm of the service car- 
ries a heavy, but nowadays perfectly mobile, siege train 
with many supply depots. And first of all the accoutrements 
in the way of coordinates must be well appointed. A coor- 
dinate is any quantity that helps to determine an element, 
and an element is any geometric form. The simplest ele- 
ments of plane geometry are the point and the line. On 
each of these a geometry can be constructed; and these two 
geometries are identical in substance and differ only in 
guise. How many coordinates a given element may have 
is a matter of taste. Cartesian geometry, content with bare 
necessaries, considers only the point as element and assigns 
to this two coordinates. With three coordinates for the 
point, (or line) however, the algebraic evolutions become 
much more symmetric, inasmuch as all equations are then 
homogeneous. At the the same time, and this is the real 
advantage, the whole co5rdinate system becomes projective, 
and accompanies the corps of figures to which it is attached 
in their passage from one plane to another. The three 
co5rdinates of point or line are referred to the sides and 
vertices of a triangle of reference, most conveniently the 
same triangle in both cases. In the Cartesian geometry, as 
viewed in this aspect, the coordinate axes are two sides of 
this triangle of reference, while the third side is the conven- 
tional ** line at infinity." The latter is a line, geometrically 
because its projection is a line, and analytically because the 
equations of all lines infinitely removed tend to the same 
form. Since it is true that every quadrangle can be pro- 
jected into every other, it might seem desirable to employ 
four coordinates instead of three. In fact, however, one 
vertex of the quadrangle is already in demand as an adjust- 
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ment — unit point, vide infra — for the co5rdinate system at- 
tached to the other three. 

If a plane figure is projected into a new plane, the trian- 
gle of reference of the original plane becomes a triangle 
which may be used as a triangle of reference in the new 
plane. This being the case the equations of the two figures 
are identical. If, however, it is desired to change the tri- 
angle of reference in a plane, this is effected by an int^ral 
homogeneous linear transformation of coordinates with non- 
vanishing discriminant. The equations of transformation 
admit of a second interpretation, viz.: the triangle of refer- 
ence may be regarded as fixed while the plane undergoes 
distortion. In the latter case any figure is distorted into a 
projective figure. The discussion of the relation between 
projection and linear transformation is elaborated in a 
special chapter. 

Since two coordinates are sufficient to determine a point 
or line, the three coordinates actually employed in each case 
are connected by an identity. The latter is linear for point 
coordinates, but, curiously enough, for line coordinates it is 
quadratic. In this violation of the principle of dualism we 
have an epitome of the one-sided character of our system 
of metric, leading to no little inconvenience until it finally 
comes to be recognized as a one-sided limiting form of a 
more general conception in which the principle of dualism 
retains its validity in all cases, and at the same time all 
properties are projective. Properties are then still divided 
into two classes according as they belong to a figure in 
itself or express its relations to the absolute conic. Until 
this step is taken, however, it follows from the identities 
above mentioned that we have only one singular (infinitely 
distant) line, but two infinitely distant points. Closely 
connected with this is the fact that there is in our ordinary 
geometry no natural unit of length, while there is a natural 
unit angle, viz., the complete circumference. 

A coordinate, as an algebraic quantity, may, and not 
only may but inevitably will, assume imaginary as well as 
real values, and its imaginary values are infinitely more 
numerous than its real ones. The common conception of 
geometry, therefore, requires to be idealized by the intro- 
duction of imaginary geometric elements. Writers on ana- 
lytical geometry do not ordinarily concern themselves with 
the development of this idea and the author follows the 
usual practice. Any extensive treatment of the imaginary 
may well be left to special treatises, but some of the more 
elementary notions might properly have been mentioned 
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here. For example, what is called the equation of a plane 
curve really represents a surface of which the curve is only 
a section ; two such surfaces intersect in a finite number of 
distinct points; isolated points of a curve are happily ex- 
plained in this connection. The nature of the continuity 
of the surface is readily ascertained, and the theories of 
deficiency and of birational transformation are intimately 
related to this subject. But this *is already going rather 
far, — ^beyond the limit that the author has set for the work. 
The great unifying and fertilizing principle of geometry 
is the doctrine of projection, or more generally of corre- 
spondence. The great advances which analytic geometry 
has made during the present century are due entirely to the 
adoption of projective ideas and methods. With this has 
gone a recasting of the entire notation of the science into 
projective form by the aid of anharmonic ratio. And thus 
finally all essential distinction between synthetic and ana- 
lytic geometry has long since disappeared. Still our mod- 
em works on analytic geometry are very distinctively 
analytic, and writers on pure geometry, almost without ex- 
ception, avoid carefully any explicit mention of coordinates. 
But it is an easy prediction that this fictitious boundary 
line will not long be observed. The author of the Introduc- 
tion gives liberal recognition to the methods of pure geom- 
etry; but we could wish that she had gone still further in 
this direction. For example an alternative, purely geomet- 
rical, proof of the characteristic property of the complete 
quadrangle and quadrilateral (p. 43) might well have been 
given. We miss, too, the many easy geometric deduc- 
tions from the notion of projective ranges and pencils, in- 
cluding ranges on a conic and tangents of a conic, especially 
in the latter case the geometric proof of PascaVs and Brian- 
chon's theorems, which in point of conciseness and exact 
adaptation to the subject are simply perfection. One matter 
in particular is so important and so pertinent to analytic 
geometry, that we cannot but regard its omission as unfor- 
tunate. It is well known that the anharmonic ratio is the 
simplest invariant. It is also true that the anharmonic ratio 
is a tiniversal coordinate^ all other coordinates being merely 
disguised forms of anharmonic ratios. In fact, the anhar- 
monic ratio is referred to three elements at which it takes 
the values oo, 1, 0, respectively, and if any coordinate x of 
an element P takes these three values at the elements, A , J?, 
C, then x= {AB CP) . For example, the Cartesian co5rdinate 
ar of a point on a line is an anharmonic ratio referred to the 
point at infinity Ay the origin C and the unit point B, CB 
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being the arbitrary unit of length. Again the ratios of the 
trimetric coordinates of a point, P, referred to a triangle, 
ABC are 

^^{C-ADBP), ^'^(.A-BDCP), ^^ =( J5 - CDJP), 

when D is the unit point, i. c, the point for which 
Xj : x^ : 3:3=1. On this principle depends the possibility of 
making analytic geometry thoroughly projective, the coor- 
dinates themselves admitting of projective definition. 

Geometric properties are primarily classified as projective 
and non-projective. Beside these the terms "descriptive*^ and 
** metrical " are in common use and are given prominence by 
the author. According to Cay ley (Salmon's Higher Plane 
Curves, Chapter I) properties are descriptive if they have 
no reference to the line at infinity or the circular points ; 
otherwise they are metrical. In this use ** descriptive " 
is identical with "projective" and "metrical" with "non-pro- 
jective.'* The author^s definition of "descriptive" is the 
analytical equivalent of Cayley's, but this definition is 
not strictly adhered to inasmuch as properties expressed in 
terms of anharmonic ratios are afterward described as metri- 
cal (p. 147) . It seems to us that the term "descriptive" which 
is commonly employed in conjunction with "projective" 
and non-projective, as a species of tert'mm quid, might well 
be reserved to designate the technical art to which it was 
originally applied. " Metrical " has an intrinsic value, and 
in the sense of " involving measurement " could hardly be 
dispensed with. That its use is however liable to be attended 
with some ambiguity is evidenced by the statement (p. 147). 
" Theorems stated with reference to cross-ratio are metric 
theorems in projective form," which to our mind rather 
gains in force if the words " metric " and " projective " are 
interchanged. 

In pure geometry projection is a matter complete in itself, 
but in analytic geometry it has its counterpart in the theory 
of linear transformation. The latter subject may be &irly 
said to lie at the very center of modem mathematics. From 
the formal standpoint projective geometry is merely an in- 
terpretation in space of linear transformation, an interpreta- 
tion so interesting and valuable that when, with an increased 
number of variables in the equations, ordinary space no 
longer suffices for the purpose, no hesitation is felt in posit- 
ing a hyper-space with any number of dimensions. In fact 
the study of geometry has, for many, its chief value in the 
fact that it furnishes an abundance of simple and current il- 
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lustrations of principles, whose abstract foundation belongs 
to other more difficult mathematical sciences. For example, 
as the author very appropriately points out, all the collinea- 
tions of a given space form a group. This group has a variety 
of mbgrovps, and it has also its peculiar invariants and 
eovariants. 

The chapter on Projection and Linear Transformation is 
followed by one on Correspondence, in which the general 
notion of correspondence is explained and applied to the 
general (1,1) quadric correspondence, to reciprocation, and 
briefly to the birational transformation of a curve into itself. 
Following this is the chapter on the Absolute, and finally a 
very short but well-written introduction to Invariants and 
Covariants. Descriptive and metrical properties, and the 
theory of anharmonic ratio and involutions are treated at 
length, but compactly in the earlier chapters. There are 
also separate chapters on Dualism and on Unicursal Curves. 

The book will be found to gain continually in interest on 
repeated reading, and this is due especially to its eminently 
suggestive character. The author succeeds admirably in 
conveying to the reader, if he be fit, an accurate knowledge 
and command of general principles. We know of no in- 
troductory work which is better adapted in this particular 
for the use of those who desire not merely to learn but also 
to master geometry. F. N. Cole. 

Columbia Univebsfty, 
March, 1896. 
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ON A REMARKABLE COVARIANT OF A SYSTEM 
OF QUANTICS. 

BY PBOFBSSOB H. B. NEWSOX. 

I wish to call attention in this paper to a remarkable 
covariant of a system of n quantics in n homogeneous vari- 
ables. This covariant although not entirely new has not 
received the attention which it deserves. While the expo- 
sition here given is limited to the case of three quantics 
in three homogeneous variables, it will be seen that the 
methods are applicable to a system of n quantics in n vari- 
ables. This covariant is here approached from the geo- 
metric point of view and the language used is that of the 
theory of higher plane curves. I shall attempt only to 
sketch the work in outline and shall omit all details as un- 
suitable to the place and object of this paper. 

The covariant in question bears much the same relation 
to the Jacobian of the system of quantics as the Steinerian 
of a single quantic bears to the Hessian. In order there- 
fore to get the most advantageous starting point for the dis- 
cussion, we shall begin by restating two fundamental prop- 
erties of the Jacobian. 

Let there be given three curves, 17, Fand W, whose 
degrees are respectively m, n, and p. The Jacobian of 
these three curves, whose equation is obtained by equating 
to zero the functional determinant of U, Fand W, has two 
well known polar properties as follows : 

(1). The Jacobian of U, V and Wis the locus of all points 
common to the first polars of a point (a:', y/ 2') with respect to 
U, Vaml IF. 

(2) . The Jacobian of U, V and W is also the locus of the point 
(a:', y', z'), whose polar lines with reject to U, V and JF, meet in 
a point. 

The equation of the Jacobian is obtained in two different 
ways, each of which leads to one of the properties in ques- 
tion. The first polars of (a;', y', 2') with respect to U, Fand 
IF, are given by the following equations, using Salmon's 
notation (see Higher Plane Curves, Art. 61). 

(1) a;'F,+y'F,+2'F3=0, 

When these three equations are simultaneous their result- 
ant vanishes, and we have the equation of the Jacobian and 
the proof of property (1). 
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The polar lines of (x', y', «') with respect to C7, Fand W 
are given by the equations 

:rtr/+yt7,'+2LV=0, 

When these three lines meet in a point the resultant of 
their equations vanishes, and we have again the equation of 
the Jacobian and the proof of the second property. 

The Jacobian is a curve of order (m+n+|)— 3). 

But instead of confining our attention to the Jacobian we 
might also consider the locus of the point (x', y', 2') whose 
first polars meet in a point. The equation of this locus is 
obtained by eliminating x, y and 2 from equations (1). It 
is easy to see that we obtain the same equation by elimina- 
ting x'y y' and J from equations (2), except that x, y, z are 
interchanged with x', y' and 2'. 

I propose to name this locus provisionally the Cremonian 
of 17, Fand W\ I say provisionally because I do not know 
by whom the curve was first studied. It is specifically 
mentioned in Cremona's Introduzione ad una tearia geo- 
metriea deUe curve piane, Art. 98. See also Hagen's Syn- 
opsis der Hoeheren Mathematik, vol. 2, page 201. In 
Higher Plane Curves, Art. 401, Salmon mentions this 
locus which is here called the Cremonian, but says: ^^ We 
shall confine ourselves to the consideration of the case 
when the three 'curves are first polars of a given curve, in 
which case the Jacobian in the Hessian of tiiat curve, and 
the other locus now mentioned is its Steinerian." It seems 
to me that the general case is too important to be dismissed 
in this way ; in fact more important than the special case 
which is frequently mentioned. 

The Cremonian has two important geometric properties 
corresponding to the two methods by which its equation 
may be obtained. 

(1). The Cremonian of U, V and Wis the hem of the point 
(jxf ^ y', 2^) whose first polars with respect to Uj F, and W have a 
common point; the locus of these common points is of course the 
Jacobian. 

(2). Hie Cremonian of U, V, and Wis also the locus of {x^y^z) 
the point of intersection oj the polar lines of (x', y', ^),wUh 
respect to U, V and W; i. e., U is the locus of the point of inter- 
section of the polar lines of the points on the Jacobian. 

If we select some point as C on the Cremonian, its first 
polars intersect in a point J on the Jacobian ; the polar 
lines of the point J meet in a point on the Cremonian. It 
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is not difScult to see that this last point must be the point C 
Thus there are two relations connecting the points C and J, 
which may well be called corresponding points on the two 
curves. AH the properties of the Jacobian and the Cremo- 
nian so far mentioned may be summed up in the following 
comprehensive theorem : 

If the first polars of a point C wiih respect to three curves t7, V 
and Wmeet in a point J; then the polar lines of the point J with 
respect to the same three curves meet in the point C ; and vice versa. 
The locvs of all points C is the Oremonian of the three curves^ and 
the locus of all points J is the Jacobian of the three curves. 

When we consider the process of eliminating x^ y and z 
from the three equations (1), it is easy to see that the 
Cremonian is of order (^mn+mp+np — 2wi — 2n— 2p+3). 
And since the two curves have a one to one correspondence, 
we infer that the Cremonian and the Jacobian have the same 
deficiency. 

The lines joining corresponding points on the Jacobian 
and Cremonian, envelope a curve for which I have no better 
name than the Hyper-Cayleyan ; because it is generated in 
a manner similar to the method of generating the Cay ley an. 
It is evident that the Hyper-Cayleyan has a one to one 
correspondence both with the Cremonian and the Jacobian, 
and has therefore the same deficiency. The class of this 
Hyper-Cayleyan is, we know, equal to the sum of the or- 
ders of the Jacobian and the Cremonian, t..e., it is given by 
the number (mn-f wp+wp— m— n— |)). 

It is not a difficult task to prepare a table of the Plueck- 
erian characteristics of the three curves, the Jacobian, the 
Cremonian and the Hyper-Cayleyan, similar to that for the 
Hessian, Steinerian and the Cayleyan given in Clebsch- 
Lindemann's Vorlesungen ueber Oeometrie, vol. I., i)age 
868. This table is also given in Hagen's Synopsis der 
Hoeheren Mathematik, vol. II., page 203. 

In the most general case we suppose that the three 
curves, U, F, W, have no double points, are of different de- 
grees, m, n, p, and have no points or points common to all 
three. A study of the special cases brings to light a large 
number of interesting theories. Thus we may consider the 
cases where one or more of the curves have double points, 
cusps or multiple points : also the cases where two and 
then three of the curves have points in common, which may 
be ordinary points on the curve or multiple points of va- 
rious orders. 

When Uj F, TFare all of the same degree, we know that 
the Jacobian of the three curves is the locus of the double 
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pk>mt8 on all the curves of the system U+kV+lW=0. 
When C7, F, W are all of the same degree and at the same 
time are first polars of three pomts with respect to a curve 
C of degree (m+1) or n; then the Jacobian of U, F, TFbe- 
comes the Hessian of C, the Cremonian of U, F, W becomes 
the Steinerian of C, and the Hyper-Cayleyan of U, F, TF be- 
comes the Cayleyan of C. 

It is not difficult to extend the conception of the Cre- 
monian here developed to spaces of higher dimensions. In 
three dimensions we must have given four surfsk^es, U, F, 
Wj T\ the Jacobian and Cremonian are then defined and 
their equations obtained in a manner analogous to that em- 
ployed in two dimensions. The lines joining the corres- 
ponding points on the Jacobian and Cremonian surfaces 
form a system of oo ' lines in space. I have not examined 
the properties of this system of lines. 

In a paper published in the Kansas University Qiiarterly 
vol. 3., Na 2, entitled On the Hessian, Jacobian, Steiner- 
ian, etc,, in Geometry of One Dimension, the writer has devel- 
oped some of the properties of the Cremonian of two binary 
quantics. In that paper the name Cremonian was not 
used ; but the covariant in question was designated by the 

symbol ifcf(FTF). 

So far as my knowledge goes there has been no system- 
atic and detailed study of the properties of the covariantSi 
which are here called the Cremonian and Hyper-Cayleyan. 
It seems to me that they are worthy of serious investiga- 
tion, and it is to be hoped that some one will undertake 
the task. 

KA17SAS State Univebsity, 
February 17, 1896. 
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NOTES. 

A Begulab meeting of the American Mathematical 
Society was held in New York, Saturday afternoon, March 
28th, at three o'clock, the President, Dr. Hill, in the chair. 
There were fifteen members present. Two nominations for 
membership were received. The following papers were 
read: 

(1) Professor H. B. Newson: "On a remarkable covari- 
ant of a system of n quantics." 

(2) Professor E. W. Brown : ** On the particolar inte- 
grals of linear differential equations, and their application 
to the lunar theory." 

In the absence of Professor Newson, his paper was read 
by the Secretary. 

The Secretary of the Society has been directed by the 
Council to prepare a new List of Members for early publi- 
cation, and has accordingly issued a circular asking for 
necessary information from the members of the Society. 
Those members who have not already responded to this 
circular are requested to do so at once. 

A Summer meeting of the Society will be held at Buffalo 
on Monday and Tuesday, August 31st and September 1st, 
in affiliation with the American Association for the Ad- 
vancement of Science. Members intending to contribute 
papers or to be present are requested to notify the Secretary. 

Faculty dbs Sciences. During the second semester of 
the current academic year, the following mathematical 
courses are offered at the Sorbonne, in Paris: — Professor 
Hermite : Theory of Eulerian integrals and the theory of 
elliptic functions; — Professor Picard: Theory of twisted 
curves and of algebraic surfaces ; — Professor Appell : Gen- 
eral laws of the motions of systems, analytical mechanics, 
hydrodynamics ; — Professor Wolf: Astronomical subjects 
included in the programme of the Licence ; — Professor Poin- 
car6 : Optics ; — Professor Boussinesq : Theory of oscillatory 
waves (rise and fall of the sea; waves produced on the 
surface of still water by the immersion of a solid, or by 
superficial impulsion like that of an air current, etc.). The 
following supplementary course is also given : M. Painlev6 : 
Differential and integral calculus. Mathematical confer- 
ences are conducted by Messrs. Painlev6, Puiseux, Kaffy, 
Andoyer and Blutel. 
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Habvakd TJnivbksity. During the year 1896-97, Pro- 
fessor Asaph Hall (U. S. Navy) will give a course in 
Celestial Mechanics. The following advanced mathemat- 
ical courses are also offered :— By Professor J. M. Peirce : 
Algebraic Plane Curves; Quaternions (second course); 
Special Developments of the Calculus of Quaternions f. — 
, By Professor Byerly; Differential and Integral Calculus 
(second course); Analytic Mechanics (with Mr. Whitte- 
more); Bigid Dynamics f. — By Professors Byerly and B. 
0. Pierce : Fourier's Series, Spherical Harmonics and Po- 
tential Function.— By Professor B. O. Pierce: Theory of 
Surfaces f. — By Professor Osgood : Infinite Series and Pro- 
ducts t; Elliptic Functions. — By Professor B6cher : Theory 
of Equations and Invariants f; Modern Grcometry ; Theory 
of Numbers t; Theory of Functions (first course); Bessel's 
Functions f. 

The above courses will each consist of three lectures a 
week throughout the entire academic year except those 
marked f which consist of at least one-half that number of 
lectures. The following reading courses are also offered : — 
By Professor J. M. Peirce : Studies in Mathematical Litera- 
ture. — By Professor B. O. Peirce : Elasticity. — By Professor 
Osgood : Klein's Ikosaeder. 

In addition to the above the mathematical department 
also offers instruction in the following elementary subjects : 
Solid Geometry, Algebra, Logarithms, Plane and Spherical 
Trigonometry, Analytic Geometry of two and three dimen- 
sions, Differential and Integral Calculus, Mechanics. 

The Univeksity of Chicago. The mathematical courses 
to be offered during the summer quarter of 1896 have al- 
ready been announced in the Bulletin (p. 183). 

During the three quarters (a, w, s) of the academic year 
1896-97 the following advanced mathematical courses (four 
or five hours weekly) will be offered: By Professor 
Moore, Seminar devoted to research work and Kronecker's 
arithmetical theory of algebraical quantities (a, w), Theory 
of groups (tr), Projective geometry (a); by Professor Bolza, 
Gralois theory of algebraic equations («), Solid analytics 
(a); by Associate Professor Maschke, Modem analytic 
geometry (a). Higher plane curves (w), Algebraic sur- 
faces («), Theory of functions of a complex variable («), 
Advanced integral calculus (a, ti?); by Dr. Young, Theory 
of numbers (t/;); by Dr. Boyd, Differential-geometry of 
surfaces (a); by Dr. Hancock, Calculus of variations (a), 
Theory of equations (a, w)] by Dr. Laves, Analytic me- 
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chanics (a, ti;); by Mr. Slaught, Diflferential equations («). 
The Mathematical Club meets fortnightly. 

Thk Council of The American Mathematical Society has 
given its approval to a proposition for holding a colloquium 
in connection with the summer meeting at Buffalo next 
August. It is thought by many that the benefits arising 
from the summer meeting will be greatly increased, if those 
attending have an opportunity of hearing brief accounts of 
the progress made in different branches of the higher 
mathematics. It is intended to have two or three short 
courses of lectures by eminent mathematicians, every lec- 
ture being followed by an informal discussion. Any 
arrangements that may be made will be announced in a 
later number of the Bulletin. 

A NEW American mathematical journal is soon to appear. 
It will be edited by Professor W. E. Story of Clark Uni- 
versity, Worcester, Mass., and will be issued bimonthly. 
Each number, it is said, will contain, in addition to papers 
devoted to mathematical research, notices of the trans- 
actions of learned societies and the titles of recent mathe- 
matical books and articles. Each number will consist of 
about ninety-six large octavo pages. The subscription 
price will be $5.00 per* year. 

We take pleasure in announcing the appearance of the 
volume of Matheinatical Papers read at the Intemaiional Mathe- 
matical Congress held in connection with the Columbian Expo- 
sition, ChicagOy 1893. The publishers are Macmillan and 
Co. The price of the volume is $4.00. 

A Mathematical work of unusual character is announced 
for July next, by John Wiley and Sons. It is entitled 
Higher Mathematics for Engineering Colleges, and is edited by 
Professor Mansfield Merriman and Professor R. S. Wood- 
ward. The volume is intended for advanced students in en- 
gineering colleges and other institutions, and is designed to 
supplement their elementary mathematics by a knowledge of 
the elements of such branches of modem higher mathe- 
matics as admit of practical application. In addition to 
chapters by the editors on the Solution of Equations and Prob- 
abilities and Theory of Errors, the work will contain the follow- 
ing chapters: Professor W. E. Byerly, Harvard University, 
Harmonic Functions ; Professor Thomas S. Fiske, Columbia 
University, Functions of a Complex Variable ; Professor G. B. 
Halsted , University of Texas, Projective Geometry ; Professor E. 
W. Hyde, University of Cincinnati, Point Analysis and Aus- 
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dehnungslehre ; Professor W. W. Johnson, U.S. Naval Acad- 
emy, Differenkcd Equations ; Professor A. Macfarlane, Lehigh 
University, Vect^yr Analyns and Quaternions; Professor James 
McMahon, Cornell University, Hyperbolic Functions; Profes- 
sor F. Morley, Haverford College, Elliptic Integrals and Func- 
tions; Professor D. E. Smith, Michigan Normal School, History 
of Modem Mathematics ; Professor L. G. Weld, University of 
Iowa, Determinants, 

According to Nature the French Association for the Ad- 
vancement of Science held a very successful meeting at 
Tunis beginning April 1st. More than four hundred mem- 
bers were present. The principal streets of Tunis were 
elaborately decorated in honor of the occasion, and, as hotel 
accommodation was limited, the Lyce^ Carnot was placed 
at the disposal of visitors. The association met in Algiers 
fifteen years ago, so that this was the second meeting on 
African soil. Next year's meeting will take place at St. 
Etienne. 

We learn from the Revue generate des Sciences pures et ap- 
pliquees that Professor Mittag-Leffler, founder of the Acta 
Mathematical completed last March his fiftieth year. On that 
occasion a number of his admirers presented him with a 
congratulatory address written in four languages, German, 
English, French and Italian, and his own portrait done in 
oil by the Finnish painter Edelfelt. 

At the April meeting of the National Academy of Sciencs 
Professor R. 8. Woodward, of the department of mechanics 
in Columbia University, was elected to membership. 
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NEW PUBLICATIONS. 

I. HIGHER MATHEMATICS. 

Albebt (G. )• Die PlatoDische Zahl and einige Conjeotnren zn Platon 
sowie zn Lukrez. Wien, 1896. 8vo. 1 plate. Mk. 1.00. 

BoBEL ( E. ). See Nibwenolowski ( B. ). 

Cabonnet (T.). Problem es de licence te sciences math^matiqnes don- 
n^ & la Sorbonne. Avec les solntions d^velopp^es. (Ajm6e 1695, 
sessions de jaillet et de noTembre, ^l^ves libVes et ^Idves de PEoole 
normale.) Paris, Nony, 1895. 8vo. Fr. 1.00 

Cabvallo (E.). M^thode pratiqae poar la x^solntion nnm^riqne com- 
plete des Equations algebriqnes on transoendantes. Paris, Nonj, 
1896. 4to. Ft. 1.50 

Edwabds ( J. ) . An elementary treatise on the differential oalonlofl, with 
applications and nameroos examples. 3d edition, revised and en- 
laced. London, MacmiUan, 1896. 8vo. 546 pp. 148. 

Galopin-Schaub (C). Premieres notions dn oalcal des quatemioDS. 
B41e, 1896. 12mo. 64 pp. Mk. 1.50 

GouBSAT ( E.) . Lemons snr I'int^gration des ^nations aoz d^riy^es parti- 
eUesdn second ordre k denx variables ind^pendantes. Vol. I : Pro- 
bl^me de Canchy ; caract^ristiqnes ; integrales interm^iaires. Paris, 
Hermann, 1896. 8vo. 8 and 226 pp. Fr. 7.50 

GBAasMANN (H.). Geaammelte mathematisdhe nnd physikalisohe 
Werke. Band I, Theil 2: Die Ansdehnnngslehre von 1862; in 
Gemeinschaft mit H. Grassmann dem Jungeren heranagegeben von 
F. Engel. Leipzig, Teubner, 1896. 8vo. 8 and 512 pp. 

Mk. 16.00 

Haas (A. ). Beitrage zur graphischen Darstellnng der hoheren Planknr- 
ven. [Progr.] Stutt^rt, 1895. 4to. 2 and 52 pp. 

KOENIOSBEBOEB ( L.). Hermann von Helmholtz's Untersaohnngcn nber 
die Grundlagen der Mathematik and Mechanik. Mit einem Bildniss 
Hermann von Helmholtz^s. Leipzig, Teabner, 1896. 8vo. 6 and 
58 pp. Mk. 2.40 

Mabtin ( Abtemas. ). Aboat cabe nnmbers whose sam is a cube nom- 
ber. [Jfathemaiical Magazine, Vol. 2, pp. 153-160 and 185-190.] 4to. 

Aboat biqaadrate nambers whose 8am is a biqoadrate. [ Jfo/Ae- 



matical Magazine, Vol. 2, pp. 173-184.] 4to. 

Maschkb (H.). Ueber die Darstellanfi: endlicher Grnppen doroh Gay- 
ley 'ache iWbendiagramme. [t^achrickten der K. Gesdlsehaft der 
Wissenschftflen zur Gbttingen, matb.-phys. Klasse, 1896, Heft 1.] 
8vo. 6 pp. 

Mathematical Questions and Solutions from the EdwxUional Times, 
Vol. 64. Edited by W. J. C. Miller. London, Hodgson, 1896. 8vo. 
128 pp. Boards. 6s. 6d. 

MiUNO W8KI ( A. ) . Elementar-eynthetische Geometric der Kegelsohnitte. 
Mit einem Anhange fiber die gleichseitige Hyperbel. 2te Ao^gabe 
(redaced in price). Leipzig, Teabner, 1896. 8vo. 12 and 412 pp., 
10 and 135 pp. Mk. 4.00 
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MnxEB (G. A.)< Sar les groapes de sabstitutions. [Oompies renduSf 
Vol. 122, pp. 370-372]. 4to. 

MiLLEB (W. J. C). See Mathematical Questions and Solutions. 

NiEWENGLOWSKi (B.). Coors de g^om^trie analytiqne. (En 3 vo- 
lumes. ) Vol. III. : Geora^trie dann Tespaoe, aveo nne note snr les 
traDsfonnations en g^m^trie, par E. Borel. Paris, Ganthier-Villars, 
1896. 8vo. ler fasoionle : pp. 1-336. Complete in two fasoioules. 

Ft. 13.00 

PoBCHON (P.). Complements d'alg^bre et de g^om^trie : applications 
de Palgdlnre & la g^m^trie, sections ooniqnes ; r^ig^ conform^- 
ment aox derniers programmes officiels pour la classe de premiere 
(sciences). Paris, Alcan, 1894. 16mo. 204 pp. 

ScHLEOEL (Y.) Die Grassmann'sohe Ansdehnnngslehre. Ein Beitrag 
znr Gesohichte der Mathematik in den letzten fiinfzig Jahren. 
Schlnss. iZeitschnft fur Maihemaiik und Physik, Vol. 41 (1896), 
histcriscb-literarische Abtheilong, pp. 41-59. ) 8vo. 

Segbb (C). Intomo ad on carattere delle snperficie e delle variety 
snperiori algebriche. \^Accademia reale delle scieme di TorinOy Anno 
1895-96.] Torino, Clausen, 1896. 8vo. 20 pp. 

II. ELEMENTARY MATHEMATICS. 

Adsuab y Mobeno (J.). Ejercicios practices de geometria. Parte I : 
Cuestionario. Madrid, 1895. 8vo. 161 pp. 

BUNKOFEB (W.) Die arithmetiscben Funktionen derdrei ersten Ord- 
nongen. Metbodische Stndie znm Ansban der Gymnasialmatbe- 
matik. [Progr.] Wertbeim, 1895. 4to. 18 pp. 

Capelo (J.). Tratado de algebra elemental, oonforme al programa 
ofioial. 2a edicion. Paris, Galland, 1896. 8vo. 192 pp. 

Chambebs (W.). Mathematical tables, edited by J. Pryde. New edi- 
tion. New York, Van Nostrand, 1896. 12mo. Cloth. $1.75 

Combebousse (C. de). See Rouche (E.) et Combebousse (C. de). 

Dabies (G.). Matb^matiques. (Bibliotb^ue dn oondnctenr de tra- 
vaox publiqaes. ) Paris, Dnnod, 1896. 16mo. 8 and 350 pp. 

FiscHEB (I. Q.). Leitfoden znm Unterricht in der Elementar-Geo- 
metrie. 2ter Korsos. 12te Anflage, nea darobgeseben von C. 
Yogel. HaUe, Gesenius, 1896. 8to. 44 pp. Boards. Mk. 0.60 

Gauss ( F. G. ). Fiinfstellige vollstandige logarithmiscbe and trigonome- 
triscbe Tafeln. 47ste Auflage. Halle, 1896. 8vo. 166 and 35 pp. 
Half-morocoo. Mk. 2.50 

Funlstellige logarithmiscbe und trigonometrische Tafeln. Kleine 

Ausgabe. 6te Auflage. Halle, 1896. 8vo. 4 and 96 pp. Cloth. 

Mk. 1.60 

Juel (C). Elementaer Stereometri. Kjobenbavn, 1896. 8vo. 148 
pp. Mk. 3.00 

Lenoaueb (J.). Die Grundlehren der Stereometric. Ein Leitfaden 
fur den Unterricht, mit Uebungsaufgaben. Kempten, Kosel, 1896. 
8vo. 3 and 111 pp. Mk. 1.50 



Digitized by VjOOQIC 



282 NEW PUBLICATIONS. [May 

Mabtin (P.) nnd Schmidt (O.)* Ranmlehre fiir Mittelschnlen, Bur- 
gersobnlen nnd verwandte Anstalten. Naob Formengemeinsohaften 
bearbeitet. Heft 1 : Der Wohnort. Dessau, Kahle, 1896. 8vo. 8 
and 80 pp. Boards. Mk. 0.60 

Prydk (J.). See Chambebs (W.). 

Rajola-Psscabini (L.). Lezioni di geometria plana. Parte II. Na- 
poli, 1896. 12mo. 112 pp. Fr. 2.00 

RiCHABD (L.). St^narithmie Richard, on Part de oalcnler anssi vite 
que la pens^. 18e Litton. Paris, librairie de PEoole pratique de 
commerce, 1896. 8vo. 64 pp. Fr. 2.00 

RoucHE (E.) et Ck)BfBEBOUSSE (C. de). Lemons deg^om^trie, rMig^es 
snivant les demiers programmes officiels et acoompagn^es pour chaque 
le9on d'exercices et de probldmes gradu^ ( En 4 volumes. ) Vol. 
I : La ligne droite et la circonf^rence de cercle. Paris, Gautbier- 
Villars, 1896. 8vo. 10 and 168 pp. Fr. 2.75 

. Solutions d^taill^es des ezercices et probl^mes ^noncds dans les 

Le^ns de g^om^trie. ( En 4 parties. ) Partie I. Paris, Gautbier- 
Villars, 1896. 8vo. Fr. 3.00 

Sachse (I. I.). Der praktische, geistbildende nnd erziehliohe Unter- 
rioht im Reohnen nnd in der Ranmlehre. Theil II : Verfohmngs- 
kunde des Reohenunterrichts. 2te Anflage. Osnabruck, Wehberg, 
1896. 8vo. 10 and 290 pp. Mk. 4.00 

Schmidt (O.). See Mabtin (P.) nnd Schmidt (O.). 

Vintejou (F.). Elements d'arithm^tique, de g^om^trie et d'alg^bre. 
NouTelle ^ition, entidrement refondue. Paris, Hachette, 1896. 
16mo. 8 and 568 pp. Boards. Fr. 2.50. 

VooEL (C). See Fischeb (I. G.). 

Wellisch ( S. ). Das 2000-jahrige Problem der Trisection des Winkels. 
Wien, 1896. 8vo. 20 pp. Mk. l.OO 

III. APPLIED MATHEMATICS. 

Allievi (L.). Cinematica della biella plana. Studio differenziale di 
cinematica del piano, con applicazionl alia costmzlone razionale delle 
guide del movlmento circolare e rettilineo. Kapoll, Glanninl, 1895. 
8vo. 152 pp. 30plate& 

Abatus. a literal translation of the Astronomy and meteorology of 
Aratus, with some bibliographical remarks, by C. L. Prince. Lewes, 
1895. 4to. 

Bauschinqeb (J.). Untersuchungen fiber die astronomische Refrak- 
tion, mit einer Bestimmung der Polhohe von Miinchen nnd ihrer 
Schwankungen vom November 1891, bis Oktober 1893 nnd einem 
Katalog der absoluten Deklinationen von 116 Fundamental-Sternen. 
Miinchen, Franz, 1896. 4to. 188 pp. Mk. 12.00 

Bouquet ( R. ) . See Loppe ( F. ) et Bouquet ( R. ) . 

Bouty (E. ). See Jamin (J. ). 

Bbown (E. W.). An introductory treatise on the lunar theory. New 
York, Macmillan, 1896. 8vo. 16 and 292 pp. Cloth. $3.75 



Digitized by VjOOQIC 



1896] NEW PUBLICATIONS. 283 

COLUMBA (G. M.). Eratoetene e la misura del meridiano terreetre. 
Palermo, Clausen, 1896. 8vo. 72 pp. Fr. 2.50 

COOBDES (G.) Kleines Lehrbuch der LaDdkarten-Projektion. 2te ver- 
mehrte tind verbesserte Anflage, von S. Koch. 2te Ausgabe. Leip- 
zig, 1896. 8vo. Cloth. Mk. 2.00 

CULLis (C. E.). Die Bewe^ng dorchlooherter Korper in einer inkom- 
presdiblen Fluflsigkeit. [Diss.] Jena, 1896. 4to. 95 pp. Mk. 2.50 

DUBOSQUE (J.). Etudes th^oriques et pratiques surles murs de sout^- 
nement et les pouts et viaducs en ma^onnerie. A I'usage des ingd- 
nieuTS et conducteurs des pouts et cbauas^es, des officiers et adjoints 
du g^nie, des chefs de section des chemins de fer, des agents voyers, 
etc. 5e ^ition, revue, oorrig^e et augment^e. Paris, &udry, 1896. 
- 8vo. 4 and 380 pp., 15 plates.. 

Oallatlt (W.). Mechanics for beginners. London, Macmillan, 1896. 
16mo. 12 and 254 pp. $0.60 

^JouiLLY (A. ) G^om^trie descriptive. Vol. II : Sphere ; o6ne et cylindre 
de revolution ; sections coniques. (Encyclopedic des aide-memoire, 
section de Ping^nieur, No. 145 B. ) Paris, Gauthier-Yillars, 1896. 
16mo. 198 pp. Fr. 2.50 

Helmholtz (H. von). Die Lehre von den Tonempfiudungen als physi- 
ologische Grundlage fiir die Theorie der Musik. 5te Ausgabe. 
Braunschweig, Vieweg, 1896. 8vo. 22 and 675 pp. ; portrait. 

Mk. 12.00 

HoFFLEB (F.). Untersuchungen iiber die Existenz der objektiven Aber- 
ration. [Diss.] Ziirich, 1895. 4to. 50 pp., 1 plate. 

Holmes ( J. ). Calculations in cotton weaving. London, Simpkin, 1896. 
12mo. 144 pp. 2s. 6d. 

JAMIN ( J. ). Cours de physique de PEcole poly technique. Premier sup- 
plement, par Bouty : Chaleur, acoustique, optique. Paris, Gauthier 
Villars, 1896. 8vo. 190 pp. Fr. 3.50 

JOUBEBT ( J. ) . See M ASC ABT ( E. ) et JOUBEBT ( J. ) . 

Keck (W.) Vortrage iiber Mechanik als Grundlage fiir das Bau- und 
Maschinenwesen. Theil I : Mechanik starrer Korper. Hannover, 
Helwing, 1896. 8vo. 8 and 318 pp. Mk. 10.00 

Klint (E. G. af ). Nautiska och logaritmiska Tabeller. 5te upplaga. 
Stockholm, 1895. 4to. 460 pp. Mk. 10.80 

Koch (S. ). See Coobdes (G. ). 

LAUEN8TEIN (R.). Die graphisohe Statik. Elementares Lehrbuch fur 
teohnisohe Unterrichtsanstalten und zum Gebrauch in der Praxis. 
SteAuflage. Stuttgart, Cotta, 1896. 8vo. 6 and 166 pp. Mk. 4.00 

Leboy (C. F. a. ). Traits de g^om^trie descriptive, suivi de la m^thode 
des plans oot^ et de la theorie des engrenages oylindriques et 
coniques. 14e Edition, revue et annot^e par E. Martelet. Paris, 
Gauthier- VilUrs, 1896. 4to. 20 and 370 pp. 71 plates. Fr. 16.00 

L0ES8L (F. von). Die Luftwiderstandsgestze, der Fall duroh die Luft 
und der Yc^elflug. Mathematisch-mechanische Klarung, auf experi- 
menteller Grundlage entwiokelt. Wien, Holder, 1896. 8vo. Mk.7.20 

LOPPE ( F. ) et Bouquet ( R. ). Traits thdorique et pratique des oourants 
altematifs. Vol. II. Paris, 1896. 8vo. 460 pp. Fr. 15.00 



Digitized by 



Google 



284 NEW PUBLICATIONS, [May 

Martelet (E. ). See Leboy (C. F. A.). 

Mascabt (E.) et JouBEBT (J.). Le^ns sur r^lectricit^ et le ma^^ 
tisme. 2e Edition, entidrement refondae par E. Masoart. (En 2 
Tolnmes. ) Vol. I : Ph^nom^nes g^n^raux et th^rie. Paris, Mas- 
son, 1896. 8vo. 848 pp. Fr. 25.00 

Me WES (R.). Bestimmnng der Fortpflanzungsgesohwindigkeit der 
Schwerkraftstrahlen and deren Wirkungsgesetze. Berlin, 1896. 8vo. 

Mk. 2.00 

Meyeb (L.). Die modemen Theorien der Chemie nnd ihre Bedeatang 
ftir die chemische Mechanik. Buch I : Die Atome nnd ihre Eigen- 
schaften. 6te Anflage. Breslan, Mamschke nnd Berendt, 1896. 8vo. 
18 and 172 pp., 1 plate. Mk. 5.60 

MoNDiET (O.) et Thaboubin (v.). Conrs ^l^mentaire de m^oaniqne : 
Statique. Paris, 1896. 8vo. 184 pp. Fr. 2.50 

Petbbsen (J.). Varmelacre. Kjobenhavn, Host, 1896. 8vo. 82 pp. 

Mk. 1.80 

Pbince (C. L.). See Abatus. 

Rosenbubq (F.). The preceptor's mechanics. London, Clive, 1896. 
8vo. 288 pp. . 2s. 6d. 

ScHWABTZ (B.). Ueber Schwanknngen der Drehnngsaohse im Innem 
des Erdkorpers. Wien, 1895. 8vo. 35 pp. 

Thaboubin (V.). See Mondiet (O. ) et Thaboubin (V.). 

WiJK ANDEB ( A. ) . Larobok i Fysik for de allmanna och tekniska Larover- 
ken. 2te Upplaga. Del I : Liiran om Kroppamas Rorelse samt 
Tyngd- och Kohesionskraftema. Lnnd, Gleemp, 1896. 8vo. 220 pp. 
cloth. Mk. 3.00 



Digitized by VjOOQIC 



flew Books on Mechanics anb 
HppUeb fftatbemattcs- 

MECHANICS. 

An Elementary Text-Book, Theoretical and Practical, for Colleges and Schoolfl 
Including Dynamics, Statics, and Hydrostatics. 

By R. T. OLAZBBROOK, M.A., P.R.8. 

CAMBRIDGE NATURAL SCIENCE MANUALS.- Fhysical Series. 

12mo. Cloth, pp. 806. Price, «2.25 net. 



mmom NT ^ublioatiom9. 

THE STEAM-ENGINE AND OTHER HEAT-ENGINES. 

By J. A. SWING, M.A., B.Sc, P.R.S.. M.I.C.B., 

Professor o/Meehanitm and Applied Mechanics in the University of Cambridge. 

8vo. pp.400, aoth. Price, 88.75. 

ELEMENTARY LESSONS IN STEAM MACHINERY AND THE 
MARINE STEAM-ENGINE. 

WITH A SHORT DESCRIPTION OF THE CONSTRUCTION 

OF A BATTLE-SHIP. 

Compiled for the use of Jimlor Students of Marine Engineering. 

By J. LANOMAID, R. N., and B. H. OAISPORD. R. N. 

New Edition, Revised and Enlarged. 8vo. pp.267. Price, «2.00 nc<. 

A TREATISE ON ELEMENTARY HYDROSTATICS. 

By JOHN ORBAVES, M. A., 

Author of ''Statics for Beginners^'' ''A Treatise on Elementary Statics," etc. 

16mo. Price, 81.ia 

AN ELEMENTARY TREATISE ON RIGID DYNAMICS. 

By W. J. LOUDON. B. A., 

Demonstrator in Physics in the University of Toronto. 
8vo. aoth. pp. ix -1-236. Price, 82.25 net. 

AN ELEMENTARY TREATISE ON THEORETICAL MECHANICS. 

By ALBXANDBR ZIWET, 
Assistant Professor of Mathematics in the University of Michigan, 
Part I. Kinematics. Price, 82.25 nef. 
Part II. Introduction to Dynamics : Statics. Price, 82.25 net. 
Part III. Kinetics. Price, 82.25 ne^ 

Also, complete in one volume. Price, 85.00 net. 



MACMILLAN & CO., 

Nb>?v York: QQ Rif^h Avenub. 
CHICAGO : Room 23, Mudiiorium, SAM FRANCISCO ; 327-331 Sansome St. 



Digitized by VjOOQ IC 



IRew anb ]fortbcomlna Books. 

NEW BOOKS. 

THE NUMBER CONCEPT: ITS ORIGIN AND 
DEVELOPMENT. 

By Levi Leonard Ck)XANT, Ph.D., Associate Pn^eesor of MathematioB 
in the Worcester Polytechnic Institute. 

12mo. Cloth. Price, •2.00. 

PRACTICAL PLANE AND SOLID GEOMETRY. 

With an introduction to the Study of Graphics. Adapted to the Stage of 
the South Kensington Syllabus. By Joseph Habbisok, M.I.H.E., 
Assoc. M. Inst., C. E., Instructor in Mechanics and Mathematics at 
the Royal College of Science, London, and G. A. Baxandall, Assist- 
ant in Mechanics and Mathematics at the Royal College of Sdenoe, 
London. 

16mo. Cloth, pp. 183. Price, 60 cents. 

ELEMENTS OF THE MATHEMATICAL THEORY OF 

ELECTRICITY AND MAGNETISM. 

By J. J. Thomson, M.A., F.R.S., Hon. ScD., Dublin, Fellow of Trinity 
Collie, Cambridge, Cavendish Professor of Experimental Physics in 
the University of Cambridge. 

Price, •S.eO net. 



ANNOUHGEHMENTS OF FORTHGOMINQ BOOKS. 

CHRISTIANSEN.— Mathematical Physics. Translated by W. F. Magie, 
Ph.D., Professor of Physics in Princeton College. 

HATHAWAY.— Primer of Quaternions. By Abthub S. Hathaway, 
B.S., Professor of Mathematics at Rose Polytedmic Institute, Terre 
Haute, Ind. 

JACKSON.— Alternating Currents and Alternating Current Machinery. 
By DuoALD C. Jackson, B.S.C.E., Professor of Electrical Engineer- 
ing in the University of Wisconsin. 

MATHEMATICAL PAPERS. Read at the International Mathematical 
Congress held in connection with the World's Columbian Exposition, 
Chicago, 1893. Edited by the Committee of the Congress, E. Has- 
tings Moors, Oscar Bolza, Heinrich Maschks, Henby S. 
White. 

WEBSTER.— Mathematical Theory of Electricity and Magnetism. By 
Arthur G. Webster, Ph.D., Assistant Professor of Physics at Cla^ 
University, Worcester, Mass. 



MACMILLAN & CO., 

New York: 66 Kikxh A^vbkus. 
CHiCMGO : Room 23, Auditorium, SMM FRAMCtZCO : 327-33 f SaMom9 St. 



Digitized by 



Google 



IN PREPARATION,^ A New and Thoroughly Revised Edition^ Entirely 
Reset from New Type^ of 

HALL AND KNIGHT'S ELEMENTARY 
ALGEBRA FOR SCHOOLS. 

By H. S. HALL and S. R. KNIQHT. 

Revised for American Use by F. L. Sevenoak, Assistant Principal of the 

Academic Deparinnent, Stevens Institute of Technology. 



NEW MATHEMATICAL TEXT-BOOKS. 

By S. L. LONEY, 
jAuthor of "JPlane Trigonometry,"' ** Elements o/ Statics and Dynamics,'' etc, 

THE ELEMENTS OF CO-ORDINATE 
GEOMETRY. 

F^cap, 8vo. Cloth. 416 pp. $1.25 net. 

The book is elementary and intended to meet the needs of beginners, for whom 
a text less difficult than the standard treatises by Charles Smith and others is de- 
sired. It deals only with Cartesian and Polar Co-ordinates, bat within these limits 
is complete : the Straight Line and Circle have been very iully treated ; and exam- 
ples in abundance (upwards of a thousand in all) illustrate every proposition. 



BY THE SAME AUTHOR. 

PLANE TRIGONOMETRY— Complete. 

Crown 8vo. Cloth. 480 pp. $1.90 m?<. 

OB, IX SEP ABATE VOLUMES : 

PLANE TRIGONOMETRY. Part I. Crown, 8vo. Cloth. 300 pp. 

$1.40 net, 
PLANE TRIGONOMETRY. Part II. Crown, 8vo. Qoth. 180 pp. 

11.00 net. 

Part II. treats of Analjrtical Trigonometry. 

N. B.— When ordering, kindly have your dealer specify whether a single part 
iB wanted, or the two bound in one volume at Sl-90, as above. 

The adoption of Mr. Loney's Trigonometry as the required text-book for the 
treshman work in the Universities of Michigan, Wisconsin, Chicago, etc., is the 
best possible testimonial to its value. 



EUCLID'S ELEMENTS OF GEOMETRY. 

By H. M. TAYLOR, M. A., 

Fellow and Formerly Tutor of Trinity College, Cambridge. 

BOOKS I-VI, XI, XII. 

12mo. Cloth, pp. 657. |1.50 net. 



MACMILLAN & CO., 

Nk>?v York: 66 Kikxh Avenxjk. 
CHICMGO : Room 23, Muditorium, SMM FRtkNCISCO : 327^3 f San90m$ Si. 



Digitized by VjOOQ IC 



IRew /Ratbemattcal JSooks 



COMPUTATION RULES AND LOGARITHMS. 

With Tables of Other Useful Functions, 
By SILAS W. HOLMAN, 

ProfeMor of Fhytics at the JfoMtcuihusetU Institute of Technolfygy. 
8vo. Cloth, pp. 73. Price, $1.00 net. 



AN ELEMENTARY TREATISE ON MENSURATION. 

By B. T. MOORE, M. A., 

Lale Fellow of Pembroke CoUege, Cambridge. 

With Numerous Exaxplbs. Second Edition, Revised and Enlabged. 

CAMBRIDGE MATHEMATICAL SERIES. 

12mo. Cloth, pp. 306. Price, 80 cents net. 



ELEMENTARY MENSURATION. 

By F. H. STEVENS, M. A. 
12mo. Cloth, pp. 243. Price, 90 cents nd. 



AN INTRODUCTION TO ALGEBRA QFQUANTICS. 

By EDWIN BARLEY ELLIOTT, M. A., F.R.S., 

WaynfUte Professor of Pure Mathematics, and Fellow of Magdalen 
College, Oxford. 

12mo. Cloth, pp. 423. Price, $4.00 net. 



THE ELEMENTS OF GEOMETRY. 

16ino. Cloth. Price, $1.10 net. 

By QEORQE CUNNINGHAM EDWARDS, 

Associate Professor of Mathematics in the University of California. 

A Happy Combination of Inventional and Demonstrative Geome^. 



MACMILLAN & CO., 

Nk>?v York: 66 Kikxh Avenub. 
CHfCMGO : Room 23, Mudiiorium. SAN FRMNCiSCO : 327-33 f Sanaome ; 



Digitized by VjOOQIC 



Whole No. 48. 



CONTENTS. 



The Arithmetising af UaiiiGitiiitiG«. By Praff**enr Frit^ 

Kleix. TraiiB]At4)iI by Mim iMRia SI 
[htrbdux'ii} Memoir on Uyeliques. By Mr* K. A* Kobrktv 

H'-^ol Funitionii, By Professor V "* l, 

-M i>dcni M45tln>drt of A I > «! v t J * -il < i " ' r^^ r. .^ki .r 

F. K. OOLE, 

Oa a BatnArkabk<» CovMriiiiit of » System (if QoAiitfes, By 

Prof<w*or H. B. Nk^^'so 
NotPii, 
Now Piibllcalioti- 



41 Eml iMi Street^ New Yoik Cit> , 



The fDUinritig drit» have been (Ueri for the meetinfxfi (rf the Hmph^ty 

Hftt*, U»ctv ^j, iMl»5, 3AM} Sat., Pelx l^y, IHIXJ, 3:W 

•* Nov. 30, •• " *' Mftt. 28, ♦' »* 

Fri., Deo. v^: AiirillWv 

g»t, Jan. *i5» IHm), ' ' Mar 93^ 

'I he i^tnm*r Mrttin^ will b^ hM in Btifali^ if» T», /Iw^iwl iff im^ >Cr^^- 
tmiber /, iiS^Qtf, f« afiUniion wiiB tht* Americfm Amfdaiion /bf Mr Athnturmim* vf 



tlit*l»*l«i*'f..iiM**l> *« 



Digitized by 



Google 



BULLETliN 



fiF Tiir 



AMERICAN 



MATHEMATICAL 80CIET" 



' 11 «. «i « Y J I A«* mnJ STT* 



A Hkstoric'AI* and Critical Rkvikvv 
OF Matokmamcal Scikncte. 



L'iMitii nt 



ruoALva 8. FisKE, ALEXANHEE jinrFTT. FRAKK i^fonLrr 



' 


2sh sfkies. Vol. H. No. 9. H 


i 


1 




NU.» ^^1 


} 


1 ' ' t BLIBB Eft F<IR TH E Sort TTY ^H 


' 


\[ ACM ILL A t*0. H 


* 


H 



Kfif^tmil 



IWhoia H0r 40. 



Digitized by 



G*?^l« 



■fa 



1896] MOTIONS OF THE ATM06PHERE. 285 

THE MOTIONS OF THE ATMOSPHERE AND 
ESPECIALLY ITS WAVES * 

Address delivered before the Meteorological Section of the Associo' 

tion of Oerman Naturalists and Physicians at the Annual 

Meeting held in Vienna^ September 25, 1894, 

BY DB. B. HEBBMAKN. 

The inadmiseibility of those views according to which 
the motions of the atmosphere consist in the development 
of independent cyclones and anti-cydones is, of late years, 
more and more plainly recognized. This conclnsion has 
been arrived at, not so mnch through a severe criticism of 
the frmdamental basis upon which these erroneous views 
had been established, as by the power of the facts that re- 
sisted introduction into this artificial system. 

It is now nearly ten years since the theory of cyclones 
began to totter, and especially under the influence of a 
memoir published by Hann.f Following soon upon this the 
idea was developed by von Helmholtz J {Berlin Sitzungsb., 
1888), "that in the atmosphere, by continuously acting 
forces, the formation of surfaces of discontinuity is possible, 
and that the anticyclonic motion of the lower strata 
and the extensive, gradually increasing cyclone of the up- 
per strata that are to be expected around the north and 
south poles, resolve themselves into a great number of 
irregularly progressing cyclones and anticyclones with an 
excess of the former. " Von Helmholtz further says§ (Berlin 
Si^ungsb., 1889): " if as in the case of the earth, the lower 
stratum is the denser, then it can be shown that the dis- 
turbances must at first proceed as do the waves of water 
raised by the wind." In this way the origin of cyclones 
and anticyclones is traced back to the general atmospheric 
circulation which is itself dependent on the difference in 
temperature between the equator and the poles; but the 
cyclones and anticyclones when once formed can still bo^ 
considered as independent phenomena complete within 
themselves. 

* Translated from Verhandlungen der Oesellschaft DeiUseher Naturforscher 
und A^n^ pp. 42-50 and 323-324, by ProfesBor CuEVELAin) Abbe. 

tCknnp. von Bezold, Berliner Sitzungaberichie, math.-nat. Kl., 1890, 
p. 831. 

! Translated at pages 92, 93 of the Mechanics of the Earth's Atmosphere, 
Translated at page 94 of the Mechanics of the Earth's Atmosphere, 
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The proof of this proposition was obtained by von Helm- 
holtz by the application of the so-called theorem of the 
conservation of areas to a specific portion of the atmosphere, 
t. e., a ring of air. But the application of this theorem in 
this manner is incorrect ; it can only be applied to a free 
system of bodies (See Met. Zeit., 1894, p. 114). Von Helm- 
holtz applies this theorem to a ring of air cat out of the 
atmosphere; now such a ring of air does not form a free sys- 
tem but is subject to the conditions of its connection with 
the rest of the atmosphere, and the theorem of the conser- 
vation of angular momentum, or of areas, is not applica- 
ble to it. The application of this theorem to a ring-shaped 
portion of the atmosphere is only allowable in case the con- 
ditions within the atmosphere are of such a nature that they 
correspond entirely to the conditions at the boundary sur- 
face of a fluid and any other body. The conditions for 
the boundary surface of a fluid are : equal pressure on both 
sides of the boundary surface and equal values for the nor- 
mal component of the velocities in the two masses that 
come in contact at the surface. (See Kirchhoff, Meehaniky 
2d ed. 1877, p. 166; 3d ed. 1883, p. 164). These condi- 
tions are not fulfilled in the earth's atmosphere, which is in 
motion and not in static equilibrium. Therefore, that 
theory of atmospheric motions that depends upon their 
analysis into cyclones and anticyclones is deceptive and 
not so well established as it was believed to have been by 
the investigations of von Helmholt^. 

Now, in order to find the point at which the prevailing 
views as to the motions of the atmosphere diverge from the 
reality it will be necessary to follow up a train of thought 
based upon indubitable well-established mechanical 
theorems. In doing this we will, as usual, begin with the 
consideration of an atmosphere that, without friction, sur- 
rounds the ideal figure of the earth, t. e., a homogeneous 
ellipsoid of rotation, and whose particles are attracted by 
the mass of this ellipsoid, according to the general law of 
attraction of masses. It will be further assumed that, for a 
certain initial temperature, uniform throughout all its strata, 
the atmosphere has arrived at a uniform rate of revolution 
about the axis of rotation of the ellipsoid and with a velocity 
such that the ellipsoid represents the figure of equilibrium 
of an incompressible fluid. 

Let this initial equilibrium of the atmosphere be now 
disturbed by introducing a different distribution of tempera- 
ture, viz., one depending only on altitude above the ideal 
surface of the earth and on latitude, but uniform along any 
circle of latitude and every circle concentric therewith. 
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The first question now is whether a new state of equiiib- 
riom can develop, perhaps by means of a new rate of rota^ 
tion that shall be different in the various strata of air ver- 
tically above each zone of latitude but be uniform in each 
circle concentric with and lying in the same plane as the 
circle of latitude. 

The conditions for the equilibrium of a rotating fluid 
are : 

where the axis of z is the axis of rotation ; ti is the density 
of the element of mass ; r is the distance of the element of 
mass from the axis of 2 ; c^ is the angular velocity ; R and 
Z are the components of the forces parallel to r and z; p is 
the elastic pressure. Let V be the potential of the attrac- 
tion of the mass of the terrestrial ellipsoid ; T the absolute 
temperature of the element of fluid mass. Let the charac- 
teristic equation of elasticity for gases be : 

(1) J=^M, 

The equations of equilibrium can now be transformed in- 
to: 

T\dr^ J p dr' T dz p 6 z 
By integrating the second equation there results: 

(2) A\ogp^J\-.Y^dz + Fir). 

By differentiating this with respect to r, substituting the 

alue of — • 7^ thus obtained in the firs 
p dr 

cuting a partial integration we obtain : 

(3) rai»=T^ j(dV ^r_^r V jd«+-P(r) 

( \d7 ~dr dr' dz y 

F(r) and F' (r) are determined by the surface condi- 
tions, in the present case by the circumstances existing 
in the highest layer of the atmosphere in which a uniform 
temperature and a velocity of rotation equal to that 



value of — • 7^ thus obtained in the first equation and exe- 

p dr ^ 



Digitized by VjOOQIC 



288 MOTIOKB OF THE ATM06PHERB. [Joiie 

of the earth will be assumed. Thus, p, fi and w are deter- 
mined by the preceding equations. Under the fundajnental 
assumption that no other external forces than the attraction 
of the mass of the ellipsoidal earth are acting on the at- 
mosphere, it follows that the changes in the d^tribution of 
temperature that produce changes in the motions of the 
atmosphere can produce no changes in the total moment 
(M) with reference to the axis of z. Therefore, a state of 
equilibrium can be brought about in the above-mentioned 
manner only for such distributions of temperature in the 
atmosphere as, by means of the above equations, give valuer 
for /JL and w that shall satisfy the equation 

(4) CfjL. r*. w. dv^Mj 

the integration extending over the whole volume of the at- 
mosphere. Therefore, a condition of equilibrium can only 
exist when the temperature T satisfies the equations (1), 
(2), (3) and (4). Such a condition of equilibrium cannot 
occur with every distribution of temperature, but, in gen- 
eral, there must exist movements in the direction from the 
eqaator to the pole, and inversely, besides a different rate 
of rotation for the different strata of air. 

The second question now becomes this: Can a steady 
condition of motion occur in the atmosphere with an un- 
varying distribution of temperature ? That is to say, under 
the assumed conditions, can the movement at each indi- 
vidual point in the atmosphere remain always the same? 

Under the original assumption that the initial angular 
velocity is the same throughout the whole atmosphere, and 
that the temperature changes only with the distance from 
the pole, and with the altitude above the ideal sur&ce 
of the earth, it must happen that whenever any steady 
condition does occur, the conditions must be the same at 
every point of any circle described about the axis of rota- 
tion. Therefore, throaghout such a circle there can be no 
change of pressure with reference to either time or space 
[i. e. neither chronological nor geographical] . 

Such a distribution of pressure, however, cannot coexist 
with motions having a meridional component. This can 
be proved as follows : 

Assuming that the temperature in the atmosphere de- 
pends only on the latitude and altitude, it has been shown 
that, in the steady condition, the motion and pressure must 
be the same for equal latitudes and altitudes. If, there- 
fore, meridional components of motion exist, the individual 
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particles of air must move on cloeed sur&ces of revolation 
about the earth's axis. Such a sar£ekce will contain, at any 
moment, all those particles that at any previous time crossed 
over any particular parallel circle of this sarface ; and the 
meridional component of motion must have the same direc- 
tion along any meridional section of the sur&ce. The space 
enclosed by one of these surfaces may enclose a part of the 
axis of rotation or not. The first case cannot occur, be- 
cause on account of the general agreement in direction of 
the meridional component of motion, there would arise a 
steadily increasing accumulation of atmosphere at one pole 
of the surface of revolution, while from the opposite pole the 
adjacent air would steadily depart without any correspond- 
ing replacement by other air. 

In the second case when the motion of the air occurs on a 
closed surface that does not intersect the earth's axis, we 
may refer back to the equation of continuity for fluid mo- 
tion. This equation, referred to rectangular coordinates 
and for the case of steady motion, reads 

^ dx ^ dy ^ dz 
^ ''dj ^^dt^^ 
dx "^ dy "^ dz ""^* 

Transform this equation to another system of codrdinates 
r, ^, 2, connected with x, y, z by the equations 

x=srcoQ^j y=rsin9>, 2=2; 

take the origin of coordinates at the centre of the earth, 
the axis of 2 as the earth's axis of rotation and recall that 
under the conditions here assumed, the derivatives with re- 
spect to ^ are equal to zero, and we obtain : 

dt dt fi o*'^^ 

whence it follows that 

dr_ dF(r,z) dz_ dF(r,z) 

^^dr — dz-' ^""dr^-dr 

dF(r,z) dz dF(r,z) dr 



and 



dz dt^ Or dt 



=0. 



But a function F(r, z) varying continuously in such a way 
that the equation F{r,z)^C shall represent closed sur- 
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fkces lying only within or without a semi-ellipsoidal shell, 
does not exist. Therefore in no case, when the distribution 
of temperature causes meridional components of motion 
can a condition of steady motion and stationary pressure 
exist within the atmosphere. 

Excepting the memoirs of von Helmholtz, already re- 
ferred to, the assumption of a stationary condition has 
hitherto been adopted in all investigations into the motions 
of the atmosphere, e. g., Ferrel, ''Meteorological Re- 
searches," Part I., 1877, and Oberbeck (Berlin. Sitzungb. 
1888).* Certain errors in the two memoirs by myself (Met, 
Zeiis.j 1893, pp. 1, 131) also result from this erroneous as- 
sumption. Such an assumption has certainly led to impos- 
sible conclusions, but the fundamental nature of the error 
has, so for as I know, not been recognized hitherto. 

Understanding, therefore, that in an atmosphere under 
these ideal assumptions, a steady condition cannot occur, 
it follows that the movements of the real atmosphere un- 
der conditions that imply continuous values and such as de- 
pend only on the latitude and the altitude above the earth's 
surface, must consist of oscillations and regularly progres- 
sing waves. These waves have no relation to the billows 
considered by von Helmholtz, for the existence of these lat- 
ter depends on the formation of surfaces of discontinuity 
whereas the present discussion is based wholly upon 
continuous conditions of motion and pressure. 

The waves originating in the difference of temperature 
between the equator and the poles may be classified into 
two groups. The first group includes waves that advance 
in the direction of the meridian, and that may partly re- 
solve into standing oscillations with nodes at the poles ; the 
second group consists of waves that advance in the direc- 
tion of the circles of latitude. The atmospheric pressures 
and motions resulting from the combination of these two 
groups of intersecting waves, give rise to the phenomena 
hitherto called cyclonic and anticyclonic. 

If the heights of the waves that advance in the direction 
of the circles of latitude vary with the latitude, then this 
would cause so-called cyclonic and anticyclonic phenomena 
in the atmosphere, even though no waves moving along the 
meridians were formed. In any case, however, the preced- 
ing considerations lead to the following conclusion : A large 
part of the atmospheric phenomena called cyclones and anti- 
cyclones, having a progressive motion along the earth's sur- 

♦ Translated in the ** Mechanics of the Atmosphere," pp. 176, 178. 
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face, belongs to the general atmospheric circulation that 
develops in consequence of the differences of temperature 
between the equator and the poles; that is to say such 
phenomena would be found in the terrestrial atmosphere 
even if there were no differences of temperature along the 
individual latitude circles and no friction or resistances of 
any kind. These phenomena are therefore not to be con- 
sidered as local disturbances of an equilibrium of the at- 
mosphere produced by the temporary distribution of tem- 
perature between the equator and the poles, but present 
themselves as the regular, normal and mechanically neces- 
sary phenomena of an atmosphere for which, in general, 
no such state of equilibrium can exist except in very defin- 
ite and restricted cases. 

In several important memoirs (Vienna Sitzungsb,, math, 
not, Klasse, vol. 99, Abt. Ila, p. 204 ; Vol. 101, Abt. 2a, p. 
697; Vol. 102, Abt. 2a, p. 11 and p. 1369.) M. Margules has 
treated of atmospheric waves, by submitting to analytical 
investigation the possible motions of the air in a rotating 
spheroidal shell under certain assumptions made in order 
to simplify the calculations. But the results of Margules's 
investigations ought not to be applied without further con- 
sideration to an atmosphere of great height. According to 
Margules in the case of an advancing wave in a frictionless 
medium the strongest wind should occur simultaneously 
with the extremes of pressure. 

Under the assumption, as before, of no friction and a 
distribution of temperature dependent only upon latitude 
and altitude there will be formed, besides the waves, a sta- 
tionary zonal distribution of pressure corresponding to 
atmospheric currents parallel to the circles of latitude. 
This zone partially balances the disturbance of equi- 
librium due to a part of the temperature distribution, 
and must respond to the conditions under which equi- 
librium can occur in the atmosphere. If the meridional 
section shows that there are maxima and minima in this 
distribution of pressure, as appears to be actually the case, 
then these, in connection with the waves running along the 
zone of latitude, also lead to the formation of anticyclonic 
and cyclonic phenomena. 

There have been many attempts to explain or compute 
this stationary distribution of pressure, as it is presented to 
us, mixed up with another pressure distribution due to 
thermal anomalies, in the mean values of atmospheric pres- 
sure, and that, too, in the belief that in these mean pres- 
sures, we have the simple result of the difference of temper- 
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ature between the equator and the poles. The attempts to 
deduce this evident zonal distribution of pressure, even in 
its general features, from general dynamic considerations 
must even a priori be considered as failures. It is as im- 
possible for general considerations to lead to this result as 
for them to determine the form of an uniformly rotat- 
ing fluid, whose particles are subject only to the general 
attraction of masses, as that of an ellipsoid. 

The mathematical figure of the rotating fluid and of the 
surfaces of equal pressure in our atmosphere (therefore also 
the location and value of the zonal maxima and minima of 
pressure on the earth's sur&ce, where it intersects the sur- 
faces of equal pressure) , can be found if not by observation, 
then only by expressing numerically the relations to each 
other of the quantities that come into consideration. 

Such numerical computations of zonal distributions of 
pressure have been executed especially by Ferrel and Ober- 
beck. Both these authors, as already remarked, assume a 
stationary condition (as to temperature, motion and pres- 
sure). This would, perhaps, not prevent their computation 
of the stationary zonal part of the distribution of pressure 
from being, at least, approximately satisfactory. But Fer- 
rel applies the theorem of the conservation of areas to an in- 
dividual particle of air, which is not allowable ; Oberbeck 
assumes the surface of the earth to be spherical, and neglects 
the differences of density in the atmosphere— which are pre- 
cisely those that bring about the motions of the air.* Hence 
the problem to determine numerically the stationary zonal 
distribution of pressure is not yet resolved. 

The wave motion, existing even in an ideal atmosphere, 
will be composed of groups of waves of different lengths and 
altitudes, is well as of different periods. In reference to the 
waves moving along the latitude circles, it is easy to see 
that the length of these must be a simple fraction of the 
whole circumference of the circle. In this case the pressure 
and motion correspond to the sum of a stationary zonal dis- 
tribution, and of that due to the individual waves in their 
temporary positions. The progressive movement of the in- 
dividual maxima and minima is therefore dependent upon 
the progress of the individual waves ; the variations in the 

^Oberbeck neglects the changes of temperatnre that depend npon the 
time in order to confine himself to steady motions and stationary condi- 
tions ; he also considers the atmosphere as an incompressible liquid, 
thereby neglecting vertical differences of density due topressare, but he 
does not neglect the horizontal differences of density due to temperature. 
C. A. 
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depths of the nfiinima and heights of the maxima, as well as 
the distribution of pressure in their neighborhood, depend 
on the differences in phase that the waves have with respect 
to each other at the places where the minima or maxima 
occur. Therefore, for example, the minimum deepens when 
the deepest parts of the different waves approach each 
other. It is easy to see that the isobars that surround the 
minima and maxima do not in general have a circular form. 
This form can only occur when the differences of pressure in 
the direction from west to east are the same as those that 
simultaneously occur in the direction from north to south, a 
case that can only seldom occur, as is confirmed by experi- 
ence, and which, in consequence of the further progress of 
the waves, is soon converted into other relations. Hence 
it is seen that when circular cyclonic and anticydonic 
phenomena are made the foundation of our views as to at- 
mospheric motions and other forms of isobars are considered 
as departures from these normal conditions — this is not ac- 
cordant with the actual process of nature. 

In the atmosphere surrounding the earth, on account 
of the irregular distribution of water and land, the zonal 
distribution of atmospheric temperature hitherto consid- 
ered does not exist, and, consequently, the actual distribu- 
tion of the pressure and the movement of the air will differ 
from that corresponding to such a zonal distribution of 
temperature. It will, however, be proper to analyze the 
relations actually existing into two components, one corres- 
ponding to the mean temporary zonal distribution of tem- 
perature and the other depending on any departure from 
this mean temperature over a greater or smaller region. 

The phenomena resulting from this latter departure, 
even when they extend over "large regions, still have a 
local character and are dependent on the nature of the re- 
spective terrestrial surfaces beneath them, and will, there- 
fore, not take part in those motions that are caused by the 
average zonal temperature conditions but will be added to 
or superposed upon them. The analysis of the phenomena 
into tiiese two subdivisions appears so much the more jus- 
tifiable since the local temperature irregularities diminish 
with altitude, and the zonal temperature distribution be- 
comes by so much the more important. Under circum- 
stances tiiat are easy to perceive, this summation or super- 
position of the progressive waves due to the general circula- 
tion, and of the pressure and motion due to local irregular- 
ities of temperature, can also produce progressive cyclonic 
and anticyclonic phenomena. 
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It must not be forgotten that the movements depending 
on the local irregularities of temperature cannot remain 
perfectly stationary but must also contain undulatory phe- 
nomena, for the pressure and motion cannot in general as- 
sume such a status that the motion of the particles of air 
follows the intersections of the surfaces of eqcud partial pres- 
sure with the level surfaces due to the force of terrestrial 
gravitation. 

But this latter constitutes the general condition by rea- 
son of which the motion of the air in the rotating atmos- 
phere may remain the same, that is to say steady, in any 
finite region and during any finite time. Now this condi- 
tion is, in general, not fulfilled in the atmosphere (neither 
by a purely zonal distribution of temperature, nor by the 
partial motions that result from local departures of temper- 
ature from the zonal averages), and, hence winds that are 
steady as to direction and force cannot persist during any 
considerable interval of time, but atmospheric billows or 
even waves of small length must be formed. The preced- 
ing deductions lead us to the variations of pressure and the 
gusts within storms that have lately been demonstrated by 
observations, even for great altitudes, especially by Vallot 
on Mont Blanc and by Pernter on Sonnblick. 

These latter and the atmospheric waves that become 
visible in the cloud formations known as " mackerel *' sky, 
are probably the shortest waves that we have occasion to 
observe. The atmospheric waves of next greater extent 
are those that play an important role in the formation of 
thunderstorms, and a remark by Erk {Met, Zeii. 1894, p. 
271) in reference to the thunderstorm of June 7, 1894, offers 
an excellent illustration of these. Of about the same or- 
der of dimensions are the tomadic storms whose great inten^ 
sity depends upon the conjunction of several wave troughs. 
From the point of view here presented, we can also under- 
stand how it happens that such phenomena disappear and 
again reappear at other points in the prolongation of the 
direction of their earlier paths. This phenomenon can be 
regarded as a consequence of the interference of systems of 
waves progressing with different velocities.* 

We must, therefore, think of the atmosphere as filled 
with numerous systems of waves of extremely different 
sizes and especially, first, the regular waves that correspond 
to a certain average zonal distribution of temperature and, 
second, the irregular waves that result from the local 

*I must consider this explanation as wholly inapplicable to the torna- 
does of the United States. C. A. 
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deviations from this distribution of temperature and which 
extend upward to only a slight altitude above the earth's 
surface. 

As another class of progressive changes of atmospheric 
pressure, there must be mentioned certain sudden changes 
of pressure whose initial development must be ascribed to 
the formation of discontinuities in the atmosphere. Al- 
though, as before stated, the formation of surfaces of dis- 
continuity in the atmosphere, as imagined by von Helm- 
holtz as an application to a ring of air of the theorem 
of conservation of areas, does not correspond to the 
principles of mechanics, still other possibilities can be 
imagined that would lead to such discontinuities, as, 
for example, the sudden precipitation of the aqueous vapor 
contained in any portion of the atmosphere. But such dis- 
continuities wiU always extend over small regions only. 
The sudden change of pressure due to these can, indeed, 
continue and advance like a wave produced by concussion, 
even when the original cause of the development of the dis- 
continuity itself has disappeared. The phenomenon de- 
scribed in the AnnaUn d. Hydrographie, 1889, p. 242, and 
which was traced from Sylt to Pola may belong to this class. 

Since we, at present, do not possess a reliable mathemat- 
ical or analytical presentation of the atmospheric pressures 
and motions, even under the simplest assumptions, therefore, 
the problem that first occurs is to analyze the atmospheric 
relations as derived from observations into those more reg- 
ular features that belong to the general atmospheric cir- 
culation and those due to local departures and to investi- 
gate each of these by itself. 

The more accurate knowledge of the regular phenomena 
of the general atmospheric circulation will reveal to us the 
connection of phenomena that are, geographically speaking, 
widely separated from each other, and will lead us to cer- 
tain periodicities in the weather. It will thus be seen 
whether, besides the regular seasonal variations in the in- 
fluence of the solar heat on the earth, there be still other 
causes lying outside of our planet that affect the terrestrial 
atmosphere. 

Thus the question will then be answered, to what extent 
the solar spot period, by a change in radiant heat or in elec- 
trical phenomena, affects the processes in our atmosphere. 
For it may here be stated that within any rotating fluid en- 
velope, whose parts are attracted, according to the general 
law of the attraction of masses, by a solid of revolution 
within the fluid, there cannot exist any stationary con- 
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dition, or steady motion, when any influences, distributed 
zonally, prevent a rotation with uniform average, angular 
velocity of the whole envelope, or at least of those parts that 
are at equal distances from the axis of rotation. If, there- 
fore, such influences exist on the sun, then wave formations 
must occur on it, and the sun spots, which have already been 
considered as vortex phenomena, as well as their varia- 
bility, would thus find an explanation similar to that of the 
cyclones and anticyclones of the terrestrial atmosphere. 
It thus becomes quite possible that the regular phenomena of 
the general atmospheric circulation of the earth may, for 
purely mechanical reasons, have the same period as those 
on the sun. In this case there would not need to exist any 
direct connection between the sun spots and our weather, 
even though the same period should be established beyond 
doubt by observation. On the other hand, a further devel- 
opment of the theory may, perhaps, lead to conclusions as 
to certain mechanical relations, especially as to the velocity 
of rotation of the sun. 

Even the discussion as to the influence of the moon on our 
weather, which is still by no means settled, will, in this way, 
be brought to an end, for it must then be possible to satis- 
fistctorily show whether the otherwise regular processes of 
atmospheric circulation are influenced by the changes in the 
moon's position, especially by its motion in declination. 

It is to be hoped that the method here indicated may lead 
meteorology out of the region of vacillating ideas that now 
control it into a broader field, and place it among the exact 
sciences, where everything is reduced to numerical compu- 
tation, and thus, to an important extent, further its appli- 
cation to daily practice. 

Deutsche Seewabtb, Hambubo. 



SOME POINTS IN THE ELEMENTS OF THE 
THEORY OF FUNCTIONS. 



BY PBOFESSOB W. P. OSGOOD. 



I. A New Definition of an Analytic Function. Cauchy de- 
fined f(z) to be an analytic function of 2 when/(«) is con- 
tinuous and 

f(z+Az)^f(z) 

Az 
converges toward one and the same limit when Jz con- 
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verges in any manner toward 0. From this definition, 
coupled with a requirement concerning the derivative 
/'(«), the fundamental theorem of his whole theory is 
obtained, namely: If /(«) is analytic and /'(«) continuous 
throughout a region, then f f(z)dz taken along any closed 
path lying in the region vanishes. 

We may, however, equally well turn things about and 
take as definition the following : 

Definition : /(«) w an analytic function of zif f{z) is conr 
tinuous throughout a region and ff(z)dz taken along any closed 
path lying wholly within the region vanishes. 

For then the function 



Fiz)=fj{z)dz 



will be an analytic function according to Cauchy's defini- 
tion, and hence by Cauchy's theory its derivative f{z) will 
also be analytic. 

Thus while Cauchy's definition is based on the infinite 
process of difierentiation, the present definition is based 
on the infinite process of integration, the integral being de- 
fined as the limit of a sum. Let it here be emphasized that 
these two processes, in the conceptions and definitions on 
which they rest, are wholly coordinate with each other ; for 
neither can it be claimed in this respect that it is more ele- 
mentary than the other. 

There is one essential point of difference between these 
definitions. Cauchy's definition is based on the behavior 
of the function in a point; this definition prescribes the be- 
haviour of the function throughout a region. Weierstrass's 
definition of an analytic function is of the latter kind. 
Furthermore, Cauchy is obliged in order to get any 
theorems worth mentioning, to demand* that the derivative 
f'(z) be continuous throughout a region. Hei*e, that re- 
quirement is brought nearer home by being transferred to 
the definition and there applies to the function itself. 

It seems reasonable to expect that from this definition 
some elementary theorems will be more directly deducible 
than from Cauchy's definition. As an example take the 
theorem that a uniformly convergent series of analytic 
functions defines an analytic function. f 

* One may, if one pleases, incorporate this demand into the definition ; 
it seems to me nndesirable to do so. But even then that which is essen- 
tial in the present observation would not be changed. 

t This application of the definition was called to my attention by 
Prof. B6oher. 
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Let the series be 

Then its value /(«) is a continuous function f{z) and it 
remains to show that f f{z)dz taken along any closed 
path vanishes. This follows at once from the uniform con- 
vergence ; the series can be integrated term by term and the 
integral of each term along the path in question vanishes. 
It is to be noticed that this proof belongs to the most ele- 
mentary class of proofs, in that it calls for no explicit repre- 
sentation of the functions entering (e. g,^ by Cauchy's inte* 
gral or by a power series). 

II. A fundamental theorem in the elements of the theory 
of functions of a complex variable is the following : 

(A) If f(z) is single-valued and analytic at aU paints^ of a 
certain region except at the point z=sc, and if f(z) does not be- 
come infinite at c, thenf(z) is analytic in c aiso, or can be made 
so by the assignment tof(z) in the point c of the value that f(z) 
approaches when z approaches c. 

This theorem forms the basis for the theorems relating to 
the behavior of a single valued function f{z) in the neigh- 
borhood of a singular point, P, /(«) being analytic at all 
points in the neighborhood of P, namely, either (1) the func- 
tion 

^(2) = (e-c)"/(0, « + c ; s^(c)=0 

where m denotes a positive integer, is analytic in P ; or (2) 
/(z) comes arbitrarily near to any assigned value in every 
neighborhood of the point P. 

The proofs of this theorem ordinarily given are either 
wrong or far less elementary than one could wish, in view 
of the nature of the theorem. It is the purpose of this pa- 
per to consider some of these proofs and to give a new one 
which is at the same time simple and elementary. 

Riemann^s JVoo/.— Riemannf first proves the following 
lemma : Let t« be a harmonic function^ at all points of a 

* With the new definition of an analytic function given in I, by the ex- 
pression ^%z) is analytic in the i>oint a ^' is to be nndentood that a lies 
within a region throughout which /(e) is analytic. 

t Inaugural DissertoHon, Oottingen, 1851 ; each theorem is here stated 
in somewhat less general form than in the original. 

X By harmtmic is meant a function which together with its first and 
second derivatives is continuous and aatis^es Laplace's equation: 

XT Ojf* 
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region except P; let 






where /> denotes the distance of the point (x,y) from P; 
and finally let u remain finite in the neighborhood of P ; 
then u is harmonic in P also, or can be made so by assign- 
ing to ii in the point P the value that u approaches when 
(Xy y) approaches P in any manner. He then states the 
theorem (A), replacing the words, " if/(2) does not become 
infinite at c" by " if lim {z—c) w=0 when z approaches c", 
the function /(«) being denoted by w^^u+vi; and proves it 
as follows. He forms the integral 



I (w dx'—v dy) 

('0. Vo) 



where v denotes the conjugate function of w, shows that its 
value is independent of its path and that the function U 
thus defined, which is continuous at P, is by the theorem 
just quoted harmonic at P also. And since 

'^'^ dx' ^ dy 

the truth of the statement is evident. 

The first of these theorems is interesting as showing how 
little stress Biemann laid on a systematic development of 
the theory of the logarithmic potential (i. e., of harmonic 
functions) as a basis for the theory of functions of a com- 
plex variable. From this point of view the theorem (A) 
would be deduced from the theorem (B): If t* is harmonic 
at all points of a certain region except at the point P and 
if u does not become infinite at P, then u is harmonic in P 
also, or can be made so by the assignment to n in the point 
P of its limiting value. 

The P^eudo'Riemann Proof. — Riemann's rigorous proof of 
(A) has fared hardly with his expounders, whose version 
of it is as follows. Form the function 

K«)=(«-0/(«), «4-<5; K0 = o 

Then ^(2) is analytic in the neighborhood of c and con- 
tinuous at c, therefore (sic) ^(2) is analytic at e and can be 
developed by Taylor's theorem : 

Sp(2) = %+a^ (2— c)+a, (2— c)'+- 
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But ^(c) = 0, hence a^ = and 

ip{z) = (2«c)/(2) =a,(a— c)+a,(2— c)'+- 
or /(z) = tti+o, (2— O + '- 

Thisproof was given in the second edition of Durege^s The- 
orie der Functioneny 1873, and has not been changed in the 
translation that has jast appeared of the fourth edition. 
Curiously enough the proof given in the first edition, 1864, 
was rigorous, or at least could readily have been made so, — 
it is not complete. It was the proof given below afi the 
first elementary proof and it seems likely that this proof 
was the one given by Biemann in his lectures. But in the 
improvements made in the second edition it was replaced 
by the one just cited. Hamack, whose desire frequently ex- 
ceeded his ability to be rigorous, gave a similar proof,* like- 
wise uncorrected in the English translation. Forsyth has 
also fallen into this error.f Biermanny in his attempt to 
expound Weierstrass's theory of functions, gives this same 
proof; X this passage was sharply criticised in the Fort" 
sehritte d. Math,, vol. 19, 1887, p. 363. 

Perhaps the reason for Dui^^ge's changing to the above 
proof is to be found in a paper by Roch, one of the earliest 
expounders of Riemann, which formed the second of a set 
of three papers on Biemann's theory, appearing in Schlo- 
milch.tt In § 8 (vol. 8, p. 187) Boch expounds § 13 of Bie- 
mann's inaugural dissertation and there does one of two 
things : either he makes precisely the error above pointed 
out or he tacitly assumes Theorem (A). On some accounts 
the latter seems more likely to be the case ; but this pas- 
sage would easily account for Dui^ge's proof. 

Proof by LaurenVs Theorem. This theorem says that if 
f{z) is analytic at all points of a circular ring, t. c, of a 
region included between two concentric circles with centres 
at c, then/(2) can be expressed within this region in the 
form : 

From this theorem the theorem (A) can be deduced. But 
this proof of (A), if given by Cauchy's methods, involves in 
addition to Cauchy's integral theorems the representation 

*Diff.- u. Integrairechnung, J 189. 
•f Theory of Functions, p. 52. 
XAnalytische Functionen, p. 174. 

ft Zeitschriflf. Math. u. Phys. vol. 8, pp. 12-26 and pp. 163-203, 1863 
and vol. 10, pp. 169-194, 1865. 
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oif(z) by a power series and some properties of such series ; 
if given by Weierstrass's methods, is still less elementary^ 
the establishment of Laurent's theorem in that theory com- 
ing at a comparatively late stage. This subject is discussed 
at some length by Pringsheim in the last number of the 
Maih. AnncUen, who develops a number of elementary theo- 
remsy inclusive of the theorem (A), by the aid of power 
series plus the infinite process known as the mean valucj a 
process which is essentially a restricted form of integration, 
and thus combining with the method of power series that 
which is essential in complex integration for the theorems 
in hand, he gives Cauchy's proofe of theorems in power 
series without the aid of Cauchy's integral. 

Elementary Proofs of (A). — First Proof Let C denote any 
curve enclosing the point e and lying within the region in 
question, and let t be any point but c within C. Surround 
c by a small circle r i^ot including t. Then by Cauchy's 
theorem 



^^ 27:iJc z—t ^2nijy z-^t 



The second of these integrals vanishes, for/(«) / z—t re- 
mains finite in the neighborhood of e, and when the radius 
of r approaches 0, the length of the path of integration ap- 
proaches 0. But the value of the integral is constant, 
hence it must be 0. Thus the formula 



2n% Jq z — t 



represents the function /(<) at all points within C except c. 
But the integral on the right hand side of this equation 
defines a function of t that is analytic in c too. Hence the 
theorem. 

Second Proof I now proceed to give a second elementary 
proof of (A), making use of the definition of I. Let 

K«)=(«-c)/(2;), « + c; Kc)=0. 

Then ^(z) is analytic at c too ; for f(«) is continuouB 
throughout the region about e a,ndC^{z) dz taken along 
any dosed path of this region vanishes, as will now be 
shown. Litegration by parts gives 

J"(«-c)/(2) dz=(«-c) F{z)-'C F{z) dz 
where F{z) ^J'f(z) dz 
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18 contmaoos and as is readily seen single-valued. Thas 
the first term on the right taken along any closed patii of 
the region is 0. As to the second term, consider any closed 
path not including e. Then F(z) and F'{z)^f{z) are both 
continuous throughout the enclosed region and hence the 
integral along the boundary of the r^on is 0.* Finally 
let the path include c and surround e by a small circle. 
Then f F(z) dz extended in the usual way over the path 
and the circle will vanish. But the contribution that l^e 
circle yields is readily seen to be null ; and thus / F(z) dm 
along any closed path whatever vanishes. Hence ^{z) is 
analytic at c too. Its derivative at c is 

lim ?_(_^)^lim/(2) 

Hence f(z) is continuous at c and thus fulfills both con- 
ditions of the definition of an analytic function given in I, 
and the proof is complete.f 

Habvabd Univebsfty, March 1896. 



ON THE MOTION OF A HOMOGENEOUS SPHERE 

OR SPHERICAL SHELL ON AN INCLINED 

PLANE, TAKING INTO ACCOUNT THE 

ROTATION OF THE EARTH. 

BY PBOFESSOB ALKZANDBB S. CHB8SIN. 

The influence of the rotation of the earth on the motion of 
bodies on its surface has been the subject of most interesting 
experiments, of which those \i^ith falling bodies and those 
of Foucault with the pendulum and the gyroscop may be 
mentioned. We propose to give here another interesting 
illustration of that influence, namely, on the motion of a 
homogeneous sphere or spherical shell on a plane inclined to 
the horizon. We will identify the system of axes (X, Y, Z) 
with the absolute, the system {S^T^Z) with the rdative 



♦Cf. Goursat'B proof of this theorem, Acta Math,, vol. IV.; HiBrkneflB 
and Morley, Theory of Funciiims^ p. 164. 

t Holder has given in the Math, Annalen^ vol. 20, 1882, a proof veiy 
similar to this. He inte^^rates the given function f(z) twice and shows 
that the second integral is analytic at c too. Hence he infers that /(^ ) is 
analytic at c. 1 luid obtained the proof here given, however, before 
Holder's proof was known to me. 
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space, and first establish the differential equations of rela* 
tive motion of a spherical shell in general. 

Let ^^, iy„ C< be tiie relative coordinates of a point (t) of a 
moving body ; M its mass ; F^, F^, F^ the components on 
the axes S, T, Z, of the principal vector of the real forces, i.e., 

(1) ^=2^",; F=2i^.,; V,^2F^; 

where i^^, -F^, F^ are the components on the same axes of 
the real forces applied at a point (i) of the body ; in like 
manner let F/, F/, F/ and F/', F;', F/' be the compo- 
nents of the principal vectors of the ficHHous forces of mov- 
ing space and of compound accelerations, i. e., 

(2) F/ = 2wiJc,M; F;=2»«Jc.i,.<. ^/=2»HJc.^.*; 

(3) F/'=2m,i.,^,.F;'=2m,A,., F/'=2mJ,.^,, 

where m^ denotes the mass of a point (t); ie,^<J'c^?,*,ic.^,<, 
denote the projections on the axes S, r, Z, of the acceleration 
of the moving space at the point (t) and y,.^<jVi»,*.i*. <,<. 
the projections on the same axes of the compound accelera- 
tion of that point; finally let R^, R^, R^ be the components of 
the principal vector of the reactions due to the conditions 
of constraint ; then we can write down the following three 
differential equations of the motion of the centre of inertia 
(c) of the body: 

(4). m:'=v^-v^+Y^'+R^ 

(4). jf,;'=r-F;+F,"+i?, 

(4). JMr."=F^-F/+F/'+i?j 

The motion of the body about its centre of inertia will be 
defined by three differential equations, containing the pro- 
jections of the moment of momentum of the absolute motion 
on a system of moving axes, having their origin at the 
centre of inertia of the body but otherwise independent of 
the same. Let 3E, IJ, 5 denote the new axes; m/"\ m^''\ wij^"' 
be the components on these axes of the moment of aheolute 
momentum about the centre of inertia of the body ; M^j if,, 
Jf, be the components on the same axes of the moment of 
the real forces; A^, A^, A^ the components of the moment 
of the forces of reaction; finally let w^, w„ w, be the compo- 
nents of- the angular velocity (w) of the moving system 
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(3£, 1?, 3)' Then the three differential equations which we 
were to establish are : 

dm ^'^ 

Let now the body be a homogenoos spherical shell ; let H 
be its moment of inertia about a diameter ; p^'\ ^*\ r^*^ the 
components on the axes X, T^, ^ of its absolute angular 
velocity ; then, as we know, 

(6) m^^Hp^'^ ; m,=-Hg^«> ; m,= ^/•>. 

Further, let p^'\ q^^\ r^'^ be the components on the same 
axes of the relative angular velocity of the spherical shell ; 
mj^''^, m/''\ m/^ be the components of the moment of relative 
momentum about the center of inertia of the body ; then 

(7), m;->=flg^->=JT(g^''>+a*,)=m;'>+5'a*, 

(7), m,^->=B^^->=ff(r^^>+«>,)=m/^+Ja,, 

(^)» dt "dt ^^di 

.Q^ dvt,^^^ _dmi^^ da,, 

(^)^ dt' "df '^^'dt 

(^)» dt dt ^^ dt 

Turning now to our problem, let OZ be the direction of 
the force of gravity; X O Y the plane of the horizon ) SOT 
the inclined plane forming an angle a with the horizon ; 
£ be the line of slope ; J the angle between the vertical 
plane ZO 3 and the meridiian of the point O ; the positive 
axis 2 be so taken as to make an acute angle with the di- 
rection of the force of gravity (t. c, with OZ); finally let 
the axes XtXi,^ be taken parallel to the axes £', /*, Z. Then 
we have 

(a\ dio^_dio^_dw 

^^^ dt^dt'^dt^^ 
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and therefore 



dt "dt ' dt '^dt ' dt ^ dt 



«o that the equations (5) redace to the following : 

dm ^^> 

<11), -°p =«..m,'"-«»,m,">+lf.+ yl, 

dm. <*'> 

<11). -?p -«..<->-«., m.">+Jf.+ ^. 

The three equations (4) together with the three equa- 
tions (11) determine the motion of the spherical shell rela- 
tively to the earth. The expressions for uf^, a*,, a*, are readily 
found to be : 

(12)j <tfj=w (sin X sin a+cos ^ cos a cos ^5) 

(12), ai,=ctfC08^sini9 

-(12), «*,=tt^(8in X COS a— cos X sin a cos ^5) 

•40 being the angular velocity of the earth, and X being the 
latitude of the point O. 

In the following we will neglect terms of the order at* of 
smallness and higher, because the assumption that the force 
of gravity is constant within the whole space in which the 
motion of the spherical shell takes place in our example, is 
Justified only if the results be required with an approxima- 
tion up to terms of the order of w and not higher. We then 
find: 

(13) F^=Jf^sma; F^=0 ; F^=-% cos a 

(U) F/=7;=F/=0 

(15) F/'=2Jfa,,,y;; V^^ 23fc., ^Z; F^=-2Jf (c^i?/-*.,?/) 

Let B be the reaction of the plane on which the sphere 
is moving; J\ and -F, the components of the force of friction 
between the sphere and the plane; then 

<16) R^^F,; R^^F,; i?^«R 

and equations (4) become 

(17)j if?;'=Jf^sin a+2Mw^^'+F, 
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(17). Mn:' — 2Jf«.f;+f; 

(17), 0-Jfsfcoe<i-2if.(»ii!/-«»,f,')+B 

If a denote tlie radios of the exterior sorfiuie of the spher- 
ical shell we shall have 

(18) Jf,=Jf,=Jf,-0 

(19) A, oj;; A,=aF,; il,=0 

and equations (11) become 

(20), l|"'_.,^<'.+a,.y"=|.J', 

(20), ^'"_«.,p('.+.,, 5<o=0 

To make oar problem a determinate one, it is necessary 
to indicate the way in which the spherical shell moves on 
the plane. We will assume that it rolls on the plane vdthotd 
gliding. Then the relative velocity of the point of contact 
of spherical shell and plane is zero, which gives itie two 
equations of condition 

(21) e;+ag<^>=0; ,y;-a;><'>=0 

If now we eliminate F^ and -F, from the seven equations 
(17),, (17),, (20),, (20),, (20),, (21), we obtain five equar 
tions between the five unknown quantities ^^, ly^, p^^\ q^''\ r**^, 
namely the three equations (20), and (21) and the follow- 
ing two : 

(22), {H+Ma')^^P^--Mag sina-.( J+2Jfa')«',p^''+J3'V^ 

(22), (ff+3fa')^|^ = (JT+2ifa') u^^f^-^Hw^r^^^ 

A rigorous integration of these equations, although very 
simple, is not necessary, since we neglect terms of the order 
higher than w. It is therefore preferable to int^rate by 
BucceBsive differentiation, retaining every time only terms of 
the order not higher than <i>, which gives 
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('ff4-2JfoM io a ^^^"Hto r ^'^ 
Jfagr8iiiq(g+2Jfa') 

(23), ^ -^0 ^+j^ «+ ^+ j^^i < 

(23)3 r-^-^rr+ ^-.pr^-. q^) <+2■^^^S^o"^^ 

where p^'\ q^'\ r^'^ are the initial values of ;><">, ^^'^ r<'>. If 
we aflsume that the initial relative angular velocity of the 
spherical shell is zero, the above formulas reduce to the 
following: 

^ '**''• ^ H+Ma' 

The values given by (23) or (24) being substituted in 
(21) a new integration gives immediately 

(25). ^^-^^-<^rt^-^il%^ 

a [g«>.r,'->-(g+2 Jfa')«>.p.'->] 
2iH+Ma') 

C^). ^-'?^+«l>. «+ 2(lf+ifo') '^ 

lfo'y8 ina(g+2.afa') ^ 
6(fi+ifa')' ""' 
We will give special attention to the case when p,'''™},''' 
=r,<'''=0 ; if, besides, f^s=ij^=0 which can always be as- 
sumed by properly choosing the origin of the axes of coordi- 
nates, we obtain the following equations : 
(26) ^_Ma'g sin a 

^^**^' ^ ~2(lf+ifa') ' 

,--. M a' a Bin a(H+2 Ma') ^ 
(26). V. 'ejH+May~—»^ 

t. e.j the centre of the spherical shell describes a semicubic paroAda. 
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In the case of a solid sphere H^-Ma^ and 



(27), 



^c^l^l^sma^' 



(27). 



10 . ^ 



and therefore the motion of the eerUre of a solid sphere does not 
depend on its mass or dimensions. 

We see that the effect of the rotation of the earth on the m^^n 
of the centre of the sphere or spherical sheU is to deviate it from the 
line of slope. Tliis deviation may take place as well towards the 
east as towards the west of the meridian of the place according as 
ctf, is negative or positive, t. e., according astgX <C tg a cos fi 
ortgX>tga cos P* If tg ^=tgacosi5 tiie rotation of the earth 
has no influence on the motion of the centre of the sphere or spher- 
ical shell. 

These resolts may be interpreted geometrically as follows : 
Let OP be drawn parallel to the axis of the esurth (toward 
the sonth) and let OQ be the projection of OP on the plane 
E Z. If then fi denote the angle of this projection with 
the horizon, we have 

tg^=tgyEiC0S/9 

Hence, if a <, fi the deviation of the sphere or spherical shell 
from the line of slope takes place toward the west; if ay*- fi this 
demotion takes place toward the east; and if a=At the sphere or 
spherical shell will move along the line of slope. 




7(j:0E= P -^EOZ = a :^EOQ = ii 1^0P= ^ 



Digitized by VjOOQ IC 



1896] NOTES. 309 

We have tacitly assumed that ^-w <fi < y However, 

the investigation of the 'different cases which may present 
themselves, although interesting, would carry us out of 
the limits of this paper. Let only one remark be made 
with respect 1^ the variation of the angle fi, namely, that 
the motion of the sphere or spherioal shell d^ends on the orient 
toHon of the inclined plane and the deviation from the line of 
slope is maximum when ^9=77, minimum when ^=^0. 



NOTES. 



A Beoular meeting of the American Mathematical Society 
was held in New York on Saturday afternoon, April 25, at 
three o'clock, Professor Mansfield Merriman in the chair. 
There were twenty-one members present. On the recom- 
mendation of the Council, the following persons, previously 
nominated, were elected to membership : Mr. F. M. Mc- 
Gaw, Bordentown Military Institute, Bordentown, N. J. ; 
Mr. A. B. Chace, Valley Falls, B. I. ; Professor E. D. Bob, 
Oberlin College, Oberlin, Ohio. Four nominations for mem- 
bership were received. The following papers were read : 

(1) Dr. Emort McClintock: "On the most perfect 
forms of magic squares, with methods for their production." 

(2) Professor Charlotte Anoas Scott : " On the theory 
of the birational transformation of a plane curve." 

The committee appointed by the Council to arrange for 
holding a colloquium in connection with the summer meet- 
ing at Buffalo, announces two courses of six lectures each, 
one by Professor Maxime B6cher on the subject of Linear 
Differential Equations and their Applications, the other by 
Professor James Pierpont on the Galois Theory of Equa- 
tions. The meetings of the Colloquium will begin immedi- 
ately after the adjournment of the Society and will continue 
through the week. A special circular giving detailed in- 
formation in regard to the arrangements for the Colloquium 
will be issued by the Committee early in July. 

A NEW list of officers and members of the Society has 
been compiled by the Secretary and has been published by 
the Society. In the same pamphlet are included the Con- 
atitution and By-Laws of the Society, an account of the last 
Annual Meeting, and the reports of the Secretary and the 
Treasurer for 1895. Extra copies can be obtained from the 
Secretary. 
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Pbofebsor J. Griesb, of Algiers, has translated into 
French Professor Kusm's very interesting pamphlet, Leo- 
tures an certain questions of demeniary geometry, reviewed by 
Miss Scott in the March number of the Bxtixetin, pp. 157- 
164. The translator has expanded the text in a few places, 
and has substituted synthetic proofs for certain analytical 
proofs of the original. Nony & Company ot Paris are the 
publishers of this translation. 

Columbia Unxvebsity. The Dq[Mtrtment of Mathematics 
will give during the next academic year the following 
graduate courses, each course consisting of three lectures a 
week : by Professor T. 8. Fiske, Sped^ topics in the dif- 
ferential and integral calculus, first term; Difierential 
equations and appUcations, second term ; Theory of func- 
tions (second course), both terms. By Professor F. N. 
Cole, Theory of the complex variable, first term ; Elliptic 
functions, second term. By Dr. J. B. Chittenden, Theory 
of invariants, second term. By Dr. J. E. Hill, Higher 
plane curves, first term ; analytical theory of curves of 
double curvature and curved surfieu^es, second term. By 
Dr. G. H. Ling, Theory of numbers, both terms. 



NEW PUBLICATIONS. 

L HIGHER MATHEMATICS. 

American Mathematical Society. See Mathematical Papebs. 

BoLZA (O.)- See Mathematical Papeb9. 

Catalogo della insigne biblioteoa appartennta alia chiaca memoria del 
prinoipe Don Baldaaeare Boncompagni. 2a edurione. Parte I: 
Matematioa, soienze natnrali, eoc. Roma, 1895. 8to. 61X pp. 

Caught ( A. ). Oeavres oompldtes, public sons la direction aeientifiqne 
de TAoad^mie dee seienoes et sons lee anspices dn Minietre de I'iii- 
Btruotion pnblique, avec le oonoonra de MM. Yalaon et Collet 
Ire s^rie, Vol. IX: Extraits des Comptes rendus de rAcad^mie dee 
Bcienoes. 1896. 4to. Fr. 25.00. 

Collet. SeeCAUCHY (A.). 

Del Re (A). Geometria projettiva ed analitioa. Fasdcoli 1 e 2. Mo- 
dena, 1896. 8vo. pp. 1-256. Complete Fr. 8.50. 

Duhamel ( J. M. C. ). Des m^thodes dans les sciences de laisonnementB. 
3e Edition. (En 5 parties). Partie II : Application des m^thodee k 
la seienoe dee nombres et fk la science de P^tendue. Paris, Granthierw 
Villars, 1896. 8vo. Fr. 7.60. 

Ebner(F.). Zur Theorie der Spiialflachen. [Diss.] Rostock, 1895. 
Pvo. 35 pp. 
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EuLEB (L. ). Zwei Abhandlangen uber spharisobe Trigonometiie : 
Grondznge der sphariaohen Trigonomeirie, nnd AUgemeine sphariaohe 
Trigonometrie, 1753-1779. Ana dem Franzosisohen and LateiniBKshen 
Qbersetzt andheraiiflg^geben Ton £. Bammer. Leipzig, 1896. 8vo. 
65 pp. Cloth. Mk. 1.00 

FoBSTTH ( A. B.). A treatiBe on the theoiy of functions of a complex 
variable. New York, Maomillan, 1896. 8vo. 22 and 682 pp. 
Cloth. $6.50 

Fbeitao (H.). Untersuchnng : (I) der Kurve (ap/o)«+(y/6)«2=l, 
(n) der Flaohe (ar/a)«+(f/6)«+(2/c)H=l. [Progr.] Schnee- 
beig, 1896. 4to. 24pp. 

OiUDiCK (F. ). See Klbin (F. ). 

Gbaham (J.). An elementary treatise on the calonlos for engineering 
stndentB, with nnmerons examples and problems worked out. • Lon- 
don, Spon, 1896. 8vo. 266 pp. 

Hammkb (E.). SeeEuLKB(L.). 

Hathaway ( A. S. ). A primer of qnatemions. New York, Macmillan, 
1896. 12mo. 8 and 113 pp. Cloth. |a90 

HsiBSBo (I. L. ). See Sebbkub Antissbnsis. 

JoBDAK (C.) Conrsd' analyse de PEcole polyteohniqne. 2e ^ition, 
entidrement refondne. Vol. Ill : Calcol integral ; ^nations difl6- 
rentielles. Paris, Ganthier-Villars, 1896. dvo. 12 and 543 pp. 

Fr. 15.00 

KI.EIN ( F. ) . L'oenvre g^m^trique de Sophos Lie. Tradnit de I'anfflais 
par L. Langel. INouveUes AtmaleB de MathSmatiqueSj 3e s^e, V oU 
15, pp. 1-2^. 

. Conferenze sopra alcnne qnestioni di geometria ele- 

raentare, redatte da F. TUgert, e tradotte dal tedesoo da F. Gindioe, 
con una prefazione di G. Loria. Torino, Bosenbeig e Sellier, 1896. 
8vo. 12 and 71 pp. Fr. 3.00 

Latook (F. ). On common and perfect magic squares ; with examples. 
London, 1896. 8vo. 140 pp. Cloth. 13s. 

Lauosl (L. ). See Klein (F. ). 

Lje (S.) nndf Scheffebs (G.). Geometric der Beruhmngstransforma- 
tionen. Vol. I. Leipzig, Tenbner, 1896. 8vo. 12 and 694 pp. 

Mk. 24.00 
LoBiA (G.). See Klein (F. ). 

Masohke (H. ). See Mathematical Papebs. 

Mathematical Papebs read at the International Mathematical Con- 
held in connection with the World's Columbian Exposition, 
[licago, 1893. Edited by the Committee of the Congress : E. H. 
Moore, O. Bolza, H. Masohke, H. 8. White. {Ptypers piUtlished bjf the 
American Mathematical Society y Vol. I.). New York, Macmillan, 
1896. 8vo. 16 and 412 pp. Qoth. $4.00 
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Minkowski (H.). Geometrie der Zahlen. (In 2 Lieferangen.) liet 
I. Leipzig, Tenbuer, 1896. 8vo. 240 pp. Mk. 8.00. 

MooBB (E. H.)- See Mathbmatioal Papebs. 

NswsoN (H. B.). ContlnaoiiB groups of pn^eotiye transfonnations 
treated syntbetioally. 8vo. [JTafMoa Unweniiy QuarteH^f VoL 4. 
1805. pp. 71-92, 243-249.] 

Painlevb (P. ). See Tisskband (P. ). 

P£ANO (O.)* Notions de logiqne math^matiqiie. [AatodaUon firm^aise 
pour VawinoemeiU des anenceSf Congrds de Caen, 1894.] 8vo. 5 pp. 

• Sulla definizione di int^giale. [AwuUi di malemaJUea pura ed op- 



pUctOOy Vol. 23.] 4to. 4 pp. 

PoiNCABE (H.). Remaiques sur les fonotions ab^liennes. Paris, Her^ 
mann, 1896. 4to. Fr. 4.00. 

Bicci (F. ). Le oondizioni di divisibility per alouni numeri, dedotte da 
due teoremi generali dimostrati elementannente. Firaize, CireUi, 
1896. 8vo. 7 pp. 

Romano (S. ). Sulla oouTerffenza delle serie e metodi per detenninare 
la Bomma. Noto, Zammit, 1896. 8vo. 38 pp. 

ScHEELB (E.). Ueber die Auflosung algebraisoher Gleiohungen durdi 
unendliohe Reihen. [Progr.] Dresden, 1896. 4to. 29 pp. 

SoHBFFBBS (G.). See Lie (S.). 

^EBBNUS Antissensis. Opusoula. Edidit et latine interpretatus est L 
L. Heib^g. Leipzig, Teubner, 1896. 8vo. 20 and 303 pp. 

Mk. 5.00 

SroiiZ (O.). Grundziiee der Differential- und Integralreohnung. (In 9 
Theilen. ) Tbeil II : Complexe Yeranderliohe und Functionen. 
Leipzig, Teubner, 1896. 8vo. 10 and 338 pp. Mk. 8.00 

TXgbbt ( F. ). See Klein ( F. ). 

TissEBAND (F.). Reoueil compl^mentaire d'ezeroioes sur le caloul in- 
finit^mal, 4 I'usa^e des candidats ^ la lioense et ^ Pagrdgation des 
soienoes math^matiques ; aveo de nouveaux ezeroioes sur les vari- 
ables imaginaires, par P. Painlevb. 2e Edition. Paris, Gauthier- 
Villars, 1896. 8vo. 24 and 524 pp. Fr. 9.00 

Tbaub (K.). Der verjiingte Magister matheseos. Bin Beitrag zur 
Spharik und absoluten Geometrie. Lahr, Sobauenbmg, 1896. 8va 
4 and 12 pp., 1 plate. Mk. 0.50 

Valson (C. a. ). See Cauchy (A.). 

Yebonese (G.). Intomo ad alcune osservazioni sui s^gmenti infiniti e 
infinitesimi attuali. {Mathematisehe Annalenf Vol. 47, pp. 323-432.) 

White (H. S). See Mathematical Papebs. 
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n. ELEMENTARY MATHEMATICS. 

BiA8i(G.)* I poligoni eqaivalenti. Sasaariy Deasi, 1896. 8vo. 4 pp. 

Bybbly (W. E.). See Chauvenet (W.). 

Chauybnet (W. ). Plane Geometry, abridged and simplified by W. E. 
Byerly. New edition. Philadelphia, Lippinoott, 1896. 8vo. 
Cloth. 10.40 

Euclid. See S achan ( R. ) . 

ExEBCiCES de g^m^trie en rapport aveo lee Elements. Livre da maitre, 
comprenant Pezpoe^ des m^thodes g^om^triques et 2000 questions 
r^lues. 3e Edition, revue et augment^e. Paris, 1896. 8vo. 20 
and 1136 pp. Cloth. Fr. 16.00 

Fekkneb(H.). Arithmetische Aufgaben. Unter besonderer Be^ck- 
sichtigung von Anwendangen aus dem Gebiete der Geometrie, 
Physik und Chemie. Fiir den mathematischen Unterricht an hohe- 
ren Lehranstalten. Pensum der Unter-Tertia, Ober-Tertia und Un- 
tersekunda der neunstufigen, bezw. der Tertia, Sekunda und Prima 
der sechsstufigen Anstalten. 2te, auf Grund der Preussischen Lehr- 
plane vom Januar 1892 umgearbeitete Aofiage. Braunschweig, 
Salle, 1694. 8vo. 250 pp. Mk. 2.20 

FBOLoy(M.). Demonstration de I'aziome XI d'Euolide. Paris, 1896. 
8vo. 1 phite. Fr. 1.00 

Gantzbb (R.). Analogien aus der ebenen und kdrperlichen Trigono- 
metrie. [Progr.] Magdebuig, 1896. 4to. 32 pp. 

G^LIN (E.). Recueil de probldmee d'arithm^tiques. Huy, 1896. 8vo. 
280 pp. Fr. 2.50 

Gbass (J.). Die Veranschaulichung beim grundle^enden Rechnen. 
Erweiterte Ausgabe der Sohrift iiber Gruppen-Zahlbilder. Miinchen, 
1896. 8vo. 120 pp. Mk. 1.20 

Hebmbs (O.). Yerzeichnis der einfachsten Yielflaohe. [Progr.] Ber- 
lin, Gaertner, 1896. 4to. 24 pp., 1 plate. 

HoLZMi^LLEB (G. ) . Methodisches Lehrbuch der Elementar-Mathematik. 
Gymnasial-Ausgabe, in 2 Teilen. Im Anschluss an die Lehrplane 
von 1892 nach Jahrgangen geordnet. Teil I : bis zur Absohluss- 
prufung der Untersekun£i reichend. Leipzig, Teubner, 1896. 8vo. 
8 and 228 pp. Mk. 2.40. 

. . Teil II : bis zur Entlaasungspriif ung reichend. Leipzig, 

Teubner, 1896. 8vo. 8 and 280 pp. Mk. 3.00. 

HoDel (J.). Tables de logarithmes k cinq d^oimales pour les nombres 
et les lignes trigonometriques suivies des logarithmes d'addition et 
de soustraction ou logarithmes de Gauss et de diverses tables usuelles. 
Nouvelle ^ition, revue et augment^e. Paris, Gauthier-Villars, 1896. 
8vo. 48 and 118 pp. Fr. 2.00. 

KOEmo (M.). Diegeometrische Theilung des Winkels. Heft 2. Berlin, 
1896. 8vo. 1 plate. Mk. 0.75 

Matley (C. a.). Model solutions to certificate algebra and mensura- 
tion. London, Normal Press, 1896. 12mo. 56 pp. Is. 6d. 
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MsDici (C. DE). Medici's lational matbematioB. (In daectioiis.) Seo- 
tioD A, in 3 parts : Part I : The ABC of ffeometiy, 20 pp. ; Parts 
2 and 3 (bonnd together) : Object lessons in geometry, 56 pp. Seo- 
tion B, in 4 parts (boond together), 110 pp. New York, LoTell, 
1895-96. 12mo. $1.50. 

Bakkin (T. T.). Complete sedations to papers in mathematics (second 
stage) 1887-94, Science and art examinations. Second edition. 
London, 1896. 8yo. 104 pp. Cloth. Is. 6d. 

Rbcknaoel (G.). Ebene Geometrie. Lehrbnch mit sjstematisoh 
seordneter AnJ^bensammlong. 5te Anflage. Mondien, 1896. Sro. 
8 and 222 pp. Mk. 2.00. 

Saohau (R.). The elements of Euclid, books 1 and 2. London, Ar- 
nold, 1806. 8vo. 184 pp. Is. 3d. 

Shutts (G. G.). See Van Yelzeb (C. A.) and Shuttb (G. G.). 

Spueksb (T. ). Lehrbnch der Arithmetik and Algebra mit Uebangsaaf 

gaben fun hohere Lehranstalten. 4te Aaflage. Teil 2. Potsdam, 
tnn, 1896. 8vo. pp. 243-400. Mk. 1.40 

STBOMiUiO (S. ). Lezioni elementari di geometria per le scaole seoon- 
darie. Parte III. Napoli, Mnoa, 1896. 8vo. 165 pp. Fr. 2.00 

Tssn (G. M. ). O>r80 di matematiohe. Vol. II. Geometria elementare. 
LiTomo, Ginsti, 1896. 8vo. 12 and 448 pp. 

Yak Yelzkk (C. A. ) and Schuttb (G. G. ). Plane and solid geometry. 
Madison, Wis., Tracy, Gilbe & Co., 1896. 8yo. 8 and 395 pp. 



nL APPLIED MATHEMATICS. 
Atkinson. See Bois (H. du). 

Bach (C). Die Masohinenelemente. Ihre Bereohnang and O>n8tni0B 
tion, mit Bncksicht anf die neneren Yersnohe. 5te, vermehrte 
Aoflage. (In 2 Banden.) Vol. I: Text; Yol. II: Tafeln and Tabel- 
len. Stnttgart, 1896. 8vo. 18 and 662 and 29 pp., 53 plates. 

Mk. 2a00. 

Bois (H. du). Tlie magnetic dronit in theory and practice. Translated 
by Atkinson. London, Longmans, 1896. 8yo. 380 pp. 128. 

Cabli ( a.), e Favaro (A. ). Bibliografia Galileiana 1568-1895 racoolta 
ed illostrata. (2108 operedisposte in ordinecronolpgico). Roma, 
1895. 8vo. 512 pp. 

Cabbassi del Yillab (F. ). La looomzioneaerea basata salle Icggi della 
resistenza che an corpo in moto riceve dal mezzo nel qnale qaesto 
corpo si mnove ; teoria analitica. Torino, CHaasen, 1896. 4to. 

Fr. 5.00 

Chaudy (F.). Machines hydraaliqnes. Paris, Dnnod, 1896. 16dio^ 
8 and 402 pp. 

CumcA (R.). Manaale di celerimensara. Milano, 1896. 12mo. 8va. 
8 and 224 pp. Fr. 3.00 



Digitized by VjOOQIC 



1896] NEW PUBLICATIONS. 315 

Dabibs (G. )• Cnbatnre des terrasses et moavement des terres, avec one 
preface de M. d'Ocagne. (Enpydop^die scientifique des aide-me- 
moire). Paris, Gauthier-Villars, 1896. Fr. 2.50 

Favabo (A. ). See Cabli ( A. ) e Favabo (A. ). 

FoBBBS ( G. ). Alternating and intermpted electric currents, being based 
upon tbree lectures delivered to the members of the Royal fiistitu- 
tion. London, Biggs, 1896. Svo. 102 pp. 28. 6d. 

€k)UiLLY (A.). Geometric descriptive. Partie III: Changements de 
plans de projection, rotations, polyddres. (Enoyclop^ie des aide-me- 
moire, section de I'ingenieur, No. 145 C. ) Paris, Gauthier-Villars, 
1896. 16mo. 157 pp. Fr. 2.50 

HoLLENDEB (H. J.). Ueber eine neue graphische Methode der Zusam- 
mensetzung von Kraften und ihre Anwendung zur graphisohen Be- 
stimmung von Inhalten, SohwerpunkteUj statischen Momenten und 
Tragheitsmomenten ebeuer Gebilde. Leipzig, 1896. 8vo. 4 plates. 

Mk. 3.00. 

Houston (E. J.) and Kennelly (A. E.). Electric Heating. New 
York, Johnston, 1896. 16mo. Cloth. $1.00 

. Electro-dynamic machinery. New York, Johnston, 1896. 

16mo. 322 pp. Cloth. |2.50 

. Electro-magnetism. New York, Johnston, 1896. 16mo. 286 pp. 

Cloth. $1.00 

JOHANNESSON (P.). Bas Beharrungsgesetz. [Progr.] Berlin, Gaert- 
ner, 1896. 4to. 26 pp. Mk. 1.00 

KXuffeb(P.). Energie-Arbeit; die Kraftediagramme, die speoifische 
Warmeder Luft (Gase); "Energie'^ im AUgemelnen, etc. Mainz, 
1896. 8to. 50 pp. Mk. 1.00 

Kennelly (A. E.). See Houston (E. J. ) and Kennelly (A. E. ). 

Koch(G.). Die Losung des Flugproblems in physikalischer und ma- 
schinentechnischer Hinsicht. Mit einen Ai^ng : Nutzen und Fol- 
gen pr^tischer Luftschiffahrt. Munchen, Lu^ischik, 1896. 8vo. 
72 pp. 8 plates. Mk. 3.00 

Lannoy (G. de). Pr^is de oosmographie et de navigation et notions de 
trigonom^trie sph^rique. Paris, 1896. 8vo. Fr. 6.00 

Lauenstein (R.). Die graphische Statik. Elementares Lehrbuch fiir 
technische Lehranstalten und zum Gebrauch in der Praxis. 3te Auf- 
lage, Stuttgart, 1896. 8vo. Mk. 4.00. 

Maclean (M.). Physical units. London, Biggs, 1896. 8vo. 152 pp. 

28 6d. 

Messina (A.). I misuratoridi eneigia elettrica. Palermo, Reber, 1896. 
8vo. 20 and 130 pp. Fr. 5.00. 

MOBOAN (S.). See Radfoed (C. S.). 

Mobtaba (E.). Osservazione sul principio delle aree. Panua, Battei, 
1896. 16mo. 7 pp. 
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OcAQNE (M. D'). See Daries (G.)- 

Peano (6.)- Sulmoto del polo terreetre. (AccadenUa reale ddU »ei» 
erne di TorinOf anno 1894-95.) 8vo. 11 pp. 

Pbbstok (E. D.)* Telegraphic determination of the foroe of gnvitv at 
Baltimore, Md., from simnltaneons pendnlom obeervations at Waah- 
ington and Baltimore. ( U. 8, Ooasl and Ofodetic Survey, Report for 
1894, Appendix 2. ) Washington, Government Printing Office, 1895. 
4to. pp. 5&-70. 

Radfobd (C. S.) Handbook of naval gnnnery ; prepared by the an- 
thority of the Navy Department for nae in the U. 8. Navy, U. S. 
Marine Cknrps, and States Naval Reserves. 2nd edition, revised and 
enlarged, wi^ the assistance of S. Morgan. New York, Van Noa- 
trand, 1896. 16mo. Leather. $1.50 

Rayleioh (Babon). See Stbutt (J. N.). 

Scheubeb-Ekstneb ( a. ). Ponvoir caloriqae des combustibles solides, 
liqnides et gazeux. Paris, 1896. 12mo. 14 and 288 pp. Fr. 5.00. 

Spies (P.). Wellen nnd Strahlen in ihrer Bedentnng fiir die nenere 
Natnrforschang mit besonderer Beracksichtigon^ der Versnche ilber 
elektrische Strahlnngen. 2te, dnrch Znsatze uber nenere Experi- 
mente erganzte Anfli^ Berlin, 1896. 8vo. 32 pp. Mk. 0.60 

Stbutt ( J. W. ). The theory of sonnd. ( In 2 volumes. ) VoL 11. 2nd 
edition, revised and enlarged. London, Macmillan, 1896. 8vo. 
520 pp. Cloth. 12s. 

YoiOT ( W. ). Eompendinm der theoretischen Physik. ( In 2 Bandem. ) 
Vol. II : Elektricitat nnd Magnetismns ; Optik. Leipzig, Yeit^ 
1896. 8vo. 14 and 810 pp. Mk. 18.00 

Zepf (E.). Einfiihmng in die Gmndlehren vom elektriscfaen Strom 
Freiburg, Ragoczy, 1896. 8vo. 16 and 118 pp. 20 plates. 

Mk. 3.0O 
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NEW AND CHEAPER EDITION. 

A TREATISE ON THE THEORY OF FUNCTIONS 
OF A COMPLEX VARIABLE. 

By A. R. FoBSYTH, 8c. D., F.R.S., Profenor of Pure Hathematios in the 
Univernty of Cambridge. 

Royal BOO. Cloth. Paffes 704. PHce. SaJSO net. 

A PRIMER OF QUATERNIONS. 

By Abthub 6. Hathaway, Profenor of liathematioB in the Rose Poly- 
technic Institute, Terre Haut<e, Ind. 

Ijlmo. Cloth* Pases 190. Price, 00 cents, net. 

MATHEMATICAL PAPERS 

Read at the International Mathematical Congress held in connection 
with the WoBLD'8 Columbian Exposition, Chicago, 1893. Edited 
by the Committee of the Congress, E. Hastings Moobe, Oscab 
BoLZA, Heinbigh Masohke, Hknby B; White. Published by the 
Mathematical Society. 

8to. Cloth, pp.411. Price, 94.00 net. 

THE NUMBER CONCEPT: ITS ORIGIN AND 
DEVELOPMENT. 

By Levi Lbonabd Con ant, Ph.D., Associate Professor of Mathematics 
in the Worcester Polytechnic Institute. 

19nio. Cloth. Price, 89.00 net. 



ANNOUNOEMENT9 OF FORTHOOMiMQ BOOKS* 

CHRISTIANSEN.— Mathematical Physics. Translated by W. F. Maqib, 
Ph.D., Professor of Physics in Princeton College. 

JACKSON.— Alternating Currents and Alternating Cuiient llachinery. 
By DUGALD C. Jackson, B.S.C.E., Professor of Electrical Engineer- 
ing in the Uniyersity of Wisconsin. 

WEBSTER.— Mathematical Theory of Electricity and Magnetism. Bv 
Abthxtb G. Webster. Ph.D., Assistant Professor of Physics at Clark 
University, Worcester, Mass. 



THE MACMILLAN COMPANY, 

Naw York: 66 Kikth Avbnuk. 
CH/CAGO : Boom 23, Audhorium. SAM FRAKCISCQ : 327-331 Sanoomo St. 
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MECHANICS. 



An Elementary Text-Book, Theoretical and Practical, for Colleges and Schools, 
inclodlng Dynamics, Statics, and Hydrostatics. 

By R. T. QLAZBBROOK, M.A., P.R.8. 

CAMBRIDGE NATURAL SCIENCE MANUALS.-FhyHeal Series. 

12mo. aoth. pp. a06. Price, $2.26 n«<. 



THE STEAM-ENGINE AND OTHER HEAT-ENGINES. 

By J A EWINO, 11. A, B. Sc, P.R. 8., M.I C.B.. 

Pro/etMor 0/ Mechanism and Applied Mecfianies in the University of Cambridge, 

8vo. pp. 400. Cloth. Price, 13.76. 

ELEMENTARY LESSONS IN STEAM MACHINERY AND THE 
MARINE STEAM-ENGINE. 

WITH A SHORT DESCRIPTION OF THE CONSTRUCTION 

OF A BATTLESHIP. 

Compiled for the ose of Junior Students of Marine Engineering. 

By J. LANQMAID, R. N., and B. H. OAISPORD. R. N. 

New Edition, Revised and Enlarged. 8vo. pp. 267. Price, S2.00 net. 

A TREATISE ON ELEMENTARY HYDROSTATICS. 

By JOHN OREAVB8, MA., 

AuihoT of **Staticsfor Beginners,'" ''A Treatise on Elementary Statics,'' etc. 
16mo. Price, 91.ia 

AN ELEMENTARY TREATISE ON RIGID DYNAMICS. 

By W. J. LOUDON, B. A., 

Demonstrator in Physics in the University of T\)ronto. 
8vo. aoth. pp. ix+2a6. Price, 92.26 ne<. 

AN ELEMENTARY TREATISE ON THEORETICAL MECHANICS. 

By ALEXANDER ZIWET, 
Assistant Professor of Mathematics in the University of Michigan. 
Part I. Klnematlct. Price, «2.26 nel. 
Part II. Introduction to Dynamics : Statics. Price, S2.25 net. 
Part III. Kinetics. Price, S2.2& ne<. 

Also, complete in one volume. Price, S6.00 net. 
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Nb>?v York: 66 Kikth Avknub. 
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COMPUTATION RULES AND LOGARITHMS. 

With Tables of Other Useful Functions, 
By SILAS W. HOLMAN, 

ProfeM9or of JPhyticM cU the Ma99achuMetU Institute of Technology. 
8vo. Cloth, pp. 73. Price, $1.00 net. 



AN ELEMENTARY TREATISE ON MENSURATION. 

By B. T. MOORE, M. A., 

Late Fallow of Pembroke College, Oambridge. 

With Numerous Examples. Second Edition, Revised and Enlarged. 

CAMBRIDGE MATHEMATICAL SERIES. 

12mo. Cloth, pp. 306. Price, 80 cents net. 



ELEMENTARY MENSURATION. 

By F. H. STEVENS, M. A. 
12mo. Cloth, pp. 243. Price, 90 cents net. 

AN INTRODUCTION TO ALGEBRA OF QUANTICS. 

By EDWIN BARLEY ELLIOTT, M. A., P. R. S., 

Wayr^ete Professor of Pure McUhemcUies, and Fellow of MagdcUen 
College, Oxford. 

12mo. Cloth, pp. 423. Price, $4.00 net. 



THE ELEMENTS OF GEOMETRY. 

16mo. Cloth. Price, $1.10 net. 
By X^EORQE CUNNINGHAM EDWARDS, 

Associate Professor of Mathematics in the University of Califomia. 

A Happy Combination of Inventional and DemonstratiYe Oeometry. 



THE MACMILLAN COMPANY, 

Nb>?v York: 66 Kif^th Avknuk. 
CHICMO : Room 23. AudHorium. SAM FRANCISCO : 327^3 f Sanoomo St. 
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TharouffUg Revised Edition, EiUirdff Beteifirom New Type, of 

HALL AND KNIGHT'S ELEMENTARY 
ALGEBRA FOR SCHOOLS. 

16mo: Cloth. Price, $1.10 net. 

By H. S. HALL and 8. R. KNIGHT. 

Beviaed for American Use by F. L. Sevekoak, Aasisiant Principal of the 
Academic Depariiment, Stevens Institute of Technology. 



NEW MATHEMATICAL TEXT-BOOKS. 

By S. L. LONEY. 
Author of " Plane TYigonometry,** ** Elements of Statiea ctnd D^fnamiee,** etc. 

THE ELEMENTS OF CO-ORDINATE 
GEOMETRY. 

F»cap, 8vo. Cloth. 416 pp. $1.25 net. 

The book is elementary and intended to meet the needs of beginners, for whom 
a text less difficult than the standard treatises by Charles Smith and others is de- 
sired. It deals only with Cartesian and Polar Co-ordinates, but within these limits 
is complete ; the Straight Line and Circle have been very fully treated : and exam- 
ples in abundance (upwards of a thousand in all) illustrate every proposition. 



^Y THE SAME AUTHOR. 

PLANE TRIGONOMETRY— Complete. 

Crown 8yo. Cloth. 480 pp. $1.90 net. 

OB, IN SEPARATE VOLUMES : 

PLANE TRIGONOMETRY. Part I. Ciown, 6vo. Cloth. 300 pp. 

$1.40 net. 
PLANE TRIGONOMETRY. Part IL Crown, Svo. Qoth. 180 pp. 

$1.00 net. 

Part II. treats of Analsrtical Trigonometry. 

N. B.— When ordering, kindly have your dealer specify whether a single part 
is wanted, or the two bound in one volume at 91*90, at above. 

The adoption of Mr. Loney's Trigonometry as the required text-book for the 
freshman work in the Universities of Michigan, Wisconsin, Chicago, etc, la the 
bejit possible testimonial to its value. 



EUCLID'S ELEMENTS OF GEOMETRY. 

By H. M. TAYLOR, M. A.. 

Fallow and Formerly Tutor of TYinity OoUeget Cambridge. 

BOOKS I-VI, XI. XII. 

12mo. Cloth, pp. 657. $1.50 net. 
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THE ALGEBRAIC FUNCTIONS AND THEIR 
INTEGRALS. 

Theorie des fondions algibriques et de leurs integralea. !l^tude 
des fonctions analytiques sur une surface de Riemann. 
By Paul Appell and ]6douard Goursat. With a preface 
by Ch. Hermite. Paris, Gauthier-Villars et Fils, 
1895. 8vo. 22+530 pp. 

The general theories of functioi^ that originated respec- 
tively with Cauchy, with Weierstrass and with Riemann 
have each found in the algebraic functions and their inte- 
grals an instructive example, the study of which has turned 
out to be so fruitful that the results of this research occupy 
a place of much importance in modem mathematics. Un- 
til recently the works of Neumann* and Clebsch and Gk)r- 
danf have been the principal introductory treatises in 
this field. The object of the first of these was to set 
forth Riemann's theory, that of the second, as Gordan ex- 
presses it, " to build the bridge between the theory of the 
Abelian integrals and the theory of the higher plane 
curves.'' In the three decades that have elapsed since the 
appearance of these works, the activity of mathematicians 
in this field has been principally in research and not until 
• recently has anyone been found to undertake the task of se- 
lecting and arranging the methods and the theorems that 
lie at the bottom of this subject, and working out a syste- 
matte presentation of those things that the beginner ought to learn 
first. With this purpose in view Messrs. Appell and Gk)ur- 
sat applied themselves to the elaboration of their treatise 
and the result is a work that occupies a place of first im- 
portance among the many recent text-books that treat this 
subject to a greater or less extent. 

In the preface Hermite enumerates the principal points 
of view that have been of importance in the development 
of the theory of the Abelian integrals, and defines the object 
of the present work. 

The plan of the book is as follows. It is assumed that the 
reader is acquainted with the rudiments of the theory of 
functions and a syllabus of the theorems premised forms a 
nine page introduction. The hyperelliptic equation 

* Vorlesungen iiber Riemann^a Theorie der Ahelschen Integrale, Teabner» 
first ed., 1865. The physical ideas underlying Riemann's theory were 
treated by Klein: Ufher Riemann* s Theorie der algebraischen Functionen 
und ihrer Integrdle, Teubner, 1882. 

t Theorie der Ahelschen Iniegrale, Teubner, 1866. 
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u^^A {z-e,) (2-e,) (z-ej 

with its two-leaved Biemann surface presents an example 
of an algebraic equation of much didactic value ; for since 
the ftinctions that occur in the general case admit here ex- 
plicit expression in simple form, the algebraic difficulties of 
the general theory are diminished, and still a d^^ree of 
generality remains sufficient for purposes of illustration. 
This hyperelliptic example is discussed at great length and 
with perfect clearness, so that even the meagre knowledge 
of the theory of functions demanded of the beginner will 
suffice. But there is no abrupt transition in the character 
of the treatment when the general theory of the algebraic 
functions and their integrals is entered on. Jacobi's prob- 
lem of inversion, normal curves, the moduli of an algebraic 
configuration, — ^these are among the last subjects treated, 
and thus the line is drawn below the theta functions. 

We cannot feel that the omission of all mention of con- 
formal representation is fortunate and we should have been 
glad to see the study of rational functions and their int^rals 
on an algebraic configuration given a more geometric form 
by the earlier introduction of higher plane curves. And 
this for the reason that both of these geometric methods iu*e 
elementary in their nature and well adapted to give the 
beginner broader views and a deeper insight into the theo- 
ries treated. 

With regard however to subjects of a more special nature 
we must acknowledge our indebtedness to Messrs. Appell 
and Groursat no less for what they have left out of their 
treatise than for what they have put in. For example, we 
were gratified to find no homogeneous variables under the 
sign of integration in so elementary a work. It is a tempta- 
tion to which pioneer authors are subject to attempt to write 
at once a text-book and a compendium. Our authors have 
been content to write a text-book. We congratulate them 
on the success with which they have accomplished their 
task; we congratulate the younger students of mathematics 
on the acquisition of a valuable introduction to an important 
field of knowledge. 

Chapter I. The Biemann surface is introduced in the 
usual way by the example w'=2. The construction of the 
surface is clearly and carefully described and the surface is 
projected on the sphere. The elliptic and the hyperelliptic 
surfaces follow, the latter being defined by the equation 

(1) «'=^(e-e.)(^-e,) (*-e.), 
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and are treated in a similar manner. These first 24 pages 
give with remarkable clearness the conception of the Bie- 
mann surface. The surfaces considered from now on till 
Chapter IV are the surfaces (1). The residue in an or- 
dinary point or a branch point (finite or infinite) is defined 
by means of the coefficient of a certain term in the expan- 
sion of the function into a power series, the relation between 
the definitions in the four kinds of points that thus arise 
being by no means obvious; and it is subsequently shown 
that the residue is always equal to / f(z)dz taken along any 
closed path about the point in question. In a treatment 
wedded to the consistent use of power series such a defini- 
tion is explicable; but one is at a loss here to see why the 
residue is not defined by the integral and then evaluated in 
terms of the above coefficients. The behavior of a rational 
function R{u^z) on the Biemann surface is studied and it is 
shown that conversely every single-valued function having 
no essentially singular points is a rational function of ti, z. 
An elegant application of the method of residues yields a 
proof of the theorem that such a Unction has as many zeros 
as poles and hence takes on every value the same number of 
times. § 25 is incorrect, as is shown by the example 

ti^ = 2*-l, 

Weierstrass's definition of the deficiency of an algebraic con- 
figuration is given. Rational functions on the hyperelliptic 
configuration (1) with arbitrarily assigned poles are built 
up and it is shown by the aid of the explicit expressions 
obtained that the number of poles must in general be at 
least equal to p+1, where n = 2p-|-l or 2p+2. 

Chapter II is entitled : Hyperelliptic Integrals, and 
deals with the integrals of rational functions of w, z on the 
Biemann surface belonging to (1). Such integrals are func- 
tions having at most poles and logarithmically singular 
points. The most general integral of the first class (every- 
where finite, 1. e.j having no singular points) is expressed 
in terms of the p linearly independent integrals 



X 



— , A;=0,l,-p-l. 



The integral of the third class co^';^' with logarithmic dis- 
<5ontinuitie8 at (a, 6), (a', 6') is formed for all possible posi- 
tions of the points (a, 6), (a', &') and for both an odd and 
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an even n, and in § 38 a form of such an integral is given 
(containing however a foreign parameter X) that embraces 
all of these special cases. A reference at this point to 
Klein's * normal form of the integral of the second and the 
third class would not have been out of place, though there 
are obvious reasons for not discussing these forms in the 
text. Now come the integrals C^''^ of the second class with 
a single pole of order v+1 and the discussion of the rela- 
tions existing between these integrals and «>. The treat- 
ment here given is careful and exhaustive, but the beginner 
will need the guidance of a teacher, who will present to 
him the general case (where the point (a, 6) ib neither a 
branch-point nor infinity) and then give him the special, 
cases to work out for himself. The chapter closes with the 
theorems regarding the expression of rational functions of 
u, z and their integrals in terms of the integrals of the three 
kinds already considered. 

Chapter III is entitled : Connection of Two-Leaved Sur- 
faces. The simplification in the analytical work of these 
first three chapters due to the explicit expressions always 
obtained for the functions studied finds its geometric coun- 
terpart in the avoidance of all general investigations in the 
field of analysis situs having for their object the proof of the 
existence of a set of cuts that render the Riemann sur&ce 
simply connected, such a set of cuts being drawn here by in- 
spection. But while the analytic treatment is always com- 
plete, there remain here certain inverse theorems that await 
their solution in Chapter V; for example, the theorem that 
p is the same number for all possible ways of dissecting the 
surface. The objects that analysis situs in its application 
to Riemann surfaces has in view are clearly set forth in 
these pages, which form an excellent introduction to the 
subject. By the aid of Cauchy's int^ral theorem (§59) 
extended to regions lying in more than one sheet of the Rie- 
mann surface, — in particular, the r^on 2" obtained by 
drawing such a set of cuts in the surface T belonging to (1) 
as to render it singly connected, — ^single- valued functions on- 
such regions are defined and thus the integrals of rational 
functions of u,z on T are studied with regard to their mo- 
duli of periodicity, the bilinear relations existing between 
these latter being established. Riemann's normal integrals^ 
of the first kind, together with the corresponding normal 
integrals of the second and third kinds are introduced and 
the periods of the latter are evaluated. 

With Chapter IV, p. 165, begins the general treatmentt)f « 

* Hyperelliptische Sigmafundionen^ Maih, Ann. vol. 27, 1886. 
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algebraic functions, t. e., of the function u defined by the 
equation -F(w, 2)=0, where ^denotes any polynomial in u, z. 
The chapter opens with Cauchy's proof as given by Briot 
and Bouquet that such a function is in general continuous ; 
and it is further shown that it has in general a continuous 
derivative. If 2 is confined to a region including no singu- 
lar point, the m values u can be grouped into m single- valued 
continuous functions or branches. Then comes the estab- 
lishment of the form of development into power series 
about any point z^^ ordinary or singular, finite or infinite, 
together with the converse theorem (p. 177). Now it seems 
to us that the presentation would have gained materially 
at this point by the use of conformal representation and the 
Biemann surface. Thus the Biemann surface would be 
constructed in the neighborhood of the branch-point z^a 
and transformed on the single-leaved plane by the relation 
2— a=2;'', the function u becoming thereby a single-valued 
function of z'.* Useful symmetry in the form of representa- 
tion of the algebraic configuration in the neighborhood of 
the point 2=a, w=6 results from the introduction of a param- 
eter t. We then have 

2-a = r Pj (0, tt— 6 = t^P^ (0 

where p, q are positive or negative integers and Pj (0), P, (0) 
do not vanish. Greometrically this form means the emphasi- 
zing of the fact that the w-surface in the neighborhood of w=6, 
as well as the z-surface in the neighborhood of 2=a, is trans- 
formed conformally on the ^plane in the neighborhood of 
^=0. This form is so useful in the study of the behavior of 
a rational function ofu, z (or of its integral) in a point of 
the surface, for example in the definition of the residue, 
the number of zeros or poles, the determination of the na- 
ture of the lingular points of the integral f R (w, z)dz^ etc., 
that it seems unfortunate that the authors did not see fit to 
introduce it. In § 85 it is shown that if P(w, z) is an irre- 
ducible function of w, z and u^.u^,- u^ are the values of u 
corresponding to an ordinary point 2^, then there must be 
a path for z starting at z^ and ending at z^, that will carry u^ 
over into any other w, u^ The proof is based most simply 
on the theorem that if F(u,2) and <p(u^ z) are two rational 
integral functions of the two independent variables w, z and 
if P vanishes whenever ^ vanishes, then F and tp have a 
common factor. This is indeed a theorem of great impor- 
tance and frequent application. But can it be assumed 

*Cf. NeumaoD, Chape. IV, V. 
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that students for whom it is necessary that the subject of 
this work be treated in such detail, are so familiar with it 
that it need not even be quoted? And if this theorem be 
not assumed, then it is expecting a great deal of the student 
to require him to supply the proof by the theory of func- 
tions. § 86 treats the method of loops. Now foUows Pui- 
seaux's method of treating the multiple branch-points of 
the algebraic configuration. In §§ 92, 93 the Biemann 
surface for any irreducible algebraic configuration is defined. 
The treatment begins with well chosen examples and is ad- 
mirably dear, in fact, one of the clearest that exists. The 
residue of a function in any point of the surface is defined 
and many of the theorems of Chapter I are extended to the 
case of any irreducible surfoce, — for example, the theorem 
that a single-valued function on a Biemann surface, having 
no essentially singular points is a rational function of n, z. 
The chapter closes with the proof that branch-points of 
higher order may be regarded as the limiting case in which 
several simple branch-points have become coincident. 

Chapter V begins with a general treatment of analysis 
situs, principally in two dimensions, modelled after Neu- 
mann. The presentation is in general clear, but the in- 
tuitional hypotheses might well have been more sharply 
marked. The theorem already referred to regarding p is 
established, Biemann's formula connecting the number of 
leaves and branch-points with the deficiency: «;=2(m+p— 1) 
is deduced, and Biemann's canonical system of cuts is 
given. Examples follow. The deficiency of the binomial 
equation u"*=^R (2), where -R denotes a rational function, is 
determined and all such equations for which ^=0 or 1 are 
reduced to normal forms. In the course of this work a 
more general question is suggested — that of determining all 
" regular " Biemann surfaces of a given deficiency and at 
this point the surfaces belonging to the regular bodies (i>=0) 
appear. The behavior of an Abelian integral, i. e., of the 
integral of a rational function on the Biemann surface, in 
the neighborhood of any point is studied, such integrals are 
shown to have moduli of periodicity as in the hyperelliptic 
case, the integrals of the three classes are defined, and it is 
shown that there cannot exist more than p linearly inde- 
pendent integrals of the first class. 

Chapter VI is devoted to rational transformations. 
Let/(z, w)=0 be an irreducible algebraic equation ; let 

be two rational functions of z, tc having respectively ;* and v 
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poles on the surface belonging to f^O. If ZyU be elimin- 
ated between these three equations, the result is an alge- 
braic equation jF(Z, t7)=0 which expresses the necessary 
and sufficient condition that the above three equations ad- 
mit a common solution. Thus the chapter b%ins. Few 
subjects in elementary mathematics are so deceptive as 
that of elimination. The student easily mistakes familiar- 
ity with the formal operations of combining equations so as 
to get rid of certain quantities for a knowledge of the the- 
ory of elimination and utterly fails to grasp what the re- 
sulting equation at which he has arrived really signifies. 
Moreover, in the present case the quantities that enter are 
capable of becoming infinite (since homogeneous variables 
are not used) and thus even the algebraic treatment &ils at 
this point. It therefore seems to us unfortunate that the 
processes employed should not have been illustrated ge- 
ometrically by the interpretation of the above equations as 
plane curves, Z, U being parameters, and the way thereby 
pointed out to the analytical treatment by the aid of the 
theory of functions. — The theorem that the deficiency of a 
Eiemann surface is invariant of a rational transformation 
is proved both geometrically and analytically and the effect 
of such transformation on the Abelian integrals is consid- 
ered. A transformation of Halphen's is given by which 
any irreducible algebraic curve can be transformed into a 
curve having only linear cycles and the same transforma- 
tion is used to prove Noether's theorem that any irreduci- 
ble curve can be transformed rationally into a curve having 
only multiple points with distinct tangents, in particular 
only ordinary double points. The chapter closes with the 
algebraic representation of the codrdinates of curves of de- 
ficiency 0, 1 and 2 by means of a parameter, and the trans- 
formation of curves of deficiency and 1 into themselves. 

Chapter VII begins with the subject of Normal Inte- 
grals. The form of the integrand of any everywhere finite 
integral is determined for any irreducible curve F(zj iO=0, 
the only restriction being that certain coordinate axes be 
avoided : 



S 



where Q is a polynomial of degree m— 3 in 2, u; and it is 
shown that there always exist p such integrals, linearly in- 
dependent of each other. Picard's proof of this fundamen- 
tal theorem is also given. An adjoint curve of degree m— 3 
cuts the ground curve in general in a group of fixed points 
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and a group of variable points. In § 142 it is shown that 
this latter group is invariant of one-to-one transformation 
of the ground curve. Near the end of the section it is as- 
sumed that if a curve has only ordinary double-points, the 
adjoint curve will cut it in 2|>— 2 points distinct from the 
double-points. This theorem is proved later in § 174 ; but 
at present it is not dear that the adjoint curve will not of 
itself go through some of the double-points oftener than it 
has been required to do. The integrals of the second and 
third classes are formed, the algebraic configuration being 
represented geometrically as a plane curve, while the inte- 
grand is built up by the aid of other curves intersecting in 
certain systems of points. The same geometrical metiiod 
might well have been introduced into Chapters II and HI, 
either as here, as a means of getting the integrals or merely 
for the purpose of illustrating the results there obtained.^ 
Biemann's normal int^rals of the first class are introduced 
and many theorems of Chapters II and III are generalized. 
A reference for the ** well known theorem " of § 154 would 
not have been out of place. — ^Any Abelian int^ral /can be 
expressed in the form 

where ^ denotes a rational function of z, u, I^ an integral 
having only logarithmic singularities and J, an integral 
having at most poles of the first order in p points that can 
be chosen independently of the particular integral L The 
functions ^, /, are discussed to some extent for the case that 
logarithmic singularities are absent : /j = and the condi- 
tions that the integrand of / must satisfy that the integral 
I should reduce to a rational function of z, u are obtained. 
An interesting example is given. Next the question is 
proposed : suppose ^ = 0, /, = ; when can ly be expressed 
as a sum of logarithms of rational functions and an integral 
of the first class ? and discussed at considerable length. 
The reduction of the Abelian integrals to integrals on sur- 
faces of lower deficiency is illustrated by examples. 

In Chapter VIII single-valued functions on a Eiemann 
surface are treated by the aid of the Abelian integrals on 
the surface. The law of Riemann-Roch and Brill-Noether's 
law of reciprocity are established. The presentation of this 
important subject leaves nothing to be desired in regard 
either to clearness or elegance — at least, this is true if the 

* For a statement of the reasons for this suggestion see end of the re- 
view of Chapter IX. 
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reader can be trusted to form simple examples for himself, 
to render concrete the general theorems. E. g., let the 
ground-curve be a C^ or Q with 0, 1, or 2 double-points; 
where will the groups of points lie for which <f > ? Appli- 
cations follow. Hyperelliptic configurations are defined and 
referred to (1) of Chapter I as normal form: w* = i?(A), 
where B denotes a polynomial. Two hyperelliptic configu- 
rations can be transformed rationally the one into the other 
when the binary forms 

can be transformed linearly into each other. This requires 
the equality of the 2p — 1 absolute invariants of B, i?i,* 
and hence the hyperelliptic configuration has 2|>— 1 vioduli. 
The representation of rational functions by the aid of in- 
tegrals of the third class is given. 

Chapter IX is entitled : AbeUs Theorem. The theorem 
is first proved by evaluating in two ways a certain integral 
extended over a closed path. This proof is brief and rigor- 
ous, and extremely simple in form; but it is open to the 
objection to which most proofs by Cauchy's integral are 
subject, that the thought underlying the theorem is hidden. 
For this reason the proof as originally given by Abel is to 
be preferred. This proof is given later, § 189. The proof 
of § 182 is incomplete; it remains to show that when curves 
of the sort/j are interpolated between / and ^, the corre- 
sponding e'« will never converge toward 0, and hence that 
one can pass from f to <p by means of a finite number of 
curves /. The addition theorem for the Abelian integrals is 
deduced and a set of Abelian differential equations is in- 
tegrated. Finally, Abel's theorem is extended to space 
curves. We should have been grateful to the authors if 
they had seen fit to take up somewhere in this chapter, 
perhaps as introductory example, Abel's theorem for the 
integral of the first kind on the curve 

or tt'^Cl-OCl-^'^"), 

the treatment being put into such form as to yield at once 
the addition theorem for this elliptic integral. It is true 

*A reference for this theorem ought certainly to have been given. 
See, for example^ Clebsch: Bindre Formenj pp. 365 and 421. Also, for 
|>=1, Klein: Modulfunctionen, I, Chap. I. 
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that the addition theorem in question is deduced as an ex- 
ample from the general Abelian theorem. But we are in- 
terested in seeing an elementary treatment of the curves of 
deficiency unity and the elliptic int^rals, such as might 
follow or even form a part of a first course in the theory of 
functions, enriched and to some extent dominated by the 
general methods set forth in this work ; and it seems to us 
an excellent feature of this treatise that the authors have 
elsewhere given so much attention to just this subject. 

Chapter X is devoted to the IVoblem of Inversion 
and begins with the question: An irreducible algebraic 
equation 1^(2, w)=0 being given, is it possible to find a 
rational function B (2, u) such that, when 



I B (2, u)dz, 



to each value of w corresponds one and only one point of 
the Kiemann surface ? And the question is answered in the 
most direct and simplest manner possible. There follows a 
proof that if the deficiency of -F is 1 and w is the every- 
where finite integral, the points of the i^-surfece correspond 
in a one-to-one manner to the points of a parallelogram in 
the ti;- plane. (Since conformal representation is not con- 
sidered in this treatise, no reference is made to that prop- 
erty of the transformation.) This theorem is a familiar one, 
but proofs of it are rare in treatises in which the int^ral 
w (not the doubly periodic function) forms the point of de- 
parture. The close analogy that exists between the prop- 
erties of rational functions on a Eiemann surfoce of defi- 
ciency 1 and those of single-valued doubly periodic func- 
tions is emphasized, some of the most important corre- 
sponding theorems being collected and placed side by side 
(p. 450). The problem studied by Briot and Bouquet: when 
will the algebraic differential equation 

du 



^(-5)=« 



have a single- valued solution u=f{z) ? is treated and appli- 
cations are given, the most important being the ascertain- 
ment of all single- valued functions that have an algebraic 
addition theorem, p. 454, middle, for dt/dz read dz/dt A gen- 
eralization of Briot and Bouquet's problem follows. After 
this excellent introduction, which forms in fact a chapter in 
the theory of the elliptic integrals, the authors proceed to 
Jacobi's problem of inversion for the Abelian int^rals. 
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Chapter XI: Normal curves, Moduli. The chapter 
opens with the theorem : " There exists no birational trans- 
formation, containing an arbitrary parameter, that trans- 
forms a curve of deficiency greater than unity into itself." 
The most general transformation of a curve of deficiency 
unity into itself is obtained in terms of the parameter w, 
Clebsch's and Noether's normal curves are studied and the 
number of moduli of the algebraic configuration is deter- 
mined by counting off parameters. Thus a lower limit to 
the number of the moduli is rigorously established and an 
elegant application of this result is made to the proof of the 
theorem that an algebraic plane curve with non-specialized 
coefficients is not the most general curve of its deficiency. 

Chapter XII presents some geometric applications of 
Abel's theorem, principally those to the groups of points of 
intersection of curves. The points of inflection of a cubic 
and the points where a conic has contact of the fifth order, 
the systems of conies tangent to the quartic wherever they 
meet it, the double-tangents of the quartic, and the discus- 
sion of some of these topics when the ground-curve has 
double-points, are among the subjects treated ; but a few 
examples in areas, angles and lengths of arcs are taken up 
at the end. 

The reviewer has expressed his mind freely on those 
points where his views differ from those of the authors. 
He begs leave to say in closing that his admiration for their 
work is none the less hearty because of these differences of 
opinion and to add that their treatise seems to him to be a 
thoroughly desirable book to put into the hands of the stu- 
dent. W. F. Osgood. 

Habvabd University, 
June 1896. 



PAPERS OF THE MATHEMATICAL CONGRESS. 

Mathematical Papers Bead ai the International Mathematical 
Congress held in Connection with the World^s Columbian Ex- 
position, Chicago, 1893. Edited by the Committee of the 
Congress: E. Hastings Moore, Oskar Bolza, Heinrich 
Mabchke, Henry S. White. New York, The Macmil- 
lan Company, for the American Mathematical Society. 
1896. 8vo. XVI. and 411 pp. $4.00. 

This volume, which enjoys the distinction of being the 
first to be published in the form of a separate book by the 
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American Mathematical Society, has a number of claims 
to the attention of mathematical readers besides the in- 
trinsic merits of the papers which it contains. One of 
these is the significance of the occasion which it commem- 
orates. International Congresses bid fair to play an im- 
portant r61e in the mathematical life of the future and 
the Chicago Congress is the initial gathering of the sort. 
Another is the highly international character of the col- 
lection itself, twenty-one of its papers having been con- 
tributed by German mathematicians, fourteen by American, 
four by French, three by Italian, two by Austrian and one 
by a Eussian. And stiU another is the prominence in it of 
interesting resumes of recent progress in various departments 
of mathematical science, for the greater part admirably 
done by men who have themselves made important contri- 
butions to the departments of which they write. The suc- 
cess of the Congress itself was in large nxeasure due to the 
presence and active participation of Professor Klein, of 
Gottingen. And the present volume owes to him not only 
the address made at the opening of the Congress on The 
Present State of Mathematics, but a number of papers by his 
university colleagues " which give collectively a feirly com- 
plete account of contemporaneous mathematical activity in 
Germany." Dr. Burkhardt, of Gtittingen, discusses the re- 
cent developments in the theory of perturbations^ examining 
the methods of Hill, Gylden and Linstedt from a mathe- 
matical point of view, particularly in their relation to the 
theory of the irregular integrals of linear differential equa- 
tions. Dr. Fricke, now of Braunschweig, reviews the rela- 
tions of the theory of automorphic functions to the higher arith- 
metic. Dr. Heffter, of Giessen, sketches the advances 
made in Germany in the theory of linear differential equa- 
turns since the appearance of the epoch-making memoirs of 
Fuchs (in volumes 66 and 68 of Crelle^s Journal), Profes- 
sor Netto, of Giessen, expounds the thesis of Kronedcer that 
it must ultimately be possible to " arithmetize " the whole 
of analysis, to reduce it to a body of relations expressible 
in finite terms among integral numbers, and his methods 
for accomplishing this reduction — the modular systems and 
the ** association " with the algebraic functions of linear 
combinations of them with indeterminate coefficients. 

Professor Schoenflies, of Gottingen, shows the signifi- 
cance of the theory of groups for modern crystallography. And 
Professor Study, now of Bonn, makes a review of " older 
and newer ^' investigation of systems of complex numbers j 
those especially in which these systems are considered in 
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connection with transformation groups. And besides these 
reviews by Gterman mathematicians there is an account by 
Professor Eddy, now of the University of Minnesota, of the 
remarkable development of graphical methods within the 
past thirty years, particularly in connection with engineer- 
ing theory and practice. 

The same general interest attaches to the paper in which 
Professor HUbert, now of GSttingen, gives an outline of 
his own important investigations in the field of algebraic in- 
variants] to that of Professor Minkowski, now of Konigs- 
berg, on his geometry of integral numbers) of Professor 
Pringsheim, of Munich, on his general theory of the diver^ 
gency and eonvergency of series with positive terms; of Professor 
Study on his researches in spherical trigonometry ; and of Mr. 
D'Ocagne, of Paris, on his powerful graphical method : 
' * Nomographic, ' ' 

But the volume is not simply a collection of expository 
papers and resumes. It contains a full share of valuable 
and interesting original papers also. In the field of the 
theory of substitutions and algebraic equations are papers by 
Cole now of Columbia, Maschke and Moore of Chicago, de 
Perrott and Taber of Clarke and Weber of Strasburg ; in 
the field of functions, papers by Bolza of Chicago, Hermite 
of Paris, Krause of Dresden, Pincherle of Bologna and 
Btringham of the University of California ; while mathe- 
mati^ history, the reduction of binary qu^intics, contintums 
transformation groups, algebraic curves, the Chrassmann analysis 
and geodesic lines are represented by papers by Halsted of 
the University of Texas, Hurwitz of Ziirich, Meyer of 
Clausthal, Noether of Erlangen, Schlegel of Hagen and 
Weyr of Prague respectively. From every point of view, 
therefore, this volume is an important contribution to the 
mathematical literature of America. It is, moreover, care- 
fully edited and beautifully printed. 

Henry B. Fine. 



ELECTRICITY AKD MAGNETISM. 

Elements of the MathemcUical Theory of Electricity and Magnetism. 
By J. J. Thomson, F. R. S., Cavendish Professor of Ex- 
perimental Physics in the University of Cambridge. vi+ 
510 pp., octavo. Cambridge, University Press; New 
York, The Macmillan Company, 1895. $2.60. 

When Professor Thomson undertook to edit a new edi- 
tion of Clark Maxwell's treatise it was hoped he would re- 
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model parts of it in order to make clearer some conceptions 
upon which subsequent thought and experiment have 
thrown new light, and remove certain inconsistencies in 
Maxwell's method of presentation. It was felt that Pro- 
fessor Thomson was just the man to do this, and after con- 
«ideration of the volume before us we are quite certain of it. 
Accordingly there was some disappointment when few 
changes were made, and the additions were collected in an 
extra volume, and not incorporated into the text. We pre- 
sume that it was considered wiser not to tamper with Max- 
well's classic treatise. When the publishers announced an 
elementary text-book on the mathematical theory of elec- 
tricity and magnetism by J. J. Thomson, we were led to 
expect something new and individual in treatment, and 
embodying the latest work on the subject ; this expectation 
has been fully realized. There was no dearth of text-books 
on this subject before, but they were, one and all, very un- 
satis&ctory ; although written presumably for physicists, the 
physical aspect of the subject was frequently not even con- 
sidered. Perhaps the first impression after reading a few 
dozens of pages at the banning of the volume before us, is 
that there is too close an adherence to Maxwell's matter and 
method ; but the individuality of the book is soon apparent, 
new methods of presentation please us, and difficult theorems 
yield before a simple treatment and careful choice of illus- 
trative cases. 

The first five chapters are devoted to the consideration 
of electro-statics. The author, at an early stage, introduces 
the use of Faraday tubes. Their value in the formation of 
mental pictures of the phenomena, not only of electro- 
statics, but of the whole subject, he conclusively shows us 
in an excellent chapter in his ** Recent Researches." To 
the student of physics, in general, and of electricity, in par- 
ticular, all such aids to thought are especially acceptable. 
The more use is made of the notion of potential, as work 
done, and of lines of force in the explanation of such phe- 
nomena as the variation of capacity, the attractions and 
repulsions of electrified bodies, the energy in the various 
parts of the field, etc., the more hold has the student upon 
the theorems considered. The last few sections of Chapter 
II. of this book, and again Article 74, afford an admirable 
example of the uses to which the conception of tubes of 
force may be put. 

There is one point about the book which seems to us to 
spoil somewhat its excellence ; that is, a certain amount of 
what has been called '^ calculus dodging." It is hard to 
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see why a theorem such, for example, as Gkiuss's, Art. 10, or 
the energy in the electric field, Art. 23, should be proved 
by such long round-about geometrical or other methods, 
rather than by the use of the shorter calculus ; especially 
as calculus is used in all parts of the book. 

The author states in his preface that very often impor- 
tant theorems are left out of elementary text-books, because 
their proof in their most general form demands higher analy- 
sis than can be required of the student, and contends " that 
often the study of the cases which will yield to very simple 
mathematical treatment full}' illustrates the physical phe- 
nomena, and gives the student a more vivid idea and a more 
manageable grasp of the subject than he would be likely to 
attain, if he merely regarded electrical phenomena through 
a cloud of analytical symbols." A confirmation of this is 
his treatment of the law of the inverse square in attraction. 
Art. 20, and his method of finding the tensions and pres- 
sures in the ether. The latter is a case of other than cal- 
culus methods referred to above which is eminently proper. 
Again see Articles 231 and 239 on the distribution of cur- 
rents in a conductor. 

It is interesting to see the whole subject of dielectrics 
considered without the introduction of that unnecessary 
phrase **fictive layer." If we are to follow MaxwelPs 
theory, what real difference is there between a charge and a 
'* fictive layer " of electricity? 

Chapters VI., VII. and VIII. are devoted to magnetism. 
The student of electrical engineering will regret that more 
space is not given to a discussion of magnetic circuits, 
reluctance, etc. 

Then follow chapters on electric currents, electromag- 
netism, units, dielectric currents and a very short chapter 
on thermo-electric currents. A notable novelty is his 
treatment of the actual distribution of currents in a network 
of wires by introducing the dissipative function, that is, 
the expression for the rate of heat production. He shows 
that it is only necessary to write down this expression and 
make it a minimum, subject to the condition that the alge- 
braical sum of the currents which meet in a point is zero, 
in order to find these currents. The discussion of electro- 
lysis is exceedingly scanty. 

In a volume that is so generally excellent, it is not easy 
to point out parts of specifld merit, but perhaps the chapters 
on specific inductive capacity and electro-magnetic induc- 
tion are particularly noteworthy. The usefulness of the 
book would be increased greatly by more complete tables. 
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and by copious references : in the latter point it is entirely 
deficient. The freedom from mistakes is worthy of note in 
a first edition, if we neglect the inaccuracies in the refer- 
ence to articles. In the last line of p. 144 the last term 

should be ^ — „ not .. — j • In line 8 of p. 157 the last 

term should be ^ -^ i^ot ^ •. 
2 a' 2 a' 



Bbyn Mawb College, 
Bbyn Mawb, Pa. 



A. Stanley Mackenzie. 



THE SUBSTITUTION GROUPS WHOSE ORDER IS 

THE PRODUCT OF TWO UNEQUAL 

PRIME NUMBERS. 

BY DB. O. A. MILLEB. 

The regular groups of order pq (p and q represent prime 
numbers, p> q) were determined by Netto.* It is the ob- 
ject of this paper to determine all the substitution groups of 
this order and to find formulas by means of which their 
number may be readily found for any given values of p, q 
and n f even if the groups themselves are unknown. 

We shall determine the cyclical and the noncyclical 
groups separately. It will be found that the number of the 
noncyclical groups, when the values of p and q are such 
that groups of this type occur, is always equal to or one 
larger than the number of the cyclical groups for any given 
values of p, q and n. 

We shall employ the symbol R G^^ to represent the in- 
transitive group which is obtained by establishing a simple 
isomorphism between m regular groups of order pq. The 
symbol 6l will be used to represent, as usual, any group 
whose degree is x and whose order is y. 

§1 

The Cyclical Groups. 

Each one of these groups belongs to one and only one oi 
the following three classes : 

♦Theory of Substitutions (Cole's edition) J 130. 
t n represents the degree of the groups. 
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(1) Those which may. be formed by establishmg a p, 1 
isomorphism between i?G^*^* and G,""*"*, (m^ 1). Groups 
of this class can occur only when w=a g.f Their number 

is the largest integer which does not exceed -'. 

P 

(2) Those which may be formed by establishing a ^, 1 

isomorphism hetw^n RO^, aiid Gp~"*''> yn, ^>li. 

Groups of this class can occur only when n=hp. Their 

number is the largest integer which is less than - . 

* (3) Those which may be formed by establishing a simple 
isomorphism between i^O;;^ and G^x G;""^""'', 

I c, ^ — -- > l) . Their number is equal to the number 

of solutions of the following Diophantine equation 

(A') px+qy^a^+ldpq (^=0, 1, 2, -, Id,) 

(^> y > 1 ; «'= smallest number J for which px+qy^^a' can be 
solved and which also satisfies the equation a+hj'pq^n. The 
last equation determines also /;/.) Since (A^) has one solu- 
tion for A/=0, two for k'=l, three for ib'=2, etc., the num- 
ber (^) of the groups of this class can be readily found by 
means of the following formula: 

j\r'=^-(V+i)(V+2) 

The groups are found by making m=](/, c=x and 

— ~ — = y in the given simple isomorphism ; k', x and 

y being any set of values that satisfies (-4'). All the possi- 
ble cyclical groups are hereby determined. Their total 
number (Nj) is therefore equal to the number of solutions 
of 

(A) px+qy^ a+kpq (k=0, 1, 2, -, k^) 

* Only the cyclical gronpe represented by this symbol occur in this J. 

t The number symlx>l8 ^ronghout the article represent only positive 
integers. 

Ja' = 2pqf cf. Jordan's Traits des substitutions, p. 4. Hence a^ can al- 
ways be found by at most two simple trials. 
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(x, y>l when k==k^; a=the smallest number* for which 
px+qy^ a cap be solved and which also satisfies the equa- 
tion a+kj)q=:n. The last equation determines also k^,) 
Hence N^ may be found directly by means of the following 
formula 

JV;=|(*.+l)(*.+2)-m. 

7n^^2 when n is an exact multiple of pq, m^=l when n is an 
exact multiple of either p or q but not of both, mj=0 when 
n is an exact multiple neither ofp nor of q. 

As Ajj and m^ can easily be determined for any given 
values of j>, q and n the given formula is convenient. When 
n^pq the corresponding groupf will be transitive. All the 
other groups are intransitive. 

§2 
The Noncydical Groups, 

Each one of these groups contains one and only one self- 
conjugate sub-group. Its order is p. If non-regular tran- 
sitive groups exist they must be of degree pX and sub-groups 
of the metacyclic group Gp(^i,. This group has one and 
only one sub-group for each one of the different divisors 
of 2>— 1 §. Hence there is one non-regular transitive group, 
as well as one regular noncydical group of order pq when- 
ever 9 is a divisor of j>— 1. 

In the following we shall assume that this condition is 
fulfilled. We shall denote the group obtained by establish- 
ing a simple isomorphism between I of these non-regular 
transitive groups by the symbol H*^, 

We may construct all the possible non-cyclical groups by 
first establishing a jp, 1 isomorphism between H^ and 
^n-mpq-ip^ and then a simple isomorphism between this group 
and 6^||. It is clear that m and I cannot both be zero at 
the same time. The number (i\r,) of these groups is, there- 
fore, equal to the number of the solutions of the following 
equation 
{B) px+qy = a+kpq (k = 0, 1, 2, ••• k,) 

* a < 2pq cf. foot-note on a^. 

2 3 
t In this oase a = 0, it, = 1 and mj = 2. Hence *»i = ^ — 2 = 1. 

X Since their order most be a multiple of their degree and they most 
contain the given self -con jugate sab-group. 

i Cf. Netto, 1. c. i 132. 

II Only the non-cyclical groups represented by this ^rmbol occur in 
this l 
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[x> 1 when h^k^; a and k satisfy the same conditions as in 
(-4)] • Hence the formula 

nt,=l when n is an exact multiple of q, m,sO when this is 
not the case. 
The groups may be constructed by making m==h, l^x and 

— — ^=y in the given isomorphism, where h, x and y 

are any set of values that satisfy (J9). 

The total number of groups of order pq is, therefore, equal 
to -ATj when q is not a divisor of |)— 1. In the other case it 
is equal to JVi+J\r,=^„ where 

J^.= (fc,+l)(fc,+2)~m,. 

ti^s3 when n is an exact multiple otpq\ »n,=2 when n isan 
exact multiple of q but not of p; m,=:l when n is an exact 
multiple of p but not of q] m^^O when n is an exact multiple 
of neither p nor q. 

§3 

Examples. 

We shall employ the last formula to determine the num- 
bers of the groups of orders 6 and 10 when n < 10 * and 
when n=50. It is not difficult to construct the groups ac- 
cording to the given methods. 



Order 


Degree 


a 


N, 


6 


3 


3 


(0+1) (0+2)-l= 1 




4 


4 


(0+1) (0+2)-2= 




5 


5 


(0+l)(0+2)-0= 2 




6 





(l + l)(l + 2)-3= 3 




7 


7 


(0+1) (0+2)-0= 2 




8 


2 


(l + l)(l+2)-2= 4 




9 


3 


(l + l)(l + 2)-l= 5 




10 


4 


(l + l)(l + 2)-2= 4 




50 


2 


(8+1) (8+2)-2=88 


10 


6 


5 


(0+l)(0+2)-l= 1 




6 


6 


(0+1) (0+2)-2= 




7 


7 


(0+1) (0+2)-0= 2 




8 


8 


(0+1) (0+2)-2= 




9 


9 


(0+1) (0+2)-0= 2 




10 





(l + l)(l + 2)--3= 3 




60 





(5+1) (5+2)-3=39 



* TheBe resulte may be compared with the lists of these groups in the 
Quarterly Journal of MathematicSy vols. 25, 26 and 27. For the groups of 
order 6 and degree 9 cf . footnote, ibid. vol. 27, p. 102. 
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It is clear that the number of these groups increases very 
rapidly with the increase of n. E. g., when n=1000, there 
are (166+1) (166+ 2) -2=28,054 of order 6. 

This article may be regarded as a continuation of " The 
substitution groups whose order is four,^^ Philosophical Maganney 
vol. 41 (1896), pp. 431-437. 

Paris, May, 1896. 



NOTE ON THE SPECIAL LINEAE HOMO- 
GENEOUS GROUP. 

BY PROFESSOR HENRT TABER. 

On page 232 of the Bulletin are given the conditions 
necessary and sufficient in order that a transformation of 
the special linear homogeneous group in n variables may 
be generated by the repetition of an infinitesimal transfor- 
mation of this group. As a corollary of these conditions it 
follows that a transformation of this group can be generated 
thus if the multiplicities of the several roots of its charac- 
teristic equation have no common factor, or if the roots of 
its characteristic equation are all equal to + 1. But one 
or other of these conditions is satisfied if n is an odd prime. 
Therefore, if w is an odd prime, every transformation of 
the special linear homogeneous group in n variables can be 
generated by the repetition of an infinitesimal transforma- 
tion of this group, that is, belongs to a continuous one-term 
sub-group containing the identical transformation. 

On the other hand, if n =» 2 or is composite, it follows 
from the conditions given on page 232 that the special lin- 
ear homogeneous group in n variables contains an assem- 
blage of transformations no one of which can be generated 
by the repetition of an infinitesimal transformation of this 
group. Nevertheless, by the repetition of an infinitesimal 
transformation of this group we may approximate as nearly 
as we please to any transformation of this assemblage. 
Thus corresponding to any transformation A of the special 
linear homogeneous group that cannot be generated by the 
repetition of an infinitesimal transformation of this group^ 
can always be found a transformation Af, of this group, 
whose coefficients are rational functions of a parameter />, 
such that for all but a finite number of the values of />, 
Af, can be generated by the repetition of an infinitesimal 
transformation of this group, and by taking p sufficiently 
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near to some constant value, as zero, A^ may be made as 
nearly as we please equal to A. 

The method of demonstrating this theorem in general 
may be illustrated by one or two examples. Thus, for 
n3=2, there is a doubly infinite system of transformations of 
the special linear homogeneous group no one of which can 
be generated by the repetition of an infinitesimal transfor- 
mation of this group. For a proper choice of coordinates 
any transformation A of this system is defined by the equa- 
tions 

Let Aft denote the transformation defined by the equations 

a:'=(/t>-l)a:+y, jf^—^y; 

Ap is then a transformation of the group, and passes con- 
tinuously into the transformation J. as /> approaches zero 
continuously. For values of p sufficiently near to zero, the 
roots, ^—1 and (^— 1)""\ of the characteristic equation of 
Ap are distinct ; and therefore by a change of co5rdinates 
Ap will be defined by the equations 

jr'=(^-i)jr, 

where Xand Fare the new coordinates of the point repre- 
sented formerly by the coordinates x, y.* 

Let />— 1=6*'"*"'^ ^^, where o is real and ? is the 
smallest positive argument of ^—1; and let Bp denote the 
transformation defined by the equations 

where mis any positive integer. B^ is then a transformation 
of the special linear homogeneous group, and IT is equal 
to -4p;. By taking m sufficiently great, B^ may be made as 
nearly as we please equal to the identical transformation. 
Therefore, by the repetition of an infinitesimal transforma- 
tion of the special linear homogeneous group we may ap- 
proximate as nearly as we please to A, 

If in the m*** power of B^ we put ^==0, we obtain the finite 

*The formolsB for the transformation of coordinates are 
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transformation A; but the transformation B^ for ^=0 is 
illusory, since for p=0 the formulsB for the transformation 
of coordinates are illosory. This is more readily appcurent 
if we employ the original system of coordinates in the equa- 
tions determining B^y in which case Bf^ is defined by the 
equations 

^^ i(a+yj./=l) 2(^-l)v^ /o+^^V 

If we regard m as varying continuously, then for any 
value of p otiier that 0, 1 or 2, the totality of transformations 
Bp constitute a continuous one-term group containing the 
identical transformation. The transformation A may be said 
to be a limit of this fiunily of one-term groups, since, for a 
value of p su£Qciently near to zero, certain of the transforma- 
tions of the corresponding one-term group are as nearly 
equal as we please to A, which, nevertheless, does not be- 
long to any one-term group of this fiimily.* 

For n=6, among the trajisformations of the special linear 
homogeneous group in n variables which cannot be gener- 
ated by the repetition of an infinitesimal transformation of 
this group is the transformation Ay defined by the equations 

Where X^e^+^^~\ ^^e-^^+C'^-^i?)^^! 

(a and fi being both real). On the other hand, the trans- 
formation Ap defined by the equations 

which belongs to the special linear homogeneous group, and 
passes continuously into the transformation ^ as ^ ap- 
proaches unity continuously, can, if A and fi are fixed, for sdl 
but a finite number of the values of p, be generated by the 
repetition of an infinitesimal transformation of this group. 

* The transformation 

18 also a limit of this family of one-term groups. It is obtained from Bp 
by patting m = l, and in the resalting transformation making p equal 
to 2. 
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Thus the roots of the characteristic equation of Ap are p A, 
P^^i each of multiplicity one and X, fi each of multiplicity 
two; therefore, for aU values of p which render p X distinct 
from the other roots of the characteristic equation ; in par- 
ticular if ^ is sufficiently near to unity, Af, belongs to a con- 
tinuous one-term group containing the identical transforma- 
tion.* By varying p we obtain a family of one- term group, 
to which, as before, ^ is a limit. 



NOTES. 



A REGULAR meeting of the American Mathematical So- 
ciety was held in New York on Saturday afternoon, May 
23, at three o'clock, the President, Dr. G. W. Hill, in the 
chair. There were thirteen members present. On the 
recommendation of the Council the following persons, pre- 
viously nominated, were elected to membership : Mr. Louis 
Trenchard More, Johns Hopkins University, Baltimore, 
Md.; Professor Henry Allen Peck, Syracuse University, 
Syracuse, N. Y. The following paper was read : 

Dr. J. E. Hill : ^' Bibliography of surfaces and of twisted 
curves." 

The meeting of the British Association for the Advance- 
ment of Science will be held this year at Liverpool, opening 
on September 16. The President is Sir Joseph Lister. 
Next year the Association will meet in Toronto. 

The German Mathematical Society will meet in conjunc- 
tion with the German Association of Naturalists and Phy- 
sicians at Frankfort-on-the-Main, September 21-26. 

We learn from Nature, that the De Morgan Memorial 
Medal has this year been awarded by the Council of the 
London Mathematical Society to Mr. Samuel Egberts, 
F. E. S. This medal is awarded every three years. Mr. 
Egberts was one of the earliest members of the Society, 
and has published numerous papers, many of them of great 
value. The presentation will be made at the annual meet- 
ing of the Society in November next. 

Columbia University. The Department of Mechanics 
will give the following graduate courses during the year 
1896-97: By Professor E. S. Woodward: (1) Theory of 

* See page 232. 
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the potential, with applications to gravitation, hydrome- 
chanics and geodynamics, two hours per week throughout 
the year ; (2) Advanced analytical mechanics, embracing 
the theory of virtual displacements in statics and kinetics, 
the methods of Lagrange, Hamilton and Jacobi, wit^ appli- 
cations especially to rotating masses of variable form, two 
hours per week throughout the year. By Professor M. I. 
Pupin: (3) Maxwell's theory of electricity and magnet- 
ism, two hours per week throughout the year ; (4) Elec- 
tromagnetic theory of light, three hours per week during 
the second half year. By Mr. J. C. Pfister : (5) Theo- 
retical mechanics (based on Ziwet's Theoretical Mechanics), 
two hours per week throughout the year. 



NEW PUBLICATIONS. 

I. HIGHER MATHEMATICS. 

AuTONNE (L.)« Snr la repi^sentation des ooorbes gauohes alg^briqnes 
et sur le nombre des conditions qai ezpriment qa'one courbe sAff^- 
brique est sitn^e sur one surface alg^brique. Paris, Oauthier-Vil- 
lars, 1696. 8vo. 41 pp. 

Barker (A. H.). Graphical oalcalos, with an introduction by J. 
Goodman. London, Longmans, 1896. Svo. 196 pp. 48. 6d. 

BoREL ( E. ) . See Niewenglo wsKi ( B. ) . 

BoYER (J.). Le math^matioien frano-comtois Franyois-Joseph Servoia, 
anoien oonservateur dn Mus6e d'artiUerie, d'aprds des documents 
in^its (1767-1847). Paris, Gauthier-Villara, 1895. 8vo. 26 pp. 

Ft. 0.75. 

BuRALi-FoRTi (C). II metodo del Grassmann nella geometria proiet- 
tiva. [B€ndic<mii del Circolo matematico di Palermo, Vol. 10, pp. 
177-195.] 8vo. 

Chemnitzer (B.). Eoordinaten-Tiansformationen auf beliebiger Ober- 
flache in konjugiert-komplezen Yariablen. [Progr.] Annaberg, 
1896. 4to. 32 pp. 

Dyck (W.). Beitraee zur Potentialtheorie. I: Ueberdie Darstellung 
der Eroneoker'schen Charakteristik eines Funotionensystems duioh 
bestimmte Integrale. [Sitzungtiberichie der m<Uh,'phy9, Ckase der h. 
layer, Akademie der Wiss., Vol. 25, pp. 261-277.] 8vo. 



. Beitrapezur Potentialtheorie. II: Die Gaus8*s6he Formel fur 

die g^enseitige Umwindung zweier Baumourven und ihre Ausdeh- 
nung auf hohere Mannigfaltigkeiten; Darstellung der Windungszahl 
zweier Mannigfaltigkeiten duroh Kronecker'sohe Charakteristtken 
gewisser Functionensysteme. [ift., pp. 447-500.] 8vo. 

Goldscheider (F.). Ueber die Gauss'sche Osterformel. Teil I. 
[Progr.] Berlin, Gaertner, 1896. 4to. 30 pp. Mk. 1.00 
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OooDMAK (J.)* See Babk£b (A. H.). 

Ob AS8MANN ( H. ) • Punktreohnaiig und proj ekti ve Geometrie. Tell II : 
Grandlagen der projektiven Geometrie. [Progr.] Halle, 1896. 
4to. 28 pp. 

Outsche(0.)< NeaeBeweise and Erganzangen zn Lehraatzen Steinen 
iiber KM^elflcshnitte (Ges. Werke, Band 2, pp. 329-334, 345-347, 664- 
681). [Progr.] Brealau, 1896. 4to. 45 pp. 

Outzmeb(A.). Zot Theorle der adjongirten Diflerentialgleiohungen. 
[Habilitationssohrift.] Halle, 1896. 4to. 25 pp. 

Halsted (G. B.). The eesenoe of number. [Texas Academy of Science^ 
1896, pp. 61-63.] 8vo. 

HoesFELD (C). Beitnige znr Theorie der Ranmkarven. [Progr.] 
Eis^iadx, 1896. 4to. 8 pp. 

Jahbbuch uber die Fortachritte der Mathematik, begrundet von C. 
Ohrtmann; heransg^eben von £. Lampe. Vol. 25: Jahrgang 1893 
and 1894. (In 3 Heften.) Heft 1. BerUn, Beimer, 1896. 8vo. 

4 and 8 and 852 pp. Mk. 21.00 

KlECHL (J.). Analytische Entwickelang von Gleicbangen aber zwei 
Transversalen eines Dreieoks. [Progr.] Feldkiroh, 1895. 8vo. 
12 pp., 1 plate. 

KoTBLNiKOV (A. P.). The calcalas of sorews and some of its applica- 
tions to geometry and mechanioB. (In Bossian.) Kaz&n, Univers- 
ity Press, 1895. 8vo. 4 and 216 pp. 

KuscH (E.). C. G. J. Jaoobi and Helmholtz aof dem Gymnasium. 

Beitnig znr Geschiohte des Victoria-Gymnasiums zu Potsdam. 

[Progr.] Leipzig, Teubner, 1896. 8vo. 44 pp., 2 facsimiles. 

Mk. 1.60 
Lampe (E.). ^e/^ Jdhrfmch, 

L£kost (H.). Kegelsohnitte. Teil II : Analytisohes Bepetitorium und 
geometrisoher Anhang, im Anaohluasan den '* Vorbereitenden Eurs *' 
bearbeitet Stuttgart, Kohlhammer, 1896. 8vo. 12 and 180 pp., 

5 plates. Mk. 3.00 

LOEWT (A.). Ueber die Transformationen einer quadratiaohen Form in 
sioh selbst, mit vorziiglicher Berucksichtigung der uneigentliohexL 
sowie ihre Anwendungen auf linien- und Kugelgeometrie. [Diss.] 
Munohen, 1895. 8vo. 66 pp. 

Loos (W.). Analytische Behandlung einiger Grundprobleme der 
projeknven Geometrie. [Diss.] Giessen, 1896. 8vo. 31 pp., 1 
plate. 

Mi^LLEB (W.). Transformationstheorie der Monge-Ampdre'schen Di£fe- 
rentialgleichungen. 1895. Leipzig, 1895. 8vo. 43 pp. Mk. 1.50 

NiEWENOLOWSKi ( B. ). Cours de g^om^trie analytique. (En 3 volumes.) 
Vol. Ill: G«k)m<>trie dans I'espace, avec une note sur les transforma- 
tions en g^m^trie, par E. Borel. Paris, Gauthier-Villars, 1896. 
8vo. 576 pp. Fr. 13.00 
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PiCABD (E.). Traits d'analyse. Vol. III.: Des aiiigalarit^ des in- 
t^grales des ^nations dm^reDtiellee; ^tnde da cas oil la variable 
reste r^elle; des oonrbes d^finies par dee ^nations diff^rentielles; 
^nations lin^ires; analogies entre les ^nations alg^briqaee et les 
^nations lin^res. (Conrs de la Faculty des scienoee de Paris.) 
Paris, Gauthier-Villars, 1896. 8vo. 14 and 568 pp. Fr. 18.00 

RouoiSB (J.). Snr qnelqnes soos-groupes de onzitoe olasse da gitmpe 
modalaire. Marseille, Barthelet, 1896. 4to. 118 pp. 

Seiffebt ( a . ) . Ueber eine nene geometrische Einfnhmng in die Theorie 
der elliptisohen Funktionen. [Progr.] Charlottenborg, 1896. 4to. 
30 pp. 1 plate. 

SUHLE ( H. ). Znr Theorie der reellen Knrven einer rationalen Fnnktion 
nten Grades for komplexe Variable. [Progr.) Dessau, 1896. 
4to. 16 pp. 

SUTER (H.). Die Araber als Vermittler der Wissenschaften in deren 
Uebergang vom Orient in den Occident. Aaran, 1895. 8vo. 31 pp. 

Mk. 0.80 

TiscHER (E. ). Ueber die Begrnndung der Infinitesimalreohnnng dnrch 
Newton tind Leibniz. [Progr.] Leipzig, Hinrichs, 1896. 4to. 
46 pp. Mk. 1.00 



n. ELEMENTARY MATHEMATICS. 

August (E. F.). VoUstandiKC logarithmisohe and trigonometrische Ta- 
feln. 20Bte Aaflage. Leipzig, 1895. 12mo. 8 and 204 pp. Qotb. 

Mk.1.60 

Blakie (J.) and Thomson (W.). A text-book of geometrical dedao- 
tions. Book I, corresponding to Eaclld, book 1. New edition. 
Book II, corresponding to Eaclid, book 2, with misoellaneoas dedao- 
tions from Books I and II. London, Thin, 1896. 8vo. 150 and 
66 pp. 3b. 

Blasekdorff (M.). Ueber die Teilang des Kreisbogens. [Progr.] 
Berlin, Gaertner, 1896. 4to. 29 pp., 1 plate. Mk. 1.00 

BoCHOW (E.). Eine einheitliche Theorie der regelmassigen Yieleoke. 
Allgemeine Untersachan^, nebst Bereohnan^ der Seiten, Dia- 
gonalen and Flaohen der im elementaren Untemchte verwendbaren 
regelmassigen Vielecke aas den Reihen 2, 3, 5, 15, 17, 51, 85, 255. 
[Progr.] Leipzig, Fock, 1896. 4to. 34 pp., 2 plates, and 20 pp., 
1 plate. Mk. 2.00 

Bremiker (C). See Crelle (A. L.). 

Brioos (W.) and Bryan (G. H.). The intermediate algebra, based on 
the Algebra of Hadhakrishnan. London, Clive, 1896. 8vo. 384 pp. 

3b. 6d. 

BrCoelmann. Zar Trigonometric am Gymnasiam. Veohta, 1895. 
8vo. 88 pp. Mk. 1.80 

Bryan (G. H. ). See Brioos ( W.) and Bryan (G. H. ). 
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Chailau (E. ). R^snm^ d'alg^bre ^l^mentaire, k Pusage des ^l^ves des 
classes de lettres et des oandidats k la premise partie du baooa- 
laoT^at de Penseignement seoondaire olassiqne. 2e Edition. Paris, 
Poossielgne, 1896. 18mo. 72 pp. 

Cbelle (A. L.). Reobentafeln, welohe alles Maltiplidren und Divi- 
diren mit Zahlen nnter 1000 ganz ersparen, bei grosseren Zahlen aber 
die Reohniing erleiohtem tmd sioherer maoheii. Tables de oalcnl ot 
se troavent Yes moltiplioations et divisions toates faites de tons les 
Dombres an dessoos de 1000 et qui faoilitent et assioorent le calcnl. 
Mit Vorwort von C. Bremiker. 7te Stereotyp-AuQgabe. Berlin, 1895. 
4to. 10 and 450 pp. Boards. Mk. 15.00 

DoDD8(W.). Algebra for beginners. New edition. London, Murby, 
1896. 12mo. 1 s. 

DusE (A. L.). Qnadratnra del oircolo : formola geometrioa oon appli- 
cazione. Napoli, Angelio-Bellisario, 1896. 8vo. 9 pp. 

Fenknbb (H.). Lebrbach der Greometrie for den mathematiscben Un- 
terricht an hoberen Lebranstolten. (In2Teilen.) Teil2: Kanm- 
geometrie. Nebst einer Anfgabensammlnng, bearbeitet mit beson- 
derer Berncksiobtigang der Anfordemngen der Abecblnssprofung. 
2te Aufkige. BTannschweig, Salle, 1896. 8vo. 4 and 110 pp. 

Gauss (F. G.). Fiinfstellige voUstandige logarithmisohe und trigono- 
metriscbe Tafeln. 48ste Auflage. Halle, 1896. 8vo. 166 and 35 pp. 
Half leather. Mk. 2.50 

GiLLKT (J. A.). Elementary algebra. New York, 1896. $1.50 

GuoLiELMi (A. ). Le nozioni di geometria solida, esposte per le sonole 
tecnicbe. 3a edizione, riveduta e oorredata di nnovi eseroizi. Na- 
poli, Priore, 1896. 16mo. 52 pp. Fr. 0.80 

Hue (T.) et Vaqnieb (N.). G^m^trie (^le de filles). Paris, 
Schmidt, 1896. 18mo. 196 pp. 

INTEBMSDIATE MATHEMATICS. A guide to the mathematics of the in- 
termediate examinations in arts and sciences in the city of London. 
4th edition. London, Clive, 1896. 8vo. 104 pp. 2s. 

Kleikmichel f W. ). Maxima und Minima vom Standpunkte des Gym- 
nasiums. [Progr.] Posen, 1896. 4to. 28 pp., 1 plate. 

Liebeb (H.). Ueber die isogonischen und isodynamisohen Punkte dee 
l>reieoks. Stettin, 1896. 4to. 27 pp., 1 plate. 

Manuel d'alg^bre et de trigonom^trie; par les Frdres des ^ooles chr^- 
tiennes. Livre de P^ldve. Paris, Poussielgue, 1896. 16mo. 8 
and 216 pp. 

Mabotta (G.). Elementi di aritmetioa generale ed equazione di primo 
giado, ad uso della terza olasse delle scuole teoniohe. Napoli, Muca, 
Muca, 1896. 16mo. 42 pp. 

Mabtuscelli (E.). Complementi d'algebra; oorso preparatorio alio 
studio del primo anno nniversitario (faooM matematica) e per 
Pammissione alPaccademia militare. Salerno, Jovane, 1896. 8vo. 
112 pp. Fr. 2.00 
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Meyer (G.)* Ueber periodiaohe Dezimalbruohe. [Progr.] Bremen, 
1896. 8vo. 28 pp. 

Nestleb (O.). £in Entwnrf der geometriaohen Blemente bis za den 
Parallelen. [Progr.] Meerane, 1896. 4to. 20 pp., 1 plate. 

Nichols (£. H.). Elementary and constmotlonal geometiy. New 
York, Macmillan, 1896. 12mo. 6 and 138 pp. $0.75 

Pabdini (D. L. ). Formnlario di geometria, ad nao delle scnole seoond- 
arie. 2da edizione. Mantova, Mondovi, 1896. 8to. 46 pp. 

Ft. 0.60 

81CKBNBEBGEB (A.). Leitfaden der elementaren Mathematik. Teil 2: 
Planimetrie. 3te Auflage. Mondien, Aokermann, 1896. 8yo. 6 
and 123 pp. Mk. 1.50. 

Spanoenbebo (E. ). Arithmetio, algebra, plane and solid geometry ex- 
plained to the praotioal tradesman. Vol. I. St Louis, Laborer's 
Publishing Co., 1895. 32mo. 197 pp. $0.75 

Thomson ( W. ). See Blakie (J. ) and Thomson ( W. ). 

y ade mecum geometrico per gli studenti del ginnasio, della scuola reale, 
per gli allievi delle aocademie di marina e delle sonole nautlch^ oesia 
raooolta ordinata di formole di planimetria, stereometria, tngono- 
metria plana e sferioa, di geometria analitica d'uso frequentiaslmo 
nella risoluzione di problemi ed assai utile per la ripetizione della 
teoria in preparazione di maturity. Trento, Manauni, 1896. 16mo. 
33 pp. Fr. 0.60. 

Vagnieb (N. ). See Hub (T. ) et Vagnieb (N. ). 

m. APPLIED MATHEMATICS. 

Appell (P.). Traits de m^oanique rationnelle. Vol. II: Dynamique 
des systi^mes; m^oanique analytiqne. (Cours de m^canique de la 
Faculty des soienoes. ) Paris, Gauthier-Villars, 1896. 8to. 4 and 
538 pp. Fr. 16.00. 

BouLViN (J.). Cours de m^oanique appliqu^aux machines, profess^ 4 
r^le spdciale du g^nie oivil de Gand. 5* fascicule: madiines & 
vapeur. Paris, Bernard, 1896. 8vo. 304 pp., 3 plates. 

BbOmel (A.). Der Gleichgewiohtsznstand einer Flussigkeit in einer 
vertikalen kapillaren konisohen Rohre. [Progr.] Pima, 1896. 
4to. 22 pp., 1 plate. 

BuBFF (L. L.). A text-book of ordnance and gunnery, prepared for tiie 
use of U. S. Military Academy. New York, Wiley, 1896. 8vo. 
4 and 677 pp. Cloth. $6.00 

Clapeybon (E.). Ueber die bewegende Kraft der Warme. Deutsch 
herausgegeb^ von R. Mewes. Neue Ausgabe. Berlin, Fisdier, 
1893. 8vo. 48 pp. Mk. 1.50 

Cohen (E. ). Studien znr chemisohen Dynamik, nadh J. H. van't Hoff's 
Etudes de dynamique chimique bearbeitet. Mit einem Vorwort Ton 
J. H. van't Hoff. Leipzig, Engelmann, 1896. 8vo. 8 and 6 and 
282 and 8 pp. Mk. 6.00 
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Cbemeb (J.). Ein Beitrag znr elementaren Theorie des Potential- 
begriffes in der Elektrioitatslehre. Teil II: Elektrodynamik. 
[Progr.] Cleve, 1896. 4to. 22 pp. 

DuHBM ( p. )• Snr V 41ectrodynamiqae des milienz di^leotriques. Paris, 
Hermann, 1896. 8vo. 61 pp. 

Flemino (J. A.). The alternate onrrent transformer in theoiy and 
practice. Vol. I: The induction of electric corrents. New edition. 
London, Electrician, 1896. 8vo. 620 pp. 12b. 6d. 

Gebabd (S.). Gr^om^trie descriptive, ^ Tosage descandidats aox hac- 
oalanr^ats de Penseignement secondaire modeme (2me partie, 2me 
s^rie). Chateaorooz, Majesty, 1896. 18mo. 33 pp. 

Hecht(B.). Beitrag zar theoretischen Erklarung der Interferenzer- 
scheinnngen, welche Platten aus Zwillingskrystallen im konver- 
genten polarisierten Lichte zeigen. [Progr.] Konigsbei^, 1896. 
21 pp., 1 plate. 

Hbbbmann (G.). See Weisbach (J.). 

Hebtz (H.). Miscellaneous papers. With an introduction by P. Len- 
ard. Authorized English translation by D. E. Jones and G. A. 
Schott. London and New York, Macmillan, 1896. 8vo. 26 and 
340 pp. Cloth. $3.25 

Hettweb (O.). Zur Bewegung eines schweren Punktes auf einer 
krummen Linie von der Gleichung r* = a"» cos m ^. [Progr] . Ber- 
lin, Gaertner, 1896. 4to. 32 pp. Mk. 1.00 

Heymann (J.). Geometrisches Linearzeichnen. Als Yorbereitung auf 
das Projektionszeichnen an gewerblichen und teohnischen Schulen. 
Diisseldorf, Wolfram, 1896. 4to. 13 plates, 15 pp. text. Boards. 

Mk. 1.00 

HoFF (J. H. van't). See Cohen (E.). 

HuYGHENS (C. )• Abhandlung fiber die Ursache der Schwere. Deutsoh 
herausg^eben von R. Mewes. Neue AuQgabe. Berlin, Fischer, 
1893. 8vo. 10 and 47 pp. Mk. 1.50 

Jones ( D. E. ). See Hebtz ( H. ). 

Klein (F.). Die Anforderungen der Ingenieure und die Ausbildung 
der mathematischen Lehramtskandi&ten. Vortra^, gehalten im 
Hannoverschen mathematischen Verein, am 20. Apnl, 1896. Leip- 
zig, Teubner, 1896. 8vo. 8 pp. 

Lenabd ( p. ). See Hebtz ( H. ). 

Maltby (M. E.). Methode zur Bestimmung grosser elektrolytischer 
Widerstande. [Diss.] Gottingen, 1895. 8vo. 30 pp. 

Mewes (R. ). See Clapeybon (E.) and Huyohens (C. ). 

Rechnxtnosvobschbiftex fur die trigonometrische Abteilung der Lan- 
desaufnahme. Formeln und Tafeln znr Berechnung der geographi- 
schen Koordinaten aus den Richtungen und Langen der Dreieckasei- 
ten zweiter Ordnung. 3te Auflage. Berlin, Mittler, 1896. 8vo. 
24 pp. Boards. Mk. 0.80 



Digitized by VjOOQIC 



346 NEW PUBLICATIONS. [J^^lj 

RiEM (J.)* Ueber die Bahn dee groesen Eometen 1881 III (Tebbnt). 
[Diss.] StrasBbai^, 1895. 4to. 205 pp. 

BOGER (E. ). Recherches sor le syst^me da monde. 2e ^tion, enti^re- 
ment refondue. Paris, Gauthier-Villars, 1896. 4to. Fr. 5.00 

ScHOTT (G. A.). See Hebtz (H.). 

Seidemann (C). Ein meohanisohee Doppelproblem. Eln Muster znr 
LoeuDg aller Probleme, welohe noc& anf elliptische Funktionen 
fiihren. Fiir Studierende anf Universitat and Polytechnikam bear- 
beitet. Halle, Kaemmerer, 1896. 8vo. 4 and 95 pp., 4 plates. 

Mk. 3.00 

Stbeckeb (K. ). See Thompson (S. P. ). 

Thomas (W. C). Cosmio ethics; or the mathematical theory of evola- 
tion, showing the fall import of the doctrine of the moon, and con- 
taining the principia of the science of proportion. London, Smith, 
1896. 8vo. 318 pp. 10s. 6d. 

Thompson (S. P.). Mehrphasige elektrisohe Strome and Wechselstrom- 
motoren. Uebersetzt von K. Strecker. Halle, Knapp, 1896. 8vo. 
6 and 250 pp., 2 plates. Mk. 12.00. 

TisSEB AND ( F. ) . Traits de m^caniqae celeste. ( En 4 volames. ) VoL 
IV: Theories des satellites de Japiter et de Satame; perturbations 
des petites plan^tes. Paris, Gaatnier-Villars, 1896. 4to. 12 and 
548 pp. Ft. 28.00. 

Weisbach (J.). Lehrbach der Ingeniear- and Masohinen-Mecbanik. 
Teil 3: Die Mechanik der Zwischen- and Arbeitsmaschinen. 2te 
Anflage, bearbeitet von G. Herrmann. 3teAbteilang, Iste Halfte: 
Die Masohinen zar Formveranderang. Braansohweig, Vieweg, 1896. 
8vo. 10 and 1222 pp. Mk. 33.00. 

Winkelmaxn ( a. ). Handbach der Physik. 2ter Band, 2te Abteilong. 
Breslaa, Trewendt, 1896. 8vo. 6 and 887 and 55 pp. Mk. 28.00. 

ZCge (H.). Zam Problem der Anziehang homogener Ringkorper. 
[Progr.] Wilhelmshaven, 1896. 4to. 16 pp. 

EBRATUM. 

On page 228, line 8, of this volume, the words, " with 
contragredient variables into itself," should be replaced by 
^^ into itself, the further and nearer variables being trans- 
formed by linear substitutions transverse to each other." 
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FIFTH ANNUAL LIST OF PAPERS 

BEAD BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 

SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 

TO THE PLACES OF THEIR PUBLICATION. 

Baker, A. L. Algebraic Symbols. Read Aug. 28, 1895. American 
Journal of Malhematics, vol. 18, No. 1, pp. 62-73; Jan., 1896. 

Echols, W. H. On the Expansion of a Function without Use of Deriva- 
tives. Read Aug. 27, 1895. Annals of MathemoHeSf vol. 10, No. 1, 
pp. 17-21 ; Nov., 1895. 

On the Calculus of Functions Derived from Limiting-Ratios. Read 

May 25 and Aug. 27, 1895. Annals of Mathematics, vol. 10, Nos 2 
and 3, pp. 50-76 ; Jan. and March, 1896. 

Hathaway, Arthur S. Elementary Proof of the Quaternion Associa- 
tive Principle. Read Aug. 28, 1895. Bulletin of the American 
Mathematical Societpy vol. 2, No. 2, pp. 43-45 ; Nov., 1895. 

Henderson, R. Moral Values. Read Oct. 26, 1895. Bulletin of the 
American Mathematical Society^ vol. 2, No 2, pp. 46-51 ; Nov., 1895. 

Hill, G. W. The Periodic Solution as a First Approximation in the 
Lunar Theory. Read Aug. 27, 1895. Astronomical Journal, No. 
352 (vol. 15, No. 17), pp. 137-143 ; Sept. 7, 1895. 

On the Convergence of the Series used in the Subject of Perturba- 
tions. Read Nov. 30, 1895. Bulletin of the American Mathematical 
Society, vol. 2, No. 4, pp. 93-97 ; Jan., 1896. 

Remarks on the Progress of Celestial Mechanics since the Middle of 

the Century. [Presidential Address.] Read Dec. 27, 1895. Bul- 
letin of the American Mathematical Society, vol. 2, No. 5, pp. 125-136 ; 
Feb., 1896. Science, New Series, vol. 3, No. 62, pp. 333-341; 
March 6, 1896. 

McMahon, James. Notes on the Expression for a Velocity-Potential in 
terms of Functions of Laplace and Bessel. Read Dec. 27, 1895. 
Bulletin of the American Mathematical Society, vol. 2, No. 6, pp. 
173-177 ; March, 1896. 

Martin, Artemas. About Biquadrate Numbers whose Sum is a Biqua- 
drate Number. Read May 25, 1895. Mathematical Magazine, vol. 2, 
No. 10, pp. 173-184 ; Jan., 1896. 

About Cube Numbers whose Sum is a Cube Number (Second Part.) 

Read Aug. 15, 1895. Mathematical Magazine, vol. 2, No. 10, pp. 
185-190 ; Jan., 1896. 

Maschkb, H. Asymptotic Lines on a Circular Ring. Read Aug. 28, 
1895. Bulletin of the American Mathematical Society, vol. 2, No. 1, pp. 
19-21; Oct.. 1895. 

Moore, Eliakim Hastings. Concerning Jordan's Linear Groups. 
Read Aug. 28, 1895. Bulletin of the American Mathematical Society, 
vol. 2, No. 2, pp. 33-43 ; Nov., 1895. 
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A Two-Fold OeDeralization of Fennat's Theorem. Read Feb. 29, 

1896. Bulletin of the American Mathanatical Socieiyy vol 2, No. 7, 
pp. 189-199 ; April, 1896. 

MoRLEY, F. On a Generalization of WeierstrasB's Equation with Three 
Terms. Read Ang. 27, 1895. Bulletin of the American Mathematical 
Society^ vol. 2, No. 1, pp. 21-22 ; Oct., 1895. 

Note on the Common Tangents of Two Similar Qyoloidal Corves. 

Read Nov. 30, 1895. Bulletin of the American Maihematieal Society, 
vol. 2, No. 4, pp. 111-116 ; Jan., 1896. 

Nbwson, H. B. On a Remarkable Covariant of a System of Qnantics. 
Read March 28, 1896. Bulletin of the American Mathematical Society, 
vol. 2, No. 8, pp. 272-276 ; May, 1896. 

Roberts, Ralph A. On the Differential Equations of Certain*Sy8tems 
of Conies. Read Ang. 28, 1895. BuUetin of the American Mathemati- 
cal Society, vol. 2, No. 1, pp. 11-19 ; Oct., 1895. 

On the Locns of the Foci of Conies having Double Contact with Two 

Fixed Conies. Read Nov. 30, 1895. Bulletin of the American Maihe- 
matical Society, vol. 2, No. 4, pp. 98-110 ; Jan. 1896. 

Taber, Henry. On the Automorphic Linear Transformation of an 
Alternate Bilinear form. Read Jan. 26, 1895. Mathematische 
Annalen, vol. 46, No. 4, pp. 561-583 ; Nov., 1895. 

On Certain Sub-Gronps of the General Projective Group. Read 

Jan. 25, 1896. Bulletin of the American Mathematical Society, vol. 2, 
No. 7, pp. 221-230 ; April, 1896. 

White, Henry S. Kronecker's Linear Relation among Minors of a 
Symmetric Determinant. Read Jan. 25, 1896. Bulletin of the 
American Mathematical Society, vol. 2, No. 6, ppl 136-138 ; Feb., 1896. 
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INDEX. 

Abelian Functions, Appell and Goursat, W. F. Osgood, 317. 
Additional Note on Divergent Series, A. S. Cbessin, 177. 
Algebraic Functions and tiieir Integrals, W. F. Osgood, 317. 
American Association, The Meeting of, L. L. Conaut, 7. 

Mathematical Society, Meetings, 1, 51, 84, 116, 149, 233, 276, 309, 

339. 

Mathematical Society, Second Summer Meeting, T. S. Fiske, 1. 

Analytical Geometry, Modem Methods of, F. K. Cole, 265. 
Annual List of Pablished Papers, 347. 

Meeting, American Mathematical Society, 116. 

Annnaire da Bnrean des Longitudes, 163. 

Appell and Goursat's Theory of Algebraic Functions and their Integrals, 

W. F. Osgood, 317. 
Arithmetizing of Mathematics, F. Klein; Translated by Miss I. Maddi- 

son, 241. 
AsBOoiatiTe Principle, Elementary Proof of the Quaternion, A. S. Hatha- 
way, 43. 
Asymptotic Lines on a Ciircalar Ring, H. Masohke, 19. 
Atmosphere and Especially its Waves, The Motions of the, E. Hermann; 

Translated by C. Abbe, 285. 
Authors of Articles in the Bulletin : 

Bdcher, M., 146, 255. Mackenzie, A. S., 329. 

Chessin, A. S., 72, 164, 177, 302. Maschke, H., 19. 

Cole, F. N., 265. Miller, G. A., 75, 138, 332. 

Conont, L. L., 7. Moore, E. H., 33, 189. 

Fine, H. B., 327. Morley, F., 21, 65, 111. 

Fiske, T. S., 1. Newson, H. B., 272. 

Hathaway, A. S., 43. Osgood, W. F., 168, 296, 317. 

Henderson, R., 46. Pierpont, J., 77, 200. 

Hermann, E., 285. Roberts, R. A., 11, 98, 249. 

Hill, G. W., 93, 125. Scott, C. A., 157. 

Klein, F., 241. Taber, H., 221, 336. 

McMahon, J., 173. White, H. S., 136. 

Barton, S. M., 22. 
Berlin, University of, 24, 233. 

Bessel Functions, Gray and Mathews, M. B6cher, 255. 
Bibliography, 25, 56, 85, 120, 152, 184, 236, 280, 310, 340. 
B6cher (M.) : Bessel Functions, 255. 

On Cauchy's Theorem concerning Complex Integrals, 146. 

British Association for the Advancement of Science, Meeting at Ips- 
wich, 23; Meeting at Liverpool, 339. 
BufiEalo Meeting, American Mathematical Society, 276, 278. 
Cambridge University Press, 55, 117. 

Cauch^'s Theorem Concerning Complex Integrals, M. BAcher, 146. 
Celestial Mechanics since the Middle of the Century, Remarks on the 

iWress of, G. W. HiU, 125. 
Certain Sub-Groups of the General Projective Group, H. Taber, 221. 
Chessin, (A. S.): Painlev^'s Lectures on Dynamics, 164. 

On Divergent Series, 72, 177. 

■ On the Motion of a Homogeneous Sphere or Spherical Shell on an 

Inclined Plane, Taking into account the Rotation of the Earth, 302. 
Chicago Mathema I • i 1 Fine, 3 27. 

University of, 183, 277. 

Circular Ring, Asymptotic Lines on a, H. Masohke, 19. 
Clarendon Press, 55. 
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Clark University, 278. 

Colloqainm, American Matihematioal Sooiety, 278, 309. 

Columbia University, 310, 339. 

Cole (F. N.): Modem Methods of Analytical Geometry, 265. 

Complex Integrals, On Cauchy's Theorem concerning, M. B6cher, 146. 

Conant (L. L. ): The Meeting of the American Association, 7. 
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